UNITS AND DIMENSIONS 


PHYSICAL QUANTITIES 


All quantities that can be measured are called physical quantities. eg. time, length, mass, force, work 
done, etc. In physics we study about physical quantities and their inter relationships. 


MEASUREMENT 
Measurement is the comparison of a quantity with a standard of the same physical quantity 

UNITS 
All physical quantities are measured wart. standard magnitude of the same physical quantity and these 
standards are called UNITS. eg. second, meter, kilogram, etc 


1 They must be well de! 
They should be easily available and reproducible. 


They should be invariable e.g. step as a unit of length is not invariable. 


They should be accepted to all 


SET OF FUNDAMENTAL QUANTITIES 


A set of physical quanties which are completely independent of each other and all other physical quantities 


can be expressed in terms of these physical quantities is called Set of Fundamental Quantities, 
Physical Quantity Units(SI) Units(CGS) Notations 

Mass kg (kilogram) g M 

Length m (meter) am L 

T s (second) s T 

Temperature K (kelvin) c [] 

Current A (ampere) A lorA 

Luminousintensity cd (candela) ed 

Amount of substance mol mol 
Physical Quantity Definition 

(SI Unit) 

1 

Length (m) The distance travelled by light in vacuum in 

g T 299,792,458 


second is called 1 metre. 
Mass (kg) The mass of a cylinder made of platinum-iridium alloy kept 
at International Bureau of Weights and Measures is de- 
fined as 1 kil m. 
Time(s) The second is the duration of 9,192, 


31,770 periods of 


the radiation corresponding to the transition between the 
two hyperfine levels of the ground state of the cesium- 
133 atom. 

Electric Current (A) Ifequal currents are maintained in the two parallel infinitely long 
wires of negligible cross-section, so that the force between 
fem is2% 107 newtonpermetreofthewies,thecurrentin M 
any of the wires is called 1 Ampere. 


1 
Thermodynamic Temperature(K) The fraction >, of the thermodynamic temperature 


of tiple point of water is called 1 Kelvin 
Luminous Intensity (ed) 1 candela is the luminous intensity ofa blackbody of 


surface area m 
urface area 500,000 


placed at the temperature of 


freezing platinum and at a pressure of 101,325 N/m’, in 
the direction perpendicular to its surface. 

Amount of substance (mole) The mole is the amount of a substance that contains as 
many elementary entities as there are number of atoms in 


0.012 kg of carbon- 


There are two supplementary units too: 
1. Planeangle (radian) angle = arc / radius 
g-fir s 


2. — SolidAngle(steradian) 


DERIVED PHYSICAL QUANTITIES 


The physical quantities those can be expressed in terms of fundamental physical quantities are called 
derived physical quantities.cg. speed = distance/time. 


DIMENSIONS AND DIMENSIONAL FORMULA 


All the physical quantities of interest can be derived from the base quantities. 


DIMENSION 


The power (exponent) of base quantity that enters into the expression of a physi 
dimension of the quantity in that base. 


al quantity, is called the 


To make it clear, consider the physical quantity "force". 


Force = mass x acceleration 


length / time 
= massx E 
time 
= mass * length » (time)? 
Sothe dimensions of force are 1 in mass, 1 in length and — in time. Thus 


[Force] = MLT? 


Similarly enengy has dimensional formula given by 
[Energy ]= MLT? 

ie. energy has dimensions, 1 in mass, 2 in length and -2 in time. 

Such an expression fora physical quantity in terms of base quantities is called dimensional formula. 


DIMENSIONAL EQUATION 


Whenever the dimension of a physical quantity is equated with its dimensional formula, we get a dimen- 


sional equation 


PRINCIPLE OF HOMOGENEITY 


According to this principle, we can multiply physical quantities with same or different dimensional formu- 


lae at our convenience, however no such rule applies to addition and substraction, where only like 


enc 
physical quantites can only be added or substracted. e.g. If P + Q => P & Q both represent same 


physical quantity 


Illustration : 
1 


Calculate the dimensional formula of energy from the equation E = 5 mv". 
Sol — Dimensionally, E = mass * (velocity. j 
1 
Since = is a number and has no dimension. 


Ey i 
or [E] =M * (x | =r 


Illustration : 
Kinetic energy of a particle moving along elliptical trajectory is given by K = as! where s is the 
distance travelled by the particle. Determine dimensions of a. 


Sol K-ay 
(MUT?) 

[ye @) 

[a] - M L^T 

[a] = (MT) 


Illustration : 


Vo 


The position of a particle at time t, is given by the equation, x(t) = — (1 — e“), where v, is a 
a 


constant and a > 0. The dimensions of v, & a are respectively 

(A)M L'P&T! (B)ML'T'&T 

(C*) M L'T! &T (D) M L'T! &LT? 
Sol [Vj = [x] [a] & [a] [i]- MLT 

= MILIT? [a] = M'L'T 


Illustration : 
The distance covered by a particle in time tis going byx =a + bt + ct 
of a, b, c and d. 


dr ; find the dimensions 


4 


Sol The equation contains five terms. All of them should have the same dimensions. Since [x] — 


length, each of the remaining four must have the dimension of length. 
Thus, [a] = length = L 


[bt] - L or [b] - LT* 
[et] =L. or [c] = LT? 
and [de] =L or [d] = LTS 


USES OF DIMENSIONAL ANALYSIS 


() — TOCONVERT UNITS OFA PHYSICAL QUANTITY FROM ONE 
ANOTHER: 
It is based on the fact that, 


EM OFUNITS TO 


Numerical value * unit — constant 
d. If, and n, are the numerical values of a 


Soon changing unit, numerical value will also gets chang 
given physical quantity and u, and u, be the units respectively in two different systems of units, then 


nyu, =n.u. 
M, [LTT 
ny =n, 
M, | LL, | {| 


Illustration 
Young's modulus of steel is 19 < 10!” N/m?. Express it in dyne/em?. Here dyne isthe CGS unit of 
force 

Sol The unit of Young's modulus is N/m. 

Force 
This suggest that it has dimensions of C. cc 

Thus, [Y] 4 MLT 

Nim? is in SI units 

So, 1 N/m? = (1 kg)Im) (15)? 

and — I dyne/em? = (Ig)(lem)" (Is) 


ML! 


N/m? | 1kg \( Im)" (1s)? _ 1000 « x 1 = 10 
95 — Idyne/cm lg / lem). (is) 100 
or — 1 N/m? = 10 dyne/cm? 
om — 19 x 107? N/m? = 19 x 10! dyne/m? 
Illustration 


The dimensional formula for viscosity of fluids is 
q-MILATH 
Find how many poise (CGS unit of viscosity) is equal to 1 poiseuille (SI unit of viscosity). 


Copied to clipboard. 


So q-ML!T! 
1 CGS units = g cm 


1 SI units = kg m! 
= 1000 g (100 cm)” s! 
=10gem's4 

Thus, 1 Poiseuilli = 10 poise 


Illustration : 
A calorie is a unit of heat or energy and it equals about 4.2 J, where 1 J= 1 kg m'/s'. Suppose we 
employ a system of units in which the unit of mass equals a kg, the unit of leng 


th equals B metre, 


the unit of time is y second. Show that a calorie has a magnitude 4.2 ac'[J?y in terms of the new 


units 
Sol 1 cal = 4.2 kg ms? 
SI New system 
n, 74.2 n=? 
M, = 1 kg M, = akg 
L,=Im L, = B metre 
T,-!s T, = y second 


Dimensional formula of energy is [ML T^] 
Comparing with [M*L^T'], we find that a = I, b = 2, c =-2 


MTI 
Now, n, =n, in Lı 1 | 
M, | (L: J (T) 
42| 18 Im ifla] 245 apy 
Lakg|[Bm}|ys} 


(I TOCHECK THE DIMENSIONAL CORRECTNESS OF A 


/EN PHYSICAL RELATION: 


Itis based on principle of homogeneity, which states that a given physical relation is dimensionally cor- 


rect if the dimensions of the various terms on either side of the relation are the same. 


(i) Powers are dimensionless 


(ii) sind, e^, cos, log gives dimensionless value and in above expression 0 is dimensionless 


(iii) We can add or subtract quantity having same dimensions. 
Illustration : 
Let us check the dimensional correctness of the relation v = u + at. 


Here ‘u'represents the initial velocity, 'v'represents the final velocity, 'a 'the uniform acceleration 
and ‘t’ the time. 


Dimensional formula of ‘u’ is [LT] 
Dimensional formula of 'v' is [MLT] 
Dimensional formula of ‘at’ is [M°LT2][T] = [MLT"] 


Copied to clipboard. | 


Here dimensions of every term in the given physical relation are the same, hence the given physi- 
cal relation is dimensionally correct. 
Mlustration : 
Let us check the dimensional correctness of the relation 


1 
x=ut+ zat 


Here "u'represents the initial velocity, ‘a’ the uniform acceleration, *x' the displacement and ‘t’ 
the time. 


Sol. By] =L 
; length 
fut] = velocity * time = ——. x time 
ful] time 
[54€ | = [a£] = accelecration * (time)? 


(7. 5 is a number hence dimentionless) 
velocity , _ lengthtim e 


x(time) (time) =L 
time time 


Thus, the equation is correct as far as the dimensions are concerned. 


(Il)  TOESTABLISH ARI 


ATION BETWEEN DIFFERENT PHYSICAL QUAN 


ES: 
If we know the various factors on which a physical quantity depends, then we can find a relation among 
different factors by using principle of homogeneity 


Illustration = 
Let us find an expression for the time period t of a simple pendulum. The time period t may 


depend upon (i) mass m of the bob of the pendulum, (ii) length / of pendulum, (iii) acceleration 
due to gravity g at the place where the pendulum is suspended. 


Sok Let (i) tem" (ii) tore (iii) t g 
Combining all the three factors, we get 
te m'g" oro t-Km'g 


where K is a dimensionless constant of proportionality 

Writing down the dimensions on either side of equation (i), we get 
[T] = [MELT] = [Mop T7] 

Comparing dimensions, a = 0, b € c = 0, 2c = 1 
a-0 c--Ib-12 


From equation (i) t = Kn'/^g!? — or 


Illustration : 


When a solid sphere moves through a liquid, the liquid opposes the motion with a force F. The 
magnitude of F depends on the coefficient of viscosity m of the liquid, the radius r of the sphere 


and the speed vof the sphere. Assuming that F is proportional to different powers of these quantities, 
guess a formula for F using the method of dimensions. 


Sol. 


Suppose the formula is F = k rf P v 


LY 
Then, MLT? = [ML T-!]° L^ tz) 


-MeLetbhe pe 
Equating the exponents of M, L and T from both sides. 
a-1 


-1 


a*b* 


a-c 
Solving these, a = I, b = I andc = 1 
Thus, the formula for F is F = knrv 


Illustration : 


[Sol 


If P is the pressure of a gas and p is its density, then find the dimension of velocity in terms of P 


and p 
(A) PIP py? (B) P252 (C) P- 29/2 (D) Pp! 
vx Pt gh 
v =k pb 
[LT] = [MLT?]? [ML>]" (Comparing dimensions) 

1 1 ‘a 
a=5,6 - > M [P252] 


UNITS AND DIMENSIONS OF SOME PHYSICAL QUANTITIES 


Quantity SI Unit Dimensional Formula 
Density kgm’ MIL 
Force Newton (N) MUT 
Work Joule (J-N-m) MLT 
Energy Joule(J) MLT 
Power Watt (W) (=J/s) MLT 
Momentum MLT 
Gravitational constant LMT 
Angular velocity T 
eration T 

ar momentum ML/T 
Moment of inertia ML 
Torque MLYT 
Angular frequency T 
Frequency Hertz (Hz) T 
Period s T 
Surface Tension. Nim MT 
Coefficient of viscosity N-sim MILT 
Wavelength m L 


Intensity of wave Wn? MT 


Temperature kelvin(K) K 
Specific heat capacity Mkg-K) LTK 
Stefan's constant Wim-K*) M/TK* 
Heat 1 MLYT 
‘Thermal conductivity Wim-K) MLTK 
Current density Ain? vL 
Electrical conductivity LQ-m(mhom) ^ FT/ML 
Electric dipole moment Cm ur 
Electric field Vim(=N/C) MUI 
Potential (voltage) volt (V) (-J/C) MEIT 
Electric flux Vom MLIT 
farad (F) FTML 
Electromotive force volt(V) MEIT 
Resistance ohm(Q) MLE 
Permittivity of space C/N-m? (=F/m) PTYML 
Permeability of space N/A MUFT: 
Magnetic field Tesla(T) (7 Wb/m) | MIT* 
Magnetic flux Weber (Wb) MEIT? 
Magnetic dipole moment N-mT we 
Inductance Henry (H) MLYPT 


LIMITATIONS OF DIMENSIONAL ANALYSIS 


(i) Dimension does not depend on the 


agnitude. Due to this reason the equation x = ut 


at?isalso 


dimensionally correct. Thus, a dimensionally correct equation need not be actually correct 


(ii) The numerical constants having no dimensions connot be deduced by the method of dimensions. 
(iii) This method is applicable only if relation is of product type. It fails in the case of exponential and 
trigonometric relations. 


SI Prefixes : The magnitudes of physical quantites vary over a wide range. The mass of an electron is 
9.1 © 10?! kg and that of our earth is about 6 < 10 kg. Standard prefixes for certain power of 10. 


Table shows these prefixes 
Power of 10 Prefix Symbol 
12 tera T 
9 giga G 
6 mega M 
3 kilo k 
2 hecto h 
1 deka da 
1 deci d 


-2 centi c 
3 mili m 
-6 micro u 
9 nano n 
12 pico P 
15 femto f 


ORDER-OF MAGNITUDE CALCULATIONS 


If value of phycal quantity P satisfy 


05x10 P <5 x 10* 
x is an integer 


x is called order of magnitude 
Illustration : 

The diameter of the sun is expressed as 13.9 < 10° m. Find the order of magnitude of the diameter 
Sol Diameter = 13.9 x 10° m 

Diameter = 1.39 * 10" m 

order of magnitude is 10. 


SYMBOLS AND THERE USUAL MEANINGS 


The scientific group in Greece used following symbols. 


oth 
a Alpha " Psi 
B Beta n Roh 
1 Gamma x Nu 
6 Delta x 
Eta 
^ Delta 1 : 
xi : Signa 
" 
Ta 
À Lambda t Kan a 
Lo. Omega | i chi 
3 Pi ‘Approximately 
$e Phi equal to 
lon 


Solved Examples 


Q.1 Find the dimensional formulae of follwoing quantities 
(a) The surface tension S, 
(b) The thermal conductivity k and 
(c) Thee 
Some equation involving these quntities are 


ientof vescosity n 


. pgrh A(0, -0 )t ULL 
s Q-&7 I ad  F--nA A 


where the symbols have their usual meanings. (p - densit 
| 0,& 0, - temperatures, t - time, d - thickness, v, & v, - velocities, x, & x 


g- acceleration due to gravity, r - radius, h - 


height, A -ar 


positions.) 


purh 


Sol. (a)S 


E] Le ME L*- MT? 
or[S] - [pl [eL 7 777 


4(0, -0,)t 


(b) Q-k F 


Qd 


or k= 400,0, 


Here, Q is the heat er wing dimension ML?T x dis thickness and 


 0,-0, is temperature, A is ar 


tistime. Thus, 


y= MT MLT? K^ 
M= "per : 


DET 


(d) F--hAx 


MLT 2= qno LT. =n] 4 
or Inl ^7 -[n] > 


or, [n] - ML T". 


Q2  SupposeA- B'C", where A has dimensions LT, B has dimensions L?T-!, and C has dimer 
Then the exponents n and m have the values: 
(A) 23; 3 (B)2:3 (C) 4/5; -1/5 (D*) 1/5;3/5 
(E) 1/2; 1/2 
Sol. LT-[UT-P[LT? 
T = Limma 
2n +m=1 (i) 


n+2m=1 ..6i) 


44 


Sol 


Q4 


Sol. 


Qs 
Sol. 


Onsovling n 


(E), velocity (V) and time (T) are chosen as the fundamental quantities, then the dimensions of 


surface tension will be, (Surface tension = force /length) 
(A)E V?T? (B)E VT? (C) E? VT? (D*)EV?T? 
[surface tension] = [force/length] = M'L*T-? 


suppose [surface tension] = E* V^ T* 
MILT? - [M'ET?] [UT (TE 
Matching dimensions of M => 


Matching dimensions of L 


Matching dimensions of T — 2a - b c- —2 =c 
[surface tension] = EV? T? 


Given that In (a/pB) = az/K,0 where p is pressure, z is distance, K, is Boltzmann constant and 0 is 
temperature, the dimensions of $ are (useful formula Energy = K * temperature) 


(A) L°M? T^ (B)L' MOT? (CHL M^ T9 (D) L! M! T? 


a) = 
| pp)” ko 


[az] - [k,0] Also [a] = [pf] 
[p Bz] - [K,0] 


(Kk, — MUT?K^K 
(p ML'T-L 


[p 


The Stand CGS units of energy are joule and erg respectively. How many ergs are equal to one joule? 


Dimensionally, Energy mass * (velocity)? 


length 2 
mass x [ 757 | omer 


time 


Thus, 1 joule — (1 kg) (1 m)? (15)? 
and 1 erg - (1 g) (1 cm) (1s)? 


1joule 3 Im (22) 
leg "1g Is 


lem 


(eee 1000cm 
V dg JV lem 


= 1000 = 10000 = 107. 


So 1 joule = 107 erg. 
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Q6 
Sol. 


Q7 
Sol. 


Sol. 


Young's modulus of steel is 1910/9 N/m?. Express it in dyne/cm?. Here dyne is the CGS unit of force. 
The unit of Young's modulus is Nim? 


Force 
This suggests that it has dimensions of 777 

F| MLT " 
m2] p MUT 


N/s? isin SL units. 
So, 1 N/m? = (1kg) (Im) (1s)? 
and 1 dyne/cm? = (1g) (1em)? (1s)? 


200 INÍm 1kg (1m) (42) 
So, Tayneem? ^ V Tg )~\tem) (Ts 
1 
1000 x x1 
100 
on — LN/s?= 10 dyne/em? 


or, 19 x 10! N/m? = 19 x 10"! dyne/em? 


If velcoit mensions of mass. 


me and force were chosen as basic quantities, find the 


Dimensionally, Force = mass * acceleration 


velocity 
Force = mass x 
time 
Force time 
or, mass = locity 
or, [mass] = FTV 


a a-t 
The dimension of | in the equation P=“ where P is pressure, x is distanc 


a-i 
P^ 
=> Pbx =a 
=> [Pbx]=[a]=[T?] 

irL. ArI 4 
"o PIT er pg 7 qur? up M 


2| TI. me 
IH = quor; MT 


VECTOR 


Introduction 
I 


ory: 
There were many scientists involved in developing vectors over several years. Some of them were 
Caspar Wessel (1745-1818), Jean Robert Argand (1768- 1 ), Carl Friedrich Gauss (1777- 
1855), William Rowan Hamilton. Finally it was Hermann Grassmann (1809-1877) who developed and 


expanded on the concept of vectors. 
Because of his development, physical quantities were divided into two categories 


(a) vectors (b) scalars. 


Scala 


Physical quantities are completely specified by a number, which can be positive or negative, and a unit of 
measure. 

An example is temperature, a quantity that is specified completely by a number and a unit 
(as in 21 °C or 70F). 


Examples of scalar quantities are : mass, distance, average speed, instantaneous speed, energy, pressure, 
temperature, d harge 


nsity, 


Scalars follow the ordinary arithmetical laws of addition, subtraction, multiplication, and division. 


Vectors : 
Any physical quantity which in order to be completely specified, requires not only a number and a unit 
ebra are known as v. 


but also a directi 


n space and also follows laws of vector al 


The laws of addition and substraction of vectors require geometrical techniques. 


Examples of vectors are: displacement, velocity, , momentum, impulse, angul; 
npulse, gravitational field, electric field, magnetic field. If we are tal 
about directions, we should know how to write direction in English. In English sentences, we write 


momentum, torque, ang 


directions as 30° east of north, 60° south of east, north-east, south-west etc. 
Representation of Vector 


The representation of vector will be complete ifit gives us direction and magnitude. 
‘Symbolic form: 
¥, a, F,$ used to separate a vector quantity from scalar quantities (u, i, m). Some books also represent 
vector by bold letter. Such as s, v, a. 
Graphical form: 
A vector is represented by a directed straight line, having the magnitude and direction of the quantity 
represented by it 
eg.  ifwewantto representa force of 5 N acting 45° 


ofE 


Copied to clipboard. 
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Step: 


(i) We choose suitable co-ordinates system. 
(ii) We choose a convenient scale like lcm « 1 N. 


(iii) for the direction 45° N of E, the reference is 
East then turning 45° towards North, 


(iv) We drawa line of length equal in magnitude and in the direction 


of vector to the chosen quantity. 
(v) We put arrow in the direction of vector. 
AB 
HP Magnitude of vector: 


AB| = sN 


lem=IN 


By definition magnitude of a vector quantity is scalar and is always positive. 


Terminology of Vectors 


Parallel vector: If two vectors have same direction, they are parallel to each other. They may be 
located anywhere in the space. 


Antiparaltel vectors: When two vectors are in opposite direction they are said to be antiparallel 
vectors. 


Equality of vectors: When two vectors have equal magnitude and are in same direction and represent 
the same quantity, they are equal 


ie. b 


ts 
Thus when two parallel vectors have same magnitude they are equal. (Their initial point & terminal point 
may not be same) 


15 


Negative ofa vector: When a vector have equal magnitude and is in opposite direction, it is said to be 
negative vector of the former. 


-b or 


Thus when two antiparallel vectors have sam 
Vector shifting is allowed without cha 


magnitude they are negative of each other, 
in their direction. 


Let two vectors à and § are represented as 


Vector shifting is allowed without char 
position (ii) 


heir direction as vector 3 shifted in figure, from position (i)to 


fj |= || and 0, =0, then both vector are equal vectors. 
If0, = 0, then both vector are parallel vectors. 


Illustration : 
The vector — À is 
(A) greater than À in magnitude (B) less than À in magnitude 
(C) in the same direction as À (D*) in the direction opposite to A 


(E) perpendicular to A 
Sol (D) 


ANGLE BETWEEN VECTORS 


Angle between two v 


tors à and § is defined as the smaller angle between the tail's or the head's of 


the two vectors. 


Copied to clipboard. 
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Illustration : 
What is the angle between? 
(0 AB and &C Ans. 60 Equilateral triangle 
(i) XB and BC Ans. 120 


Laws of addition and subtraction of vectors: 
Triangle rule of addition: 
Steps for adding two vectors representing same physical quantity by triangle law 


() Keep vectors such that tail of one vector coincides with head of other. 
(i) ^ Jointail of first to head of the other by a line with arrow at head of the second. 
Gi) ^ This new vector is the sum of two vectors. (also called resultant) 


For Example: 
To add ÇD to AB. place tail of Gp atthe head of AB. The sum is the vector from the tail of AB to 


head of CD ie. AD 


AB +CD =AD 


Graphical Representation : 


Polygon Law of addition: 

This law is used for adding more than two vectors. This is extension of triangle law of addition, We keep 
on arranging vectors s.t. tail of next vector lies on head of former. 

When we connect the tail of first vector to head of last we get resultant of all the vectors. 


N Na 


k 


P= ((a«5«z)«à)- (e-3«5)«d 


Parallelogram law of addition: 
Step: 
(i) Keep two vectors such that their tails coincide. 

(ii) Draw parallel vectors to both of them considering both of them as sides ofa parallelogram. 
(iii) Then the diagonal drawn from the point where tails coincide represents the sum of two 


47 


vectors, with its tail at point of coincidence of the two vectors 


AC =8+b and AC=6+ thus € = «b = ba [Commutative Law] 


n would look like this 


Illustration : 


The vectors à, B and are related by € — à +b. Which diagram below illustrates this relationship: 


a a 


(D) / V (E) None of these. 


d a 


So (Bicb-c 
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Derivation of general formula : 


R-ücb.|RI- Rd b R 
; b sind 
R= J(a+beos0) +(bsindy 
zs A 
Va’ +b? +2abcosO 7 boos’ 
as in figure angle between à and is a 
__bsin@ 
bans a+bcos@ 
Mlustration : 
(43) 


Two forces P and Q are in ratio P : Q = 1 : 2. If their resultant is at an angle tan! | 5 | to 


vector P. then angle between P and Q is 


(A) tan’ 5| (B) 45 (C) 30 (D*) 60° 
Qsind 


Sol, tan a= Sy Orcos 


sind 


3 sind RE 


2 Poos 2 ^ (I2) + cosð 1 


2sin 
Dao] 


= 3(1 + 2cos0y = L6si 

> 3(1 + 4cos'0 + 4cosÓ) = 16(1 — cos’ 0) 

> 3+ I2cos!0 + 12cos0 = 16 — 16cos'8 

> — 28cos8- 12co50-13 - 0 => — cosO= 1/2, -0.92 


Important Results: 
The angle between à and ĝ is 0 and resultant R = 446 


© — 1fo=0° = àlb 
then, | R |=|a|+|b 
&|R | ismaximum 

(i) —1f0-z = üanti|b 


-|ai-ib| 


then, |R 


&|R | isminimum 
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(iii) 


(v) 


IRI =2acos02 lore 


&a-02 
()  Ifji|-|b| -a& 07 223 
then |R | =a 
Illustration : 


Forces of magnitudes 6N and 4N are acting on the body. Which of the following can be the 
resultant of the two? 


(a) 11N (b) 2 N (c) 10N (d) I N (e) 8 N (ON (g) 7N 


Sol. — F,, lies between F,,, (max.) and F, (min.). 


w (max.) = 10 N and F „ (min.) = 2.N 
Thus, options b, c, e, and g are correct. 
Illustration : 


The resultant of two forces of magnitudes 4 N and 4 J3 N makes 90° with the smaller force, Then 


angle between those two forces is ? 


Sol, 


cos 


42 V2 
0= 45° 


Nis 135°. 


angle between forces 4 Nand 4 j 


Practice Exercise 


QL Twovectors P & @ are arranged in such a way that they form adjacent sides of a parallelogram 
as show 


figure 


Which of the following options have correct relationship 
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(A) Q- R«S (B)R=P+Q (C) R=P (D $-Q-P 


Q.2 Two vectors of 10 units & 5 units make an angle of 120° with each other. Find the magnitude & 
angle of resultant with vector of 10 unit magnitude. 


Answers 


Q1 (B),(D) Q2543, 30 


Multiplication of a vector by a scalar : 


Lets say we have a vector à and k isa Scalar. Vector 5 =ka is defined asa vector of magnitude [kal 


Ifk isa positive then direction of i is along à 


Ifk is negative then direction of B is opposite to à 
1f k 4. 3 
— 
k|<1 = [B]«]à 
15a 


A vector may be multiplied by a pure number or by a scalar. 


When a vector is multiplied by a scalar, the new vector may become a different physical quantity for 


example, when velocity (a vector) is multiplied by time (a scalar) we obtain a displacem 


(a vector). 


Subtraction of vectors : 
To subtract two vectors, reverse the direction of the vector being subtracted and add the inverted vector 


to the vector from which you are subtracting 


Let say we want to obtain à — 5 


s-á-b-a*Cb) 


ie. a— B can be understood as summation of à + (- b ) 


For §=a-b 
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Steps : 
(i) Puttail of § at head of 3 
(ii) Take- 5 
(iii) Resultaul vector § from tail of 3 to head of -5, 


(iv) Angle between à and b is 0, then angle between à and—b or between —à and b is q 
(1809 — 0), 


the angle between g and — 5 becomes x0 


so we get S= „(a +bcos(z —0))° + (bsin(z — 0) 


va? +b? -2abcosÜ 
i bsin(z —0) bsind 
and tan &~ Qi bcosz-0) ` 4 bcosü 
Illustration : 
Two vectors of equal magnitude 2 are at an angle of 60° to each other find magnitude of their 


sum & difference. 
2x2cos6(P = 4444 = N3 ye 


Sol, \a+b| = (P47 


x2cos120 = 4444-4 72 


Zero vector — When à = b & if want to find à — b = zero vector. It is a vector with 


magnitude & undefined direction. 


Illustration : 
It is given that À + B = C with A1" B and 
Al = 10, |C| = 20. 


Find | B |and angle of C with A 
|A| 

c 

a = 60° and 0 = 30° 


Sol, cos a= 


tB-6 B 


€t -|Af * BI 
B| = 1045 
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Illustration : 


Two vectors À and B are drawn from a common point and Č 


(A*) If C? = A? + B?, the angle between vectors À and È is 90° 


(B*) If C? < A? + B?, the angle between À and È is greater than 90 
(C*) If C? > A? + B? then angle between the vectors A and B is between 0° and 90° 


(D*) If C = A — B, angle between À and B is 180' 


Sol. 4? + B? + 2AB cos 0 
If 0= 90° 
then C? = A? +B? 
if 0> 90° 


then C? = A? + B? + 2AB cos 0< A? + B 
cos Ø will be negative 
If 0< 90° 

then C? =A? + B? + 2AB cos 05 A? + B? 
fC A-B 0-7 180" 


Unit Vector: 
(i) A unit vector is vector of unit length used to specify direction. 


(ii) A unit vector is a dimensionless vector with a magnitude of exactly 1 


(iii) Unit vectors are used to specify a direction and have no other physical significance 


A unit vector in direction of vector À is represented as A 


or A can be expressed in terms of a unit vector in its direction i.e. A =| | A 


Unit Vectors along three coordinates axes: 


unit vector along x-axis is i 
unit vector along y-axis is j i 


unit vector along z-axis is ġ 
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Mlustration : 


The value of a unit vector in the direction of vector & = Si-12} is ? 


Co-ordinate S 


stems: 
Co-ordinate systems are used to describe the position of a point in space. 
Coordinate system consists of 

(i)A fixed reference point called the origin 

(ii) Specific axes with scales and labels 

(iii) Instructions on how to label a point relative to the origin and the axes 


Cartesian Coordinate System : 
Also called rectangular coordinate system 
x-and y- axes intersect at the origin . 


Points are labeled (x,y) g 
In figure, points P and Q are shown as 
(5,3) and (-3, 4) respectively | 


Illustration : 


Express the vector in unit - vector notation. 
Y 
= 


Acceleration due to gravity is always downwards, How will you write it vectorially if Y is 
(a) downwards (b) upwards 


Sol, 


Mlustration : 


Sol — (a) downwards taken as postive Y direcation. 


á-gj 
(b) upwards taken as postive Y direcation. 


á--2j 


Rectangular Component (resolution) of vectors: 
(components means parts) 
We can move from tail of à to its head via various paths. But, if we 
move with à asthe diameter ofcircle as shown, then the two vectors 
(€ & d and à, & à, ) would be perpendicular to each other. Such 


perpendicular vectors are called rectangular components of g . But, if 


24 


wechoose à, & à . Then we can write them in terms of standard unit 
vectors į & j respectively. Then we would say that a, is the component 

of vector along the x-axis & a, isthe component of vectoralong y-axis. — Y 
Now according to triangle law of addition: 


=a, +i, 


So, we write à =a, (1) +a, (j) = acos6(i) + asin 00) 


This is a very convenient form of represent 


acos@ is known as component of à along x-axis (a,) 
asin is known as component of à along y-axis (a,) 


This is best form of representing vectors because we can do exact addition and subtraction using simple 
laws of algebra without needing to draw vectors 


Illustration : 


4 body is thrown from ground making an angle 0 with speed u from horizontal. Write its initial 
velocity in unit vector notation. 


Sol. 


ü =ucosdi+usind j 
Results : 


1 Unitvectoralong A is A 


Since, A =| 


& K=|Alcos0i + sind) 


A= icos0+ jsind 


2. — Ifcomponentsofa vector along x & y-axis are known, then that vector can be completely represented 

as 

A=AQG+A,j 
^ y 

z 
4 ^i 
D s 
Ai 


O isangle with x-axis 
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tive and will have the same units as the original vector. 


The components can be positive or n 


6. — Thesignsofthe components will depend on thea 
A, negative | A, positive 
A. positive | A. positive 
A, positive 
A, negative 
Illustration : 


Express the given vector À (shown graphically) in unit vector notation. 
Y M Y 


o Dx er 


+X +X +X +X 


Sol (i) A=3(cos30i+sin30}) — (ii) A — 3cos30i — sin 30) (iii) A = 3(-cos30i—sin30}) 
(iv) = 3(- cos301 +sin30}) 
Illustration : 


Angle made by the vector with positive direction of X-axis 
Find angle (a) made by the vectors with the positive direction of X-axis. 


Y 
m a, v3 
a=i+V3) aaa Pe a= 60 Ans. a =60 
x 
Y 
a 4 
a=-i+v3}] o 71 0-605 a= 180-0 Ans. a= 120° 
Y 
1-3j X 0= 60°, a= 180° + 0 Ans. a = 240° 
o 
Y 
a NR 
tan === = 60°. a — 36000 or a=— 
pi a |7|. > 0760, «= 360-0 or a--0 


Ans. a = 300°, 60° 


Illustration : 


A man moves in the following manner in X-Y plane. Find the magnitude of displacement of man 
from origin as shown in figure. 


Sol. Hadi 
F, = Scos37°i + Ssin37°j 


Rede 
Resultant vector 


PEDES, 


8i+3} 


Illustration : 


A force of 4 N is acting at an angle of 30" to the horizontal. Find its component along axeses 


Sol 4 sin 30° =2N " 


F, 74 cos 30? = 243N 


Illustration : 
Find a vector Ẹ of magnitude SON parallel to — 4i +3) 


4i 3j, 
so po Sox AP qna 


Illustration : 


A particle is moving with speed 6 m/s along the direction of 23 +2 j -Ñ find the velocity vector 


ofa particle? 
G0 3-9 
3 


Sol 2s 20i + G-k) 


Illustration : 


Find a vector of magnitude twice of 12i — Sj and anti-parallel to 3i -4j 


Sol Suppose i =12i-5}. b — 31 4j required vector ¢ 


2\a|(-b) 


=2x(13{ aed | 


5 
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3i«4j) 


Illustration : 


An insect crawls 10 m towards east, turns to its right, crawls 8 m, and again turns to its right, 
Now crawling a distance of 2 m it turns to its right and stop after moving 2 m more, Find its net 
displacement. 


Sol, — Net displacement is QD 
OD = OM + MD 


OD = (OM) (MD) 


(04 - BC) (AB - CD) 


48746 
oD 10m 
In AOMD 
MD 6 3 
tan0= r7 373 


( 
Displacement is 10 m at 0 = tan '| 4 } 37° Sof E 


Alternate 


W 


Roto] 5 81-d 


d=ř, -ñ - (8i-6)-(01 03) 


d-8i-6j 


Concept of Equilibrium : 
Equilibrium means net force acting on body is zero. 
ie. — XF =6 (for translational equilibrium) 


State of rest or moving with constant velocity are the condition of translational equilibrium. 


Mlustration = 
Three forces (È, F,, F,) are acting on a particle moving vertically up with constant speed. Two 
forces F, =- 10; N, and F, ^ — 6j * 8j N are acting on particle respectively find È, 


=O ie 
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To find 


E , You can move in the path OA — AB — BE 
Find the vector OA . OB» OC - OD» OE - OF» OG 


OE -ai + bj+ ck similary, OA =a OB 


+bj 


OC -bj OD=bj+ck 


OG=ck OF-ai «ck 


All these vectors are called position vectors as it defines the position of a particle in space with respect 
toorigin 


Mlustration : 
Can you tell the co-ordinates of A, B, C, D. E, F & G 
Sol — (4)(a,0,0) Bía,b.0) ^ C(0b,.0) (DV, b,c)  E(abc) F(a,0.c) G(0,0,c) 


Illustration : 


What is the magnitude of the diagonal OE 


Sa.  QÉ-ai «bj «ck 


Illustration = 
What is the magnitude of the GB? 
So.  GB-OB-OG 
zai bj - ck 
Thus, from now on we shall understand that | GB [- Va’ +b" +c 


Displacement Vector: 


then the particle's displacement is given by 


Suppose that a particle displaces from position 7, to 7, 


To find change in velocity. 
Illustration : 


A car is moving northwards at a constant speed of 5 m/s. it makes a right turn and continues to 
move with a constant speed of 5 m/s. Find the magnitude of change in velocity 


Sol. 


TED 
^ -5i-5j 
AW |= NS +5 


Position Vector: 
A general way of locating a 
reference point to the particle. This reference point is usually the origin. 


particle is with a position vector 7 , which isa vector that extends from a 


P(x y 2) 


In unit vector notation:  — xi + yj+ zk 
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z =pv.of &-px.org - | x ieysjezk | -[xiey jzk) 


{ Axis Ay je Azk | 


Illustration : 


Sol. 


Find the displacement of tip of hour hand of the clock between 1 pm to 5 pm where the length of 
hour hand is 6 cm. 
2 x 6sin60' 

sine: 


Illustration : 


Sol. 


The position vectors of two balls are given by 7 


F, =—2Ì +4) What will be the distance 
between the two balls? 


Distance = JA. 3? =5 


Now, so far we have learnt about different kinds of vectors. They were velocity vector, displacement 
vector, position vector etc. Similarly, we can have acceleration vector as well. One would have 
studied earlier about basic laws of kinematics. 

v=u+at 


1 
S=utt+<at 


In the above equation, other than time, rests physical quantities are vectors, So, a better 
representation would be. 


y-u*át 


d 
[X 


$ 


And we should remember that the above equations are valid when the acceleration is constant. If 
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the acceleration is zero, then equation will be: 


Š=üt or 7-7 =iit 
Mlustration : 


A particle has initial velocity of 21 and has constant acceleration of 3j. . Find its displacement 


and velocity after 3s. If initially, the particle is located at 31 + 4}, find its final location. 
Sd  eüsár-2ie(3j)3-0i9j) 


1 la 
S, üt Zär = Qi) 53M 


5, 76i += j+3i +4 


«(si^ 
Illustration : 
4 particle who has a constant speed of 50 m/s. it moves along a straight line from A(2,1) to B( 


9,25). Find its velocity vector. If at initial instant of time it is located at (2, 0); find its final 
location after 3 s. 


¥=(AB)|¥ 50— 14i +48) 


¥(3), and 3 


§,=(42 14] j+ (44 144] ) 


Product of Vectors 
‘There are two ways in which vectors can be multiplied : 
(1) — Scalar productor dot product. 


(2) — Vector product or cross product 


(1) — Scalar product 
üb = |à |. 5|cosO, where 8 is angle between à and b 9 


Itis called a scalar product because its product isa scalar quantity 


jj-kk 


(i) i-i 4 i|.]i cose 


ij4il.1jlcos90* -0- j. i 


1 B :usedtto test orthogonality. (means two vectors are mutually perpendicular to 


each other), 


(ü)lfá-a,ica,jeajk b 
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cosü— (this is used to find the angle between two vectors). 


là 


(iv) Work done by vector F is defined as w= F-d 


Where d displ: 


cement vector. 


Illustration : 


Find the dot product of vectors à 


Sod  db--2-9«1--10 


Illustration : 


If ie 2j nk is perpendicular to 4i & 2j 2k then find the value of n ? 


Sol — (lie 2j nk). (4i + 2j 2k) 5 0 
4*4*n2)70-5n 4 
Mlustration : 


A force of (-3i - 4 2k) N displaced the body from a point (4, - 3, - 5) m to a point (- 1, 4, 3) m in 
a straight line. Find the work done by the force 


Sol. i= (4i -3] - 5). B=-i+4j+3k 
AB=B-A=(-Si+7}+8h) 


W= P. AB=(-3i -j+ 255i 


8k) = 24joule 


Projection (Component) of Vector : à on È 


Find the vector component of (i) à along j (ii) à L to b 


i-G-b)b) 


(13]cos0)b 


G) Magnitude of Projection of à on & =|4|cos0=—— = .b 
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Thus, vector Component of vector à in the direction of jj is (a.b)b 


(ii) Vector component of vector à in the perpendicular direction of 5j is (à — (à.b)b). 


Illustration : 


axis, Y-axis & Z-axis, 


For vector = 3i +3] — 2k , what are its component along 


Sol 3 along X-axis, 3 along Y-axis, - 2 along Z-axis 


Illustration : 


Just after firing, a bullet is found to move at an angle of 37° to the hor 
10 m/s? downwards. Find the component of its acceleration in the dire. 


6 m/s? 


ntal. Its acceleration is 
ion of its velocity. Ans: = 


15512 
(di «3j 
3 j 


Ans. 


ü--g 
vector Component of vector à in the direction of v is. (à y )v. Thus - 6 m/s? 


(2) Cross product or vector product of two vectors : 


The vector or cross product of two vectors à and § is defi 


üxb-absinQ à 


fined to be a vector of magnitude ab sin 0 that points in the direction of the unit vector 


The product is d 


ñ normal (perpendicular) to the plane of à and jj. The angle 0 is the smaller angle between the vector, 


The direction of  isstill ambiguous. This ambiguity is removed by using a convention called the 
hand rule. Curl the fingers of your right hand and stick out your thumb as if you were hitch-hikin, 


figure. The sense of rotation of the fingers should be from the first vector à to the second vector jy 


through the smaller angle between them. The thumb indicates the dir 


Because of the right-hand rule, the order of the vectors in the cross product is important. The vector 
product is noncommutative : 


bxa=-axb 
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Properties of vector (or Cross Product) 
() Cross product non-commutative 


üxbebxüiebxá--áxb 
Gi) ^ Followsdistributive law 


ax(b+e)=axb+axe 


Gi)  Ifaand bare any vectors, and m is any real number (positive or negative) then 


(má)*b-m(a*5)-à *(mb) 


(v) Does 


not follow associative law 


üx(bxc)e(axb)xé 


v ixj=k,jxk=ikxi=}j 
and ixi -0,jxj- 0, kxk -0 
(i) — G=a,i+alj+ak 


+b j+b,k 


üxb-(a ica, j+a,k) » (b,i+b,j+b,k) 
(a,b -ab)i *(ab,-a b) j + (a,b, ~a, b) Å 
(vi) Angle between two vectors 
là * 5l=lā]|b|sin ð 


sinð=|ä * 5|/|ā | |b 


+a j +a,k and b =b,į +b,j +b,k 


ü*b = (ab,-ab)i — (a,b, - a,b,)} + (ab, ab)k 


>|ä *b| = (a,b, -a,b,)? + (a,b, -a,b,)? +(a,b, —a;b,)" 


(ix) The cross product of a vector with itself is a NULL vector ie. 


axa jä ||ä |sin0" 


(x) The cross product of two vectors represents the area of the parallelogram formed by them, 


(Figure., shows a parallelogram PORS whose adjacent sides PG and PS are represented by vectors 


a and b respectively. 
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Now, area of parallelogram = | PQ| + |SM | = |PQ! PS | sin 6 — | || 5| sin — à  b| he 
product of two vectors represents the area of paral 


cross 


jelogram formed by it. It is worth noting that area 
vector db acts along the perpendicular to the plane of two vectors a and b. 


Unit Vector Perpendicular to two given vectors 
Let bea unit vector perpendicular to two (non-zero) vectors a, b and positive for right handed rotation 
from a to b and be the angle between the vectors a, b then 


xb -[à||b|sin of 


à *b|7 |à||b|sinO 


Thus we get = à «b 


Illustration : 
Prove that 


āx(B+z)+5 (e+ a) +E x(a +h) =0 


Sol. GX (B+ O+b e+ G+ Ee «(G+ 5) 
dxb*áxg*bxc*bxáscxaásexb 
üxb-é*a*bxc-axb*cx*xa-bxc-0 


Illustration : 
Find à * b and b * à if 
@a=3k *4). b -i*)-k 
(i) à = (2.-1, 1); b = 63, 4,-1) 


Sol. @  à*B-0 4 3|--7i +3)-4k 


i k "E 
bea@=|1 1 -7i-3j +4k 
043 
Thus à x 5 #5 * ä 
„jé 
ü  àxB-p-» 1) =-3i +5) +k 
B 4 -i 
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=i 
i 
> 


Illustration : 
fa=3 


(i) find the magnitude of à * b 


Pj «2k and b 221 - 2) +4k 


(ii) find a unit vector perpendicular to both a and b. 
(iii) find the cosine and sine of the angle between the vectors a and b 


So. ü xb 


Magnitude of à * b - là * b 
VEP (78) e (-8P 9 843 


; axb  Si-S-sk 1 , 
(ii) láxb a3 we j-k) 


There are two unit vectors perpendicular to both à and Ù they are 
1 NE 
+n=+ 4 (i-ij-h 
(iti) To find cos 0 
á:b - |á| |b| cos 07 (GE ] 202i- 
(3) (2) + (1) (2) + 204) = 12 


lal* Js +P +2? = id 
[bl = Jy «(72 «ay. = 2 


12 


cos 07 äh h 
i-b^àll5l- TI; 


Also, sin 07 |à * bV|à 


Also, sin 0 = N1—cos^8 


Illustration : 


$ and b = 25+ 


The vectors from origin to the points A and B are à = 3i - 6j 
tively. Find the area of 
(i) the triangle OAB 


- 2k respec- 


(ii) the parallelogram formed by Q4 and OB as adjacent sides 


37 


Sol. Given DÅ = à = 3i-6j 


(üxb)- 3 


2i -(6-4j *G * 1E 


+10} + I5k 


«bl = VIP +10 «19 = 4425 75417 


1 
(i) Area of OAB = 5 |à *b| = 5.5417 sq. units 
5 VI7 sq. units 


(ii) Area of parallelogram formed by Q4 and OB as adjacent sides 


làxb 


VI? sq. units 


Solved Example 


Ql 


Sol. 


Sol. 


Q3 


Given that À + B.C = Õ, butof three two are equal in magnitude and the magnitude of third vector is 


V times that of either of the vectors two having equal magnitude. Then the angles between vectors are 


givenby- 
(A) 30°, 60°,90° (B) 45°, 45°,90° — (C)45*,60*,90* — (D) 90°, 135°, 135° 


(D) From polygon law, there vectors having summation zero, should from a closed polygon (triangle) 


d the third vector is „/7 times that of either of two 


nce the two vectors are having same magnitude a 


having equal magnitude. i.e. the triangle should be right angled triangle 


Angle between A and B is 90 
Angle between Band C is 135 


Angle between A and C is 135 


Ifa particle moves 5m in + x-direction. Show the displacement of the partic 


(ays i (B)5 i (©-5j (D)Sk 
Magnitude of vector=5 


Unit vector in + x direction is i 


displacement 


Hence correct answer is (B). 


st then travels distnace of 4 km towards 


A car trav 


s 6 km towards north at an angle of 45° to the 
north at an angle of 135° to the east. How faris its final position due east and due north? How faris the 
point from the strating point ? What angle does the straight line joining its initial and final position makes 
with the east? What is the total distnace travelled by the car? 
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Sol — Netmovementalong X - direction 


= (6-4) cos 45 


4 sin 45° j) +(6 sin 45°)) 


w 


4 cos 45*(- i| 6cos4S i 


v 


Net movement along Y - direction 


(64) sin 45° j 


10x 


Nel 


movement form starting point (Total distance travelled) 
6*4- 10km 


direction 


Angle which makes with the. 


Y -component 


tan 0= x — component 


0 = tan" (5) 


Q4 — Abodyismoving with uniform speed v on a horizontal circle in anticlockwise direction from A as shown 
in figure. What is the change in velocity in (a) half revolution (b) first quarter revolution. 


N 
Bly 
ji AO; 
c 
© 


Sol. — Changein velocity in halfrevolution 


Av =Fe- 


sve j)-v(j) 


Copied to clipboard. 
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Sol. 


Q.6 


^S 


J 
|^ v |= 2v directed towards negative y-axis 
change in velocity in first quarter revolution 


AyT a7 V. 


=v(-{)-v(j) 
=-v(} +) 


|Av|= 42 v and directed towards south-west. 


Thesum of the magnitudes of two forces acting at a point is 18 and the magnitude of their Resultant is 12. 
if the resultant is at 90° with the force of smaller magnitude, what are the magnitudes of forces? 


(A) 12, 5 (B) 14,4 (O5, 13 (D) 10,8 
Let P be the smaller force then it is given that 
P+Q=18 (1) 


R= JP? « Q? +2PQcosé =12 (2) 
Qsin O/P +Q cos 0 = tan = tan 90° = % 
P+Qcos0=0 [E 
Substituting the value of P 

Q(1-cos0) - 18 (4) 
and subtracting square of equation (2) from (1) 


2PQ [1 - cos 0] = 18 


180 (5) 
Dividing equation (5) by (4) 

2P = 10i.e. P=5,s0Q=13 

So the magnitude of forces are (5 and 13) 

Hence correct answer is (C) 

Let @ =21 +3) - Kip =- i +3] +4k. Evaluate 
(i) a] || 

(iad 

(iii) the angle between the vectors à and 6 

(iv) the projection of à on 5 


(v) the projection of b on à 
(vi) area of the AAOB where O is origin 


4 


Sol. 


Sol. 


Give à 
(i) |a@|= 42 3 +N? = J4«9«1 = 14 


l= JED +3? «4 = Jix9x16 = J26 


(ii) à. =2(-1I) 333 «CD (7 


(iii) The angle 0 between the vectors à and b is given by 


üb 3 3 


jayb| ^ Vi4y26 ^ 2/91 


cos 0= 


(iv) the projection of à on b =|ä |cos0. 
3 3 
vl4 7 Via ae ~ V26 
(v) The projection of b on à =|b| cos 0 
: 3 3 


v26 * fa oe ~ Via 


1 
(vi) Area of AAOB = 5 |à || b| sin 


Now sin? @= I —cos?0=1 


9 3 
364 364 


1 355 
2 Vid V26 -4364 


Area of AAOB 


3 
= Y =9.42 sq. unit approx 


The torque of force F =-3i+ j * 5k a 


ting at the point  =7i+3j + k is 


(A) 141-385 +16k (B)4i+4) +6k 


(A) The torque is defined as 7 = F x F 


(C)-211*4J «4k. (D)-14i+34j -16k 
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Sol. 


i5d 
: 731 
dL sil 
1 
p 017 7 3 
=i ft ls -4* Ls x 


-d(15-1)* j(-3-35)+ kC - (-9) 


14i -38] + 16k 


Thus the answer is (A) 


The vectors from origin to the points Aand Bare à 73i -6j *2k and § =2 


respectively. Find the area of 
gle OAB 


Gii) the parallelogram formed by OA and OB as adjacent sides. 


(i) the 


Given OA = à 73i -6j +2k 


and OB = 5 =21 + j-2k 


a2 (6-4)i-G «12k 
10i +10) + 15k 
= la * l= Vio’ «10 «18 = V425 = 5/17 


17 sq. units 


1 
(i) Area of AOAB= — à 


= 2417 sq. units 


(ii) Area of parallelogram fromed by OA and OB as 


adjacent sides -|a * §|= 5/17 sq. units. 
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Q9 


Sol. 


Abuoy 
tugboat pulls west on the bu 
the buoy with a force È of mi 


between north and east), with a force F, of m: 


(a) 
(b) 


(e) 


(b) 


(e) 


s attached to three tugboats by three ropes. The tugboats are engaged in a tug-of-war. One 


y with a force f, of magnitude 1000 N. The second tugboat pulls south on 
itude 2000 N. The third tugboat pulls northeast (that is, half way 
itude 2000 N. 


Draw a diagram of forces acting on the buoy to represent this situation. 


Express each force in unit vector form (i,j). 


Calculate the magnitude of the resultant force. 


: P f 
F7(1000 Ny 


| (2000 Ny 
a + 

y f --1000i (N), 

w 


p x Ë= -2000 j(N), 
F,7 2000(cos45° i + sin45° j ) (N) 100042 i + 1000/2 j 
2-1)i- 1000 2-42)j N 


EE + B = 1000( 


F, = 1000 (2 - )N 


F,--1000Q - 42) N 


“7 -1000(/2 - 1) « V3 = 1000 (42 - 1) V3 N 


BASIC MATHEMATICS 


Trigonometry 
Angle 


The angle is defined as the amount of revolution that the revolving line makes with its initial position, 


From is positive if itis traced by revolving line in anticlockwise direction and is negative ifit is covered 
in clockwise direction. 
1° =60' (minute), 1' (min) = 60" (sec) 


1 right angle = 90° (degrees) also 1 right angle = 2 rad (radian) 


One radian is the 
circle. 


subtended at the centre of a circle, whose length is equal to the radius of the 


180 


Trigonomet 


ratios (or T ratios) 


Let two fixed lines XOX’ and YOY intersecting at right angles to cach other at point O. Then. 


(i) Point O is called origin. 


(ii) XOX' known as X-axis and YOY' are Y-axis. 


(iii) Portions XOY, YOX’, Y'OX' and XOY" are called I, I, III and IV quadrant respectively. 


Consider that the revolving line OP has traced out angle 0. 


(in quadrant) in anticlockwise direction. From P, perpendicula 
PM on OX. Then, side OP (in front of right angle) is called 


hypotenuse, side MP (in front of angle 0) is called opposite side 


or perpendicular and side OM (making angle 0 with hypotenuse) m - 


is called adjacent side or base. 


The three sides of a right angled triangle are connected to cach 
other through six different ratios, called trigonometric ratios or 
simply T-ratios. 


sing PerPendicular _ MP cos =——base__ OM 
hypotenuse — OP hypotenuse OP 
tang = PerPendicular _ MP cot = — base OM 


base OM perpendicular MP 


hypotenuse _ OP 


ypotenuse _ OP cdi 
base — OM perpendicular MP 
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Itcan be easily proved that 


cosect 


sin'0--cos'0- 1 


Illustration : 


Given sin 0 — =. Find all the other T-ratios, if 0 lies in the first quadrant. 


1 
sin® 


a 
tano 


cotü- 


1+cot?0 = cosec?ü 


3 
Sol. In AOMP. sin 0 — 5 So MP = 3 and OP = 
OM = \ (5 - BY =425-9 =V16 =4 
" 9 - OM 4 j- MP _3 )- 0M _4 
ow cos 07 “Op 73 tan 0= Oar cot O= T3 
7 OP 9 OP _5 
sec O= r7, cosec 07 5575 
The T-ratios ofa few standard angles ranging from 0° to 180 
Angle(0)| 0° 30 4S 60 90° 120 135 150° 180° 
1 1 45 48 1 1 
sind o j3 N - 1 z 2 0 
45 1 1 1 1 48 
cos 0 = a [] z = 1 
tan0 0 1 45 x 3 1 0 
| sin(90^ — 0) = cos sin(90° + 0) = cos sin(- 0) - -sinQ sin(180* — 0) =sin0 
cos(90* — 0 ino cos(90* + 0) =—sind cos(- 0) = cos cos(180° — 0) = cos0 
| tan(90* —0)- cot8| | tan(90°+0)=—cot@ | | tan(—0)=—tand tan(180° — 0) = tan 
sin(180* + 0) sin(270° — 0) =—cos0 | | sin(270° + 0) =—cos0 | | sin(360* —0) =—sin0 | 


cos(180° + 0) 
tan(180° + 0) = tan. 


cos(270* — 0) - —sinü 


tan(270° — 0) = cot € 


cos(270* + 0) ^ sin 


tan(270 + 0)— 


cos(360* — 0) = cosü. 


ot | | tan(360* - 0) =- tan 0 
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Illustration : 
Find the value of 
(i) cos (-60°) (ii) tan 210° (iii) sin 300° (iv) cos 120° 


Sol (i) cos (60°) = cos 60° = (ii) tan 210° = (tan 180° + 30°) = tan 30° = 


(iii) sin 300° = sin (270° + 30°) = —cos 30° = — 


(iv) cos 120° = sin (180° — 60°) = -cos 60' 


A few important trigonometric formulae 


sin(A+B)=sinAcos B+cosAsinB cos (A+ B)=cos A cos B— sinA sin B 
cos (A- B) - cos A cos B + sin A sin B 


sin (A-B) = sin Acos B- cos Asin B 


tan B tanA — tan B 
tan (A-B)= T tan Atan B 


tanA 
tan A tanB 


tan (A +B)= | 


sin2A=2sinAcos A cos 2A= cos? A- sin A 
2tanA 
2 2 sin? A 
tan2A= 1 uA 1=1-2sin?A 


Small angl 


proximation : 


O is very small and it must be in radian when you are 
sin ~0,tan0~0 


: approximation. 


sind 


Illustration : 
Evaluate sin 2^ 
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Illustration : 
Evaluate sin 2° (1 — cos2°) 
So. Sin 2° (1-1+ 2sin? 1°) 


2sin2° sin? 1° ~2 


Practice Exercise 


Q.I Findthevalue of 
(i) cos (30°) (ii)sin 120° — (ii)sinl35* — (iv)cos120^ (v)sin270* (vi) cos 270° 


1 4 1 45 
Ans (i) 3 (ii) (iii) (v) (v)-1 (vi)0 


CALCULUS 


Introduction 


Suppose on your 8" birthday at midnight you measured your height and found it to be 120 cm. One year 
later at midnight on your Eight birthday you again measure your height & find itto be 132 cm. Now if we 
say rate of increase of your height is 12 cm/year it does not mean that at the exact 11:59:59 PM you 
were 120 cm and as soon as clock moved to 12:00 midnight you streched and became 132 cm. 

Now if we express your rate of growth as | cm/month we are not implying that every month at midnight 
of 1* you suddenly strech by 1 cm/month is just a unit and the growth is a continuous process. If we 


assume you grow uniformly at all timestherate simply implies that if you grow Ah in time At at some 


point of time, the hose 


Ah 

io| s | will be 12 em/yearor 1 em/month or whatever unit you n 
Ar 

So we can calculate the rate of growth of height in a finite time internal. If we calculate rate of growth 


Ak) 
f n | in different time interval like 


() Rate of growth per day | Ah |. | em/day 
d At 30 
(22) -em /hour 
(i) c of growth per hour | Ar |^ 30x24 
(28]- — Lem min 
Gi) Rate of growth per min | Ar |= 30x24x60 


Similarly if we want to calculate the rate of growth exactly at 12 O'clock mid night then we take time 
interval Atis zero. So in that time Ah is also zero becasue nothing can change in zero time. So, rate of 


0 
growth becomes 5 , which is meaningless 


Now the question is how two find the rate of growth exactly at 12 O'clock orat any instant of 
time, 


Differential calculus play an important role to find the rate of growth at any instant. The rate of 
growth at any instant is known as instantaneous rate. In many situ 
necessary to use the concept of instantaneous rate. The basic tool for this is calculus, invented by Newton 
and Liebnitz independently. The use of calculus is fundamental in the treatment of various problems in 
physics 


ions in physics, it is sometimes 


Numerical interpretation: 
Illustration : 


A car moving on a horizontal road whose position changes with time t as x = 3 + 1 compute its 


change in position _ Ax 
speed (average rate of change in position) | v Pp = between 
timeinterval At 


average 


(i) From 2 sec to 3 sec (ii) From 2 sec to 2.1 see (iii) From 2 sec to 2.001 sec 


(iv) From 2 sec to 2.0001 sec (v) at 2 sec (instantaneous rate of change) 
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Sol. 


(ii) 
Sol, 


(iii) 
Sol, 


(iv) 
Sol, 


o) 


For t= 2 secto 3 sec, we have At = Isec 
x(att = 3 sec.) = 3(3)7 + 28m 


x(at t = 2 sec.) =3(2P +1 =13m 
Ax = 28 m—13 m= 15m 
Ax 
Thus v = ~~ = I5 m/Isec = 15 ms 
average ^ Ay 


sec and 2.1 sec 
For t = 2.1 sec, we have At = 0.1 sec 
x=3(2. IP +1=14.23m and Ax- 123m 


Thus vam gy = 123 MO-I sec = 123 ms 


2 sec and 2.001 sec 
for t= 2.001 sec, we have At = 0.001 sec 
x = 3(2.001) + 1 = 13.012003m and. Ax = 0.012003 m 
Ax 
Thus v, ug, = “py = 012003 m/0.001 sec = 12.003 ms! 
2 see and 2.00001 sec 


The student may verify that for t = 2.00001 sec 
Voge = 12.00003 ms ! 


Also find instantaneous rate of change in position (instantaneous speed) at 2 sec 


x), 
Vim 
1; -t, 
here t, = 2 sec. and also t, = 2 sec 


SRY *1-32y-1 0 
^ > dt is uni 
2-2 0 


So Liebnitz suggest try it like that 
1,725,172 At 

3(2+ Af «1-30 - 
2-472 At 

Then he said let make At — 0, means At approaches z 


ro not equal to zero. So, t, almost 
becomes 2 sec. and the v, becomes Vy, 
Liebnitz conclude that althrough the method is approximate but result is exact. 


In calculus notation 


Ax _ dx 


Vau = Lim ^ -—— (it is knows as derivative of x with respect to 1) 


vw At dt 
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Illustration = 


Suppose displacement y (t) (that is, y as a function of t) is given by 
y) =e 
Sol — Find velocity (dy/dr) at t = 3 sec 


Displacement at t + At is 


y(t + At) = (t + Arf 


3n At + 31 AP + AB) 


hence displacement from tto t + At is Ay 


? At + 31 AP + AP) 


Ay = y(t + At) — y(t) = (3 


Substituting this into Equation (i) gives 


dy tim 


de naa ar more 


lim. [3r An] 
Here we can see that if we take very small value of At then value of dy/dt will approach 3? as all 
other terms will become negligible and impossible to measure by any instrument available in this 


world. 


hence, àr 


Leibneiz derived some 


Differentiation Formulae 


d 
1 Power rule: (1") = nt 
ower rule: g 


d 
3 (sint) = cost 
m 
5 3 eee 
di 
d 2 
7, (most 


neral formula for differ 


dy 


339-27 
dt 4 


v (at t = 3 sec) 


m/s 


ntiation which is written below. 


d 
i 2 (0-1 
di 
4 d (cost) » -sint 
di 
6 d (log t) log,te Int 
° rin [log, t= Int] 
d 
8. (sect) 7 sect tant 
dt 


1 3 (9 C ltiple rute: S (cu) =o 
d e ME 
7 onstant multiple rule: <- n 
where c : constant 
3. Sumrule: 2urvy=+® 4 pj te: À qu- v) - St 
3 um rule: ^. «UR ifference rule: acu 
: Qde dv 
a v 
5 Product rule : (uv) =u Quotient rule: 4 [2| -—2à. at 
a E av^ 2 


| Copied to clipboard. 
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Example: Differentiate w.r. 


y= (ii)x=t y= y 
(iv) x c4 wy (vi)y=2P «1-1 
(vii)y=3vt + k (viii) y? sint (ix)x- te 


(x)x= Jtü-0 


Sá dy oa dy. les 
E Maz 
dx a0 dy los) as 
Oa (v) dt 2 yee 
dy dy (1 
Yat +1+0=4t+1 3072 

wi cde (i oe 
3 
e 
vt 
dy i dx 7 
(viii) 3t’sint+t' cost (ix) +te' =e'(1+t) 
dt dt 
PLEX MER 
MET 2 2 
Example : Differentiate with respect to x 
r sinx 
© ysxhxs — G) y-xe ü y (iv) 
x x 
Sol Sy oof 1), enxeteetnx 
So. GN 
(iiiyy=x" sinx 
d 
Y — (x? )sinx ex ^ cosx 
dx 
(iv) y* 3x * 
d 
Y eux 3 
dx 


The Chain Rule : 
Suppose you are asked to differentiate the function 
yix +1 
The differentiation formula you learned in the previous section of this chapter do not enable you to 


calculate ~= 
dx 
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In fact, ifwe let y- Jy andletu=x?+1 
dy du , 
Then we can evaluate ^. gy easily using the formula that we have leamed in previous section 
du’ dx ^^ 
dy du 
2 =2x 
du dx 


ly 
but ouraim is to calculate F so we can write. 


dy _ dy du 


dx du dx 
and its value will become 


dy b h ll 
= 2x ‘Substituting value of *u we will get 
dx 24 ia 7 
dy 1 x 
f m= = 
OX Wx? +1 Vx? +1 


Ex. x =(at+b)" wher an(at +b)" 


dx 
a, b and n are a real number then ^ 


Sol u=at+band x 


dx 
nun 
du 


du 
dt 


dx dx du 


x an (at +b)! 
d du” dt mee 


x zo ax de 
Ex3  ltx-sin'0, then find ^ where |= © 
dt dt 
Sot. £2 sind) (cos 0) sin20 
ol do 2 (sin8) (cos 0) = sin? 
dx dx dó 
di dó dt 
dx 20 
dr 75020-0 
Application in physics : 
(w= ())- 9 dv ded dv, 
docity(v)- Š, acceler a)- ; | - - 
velocity ‘at’ acceleration dt dt^ dxdt dx 


Force (F)= rate of change of momentum = a 
i 


dv) 


ull 
dx / 
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dq dà 
Current (i)=* ; angular speed (0) - — ; 
Current ( ui angular speed ())- ^ 
do do _dodd_ dw) 
angular acceleration (a )= = a On 


dt dt dO dt do) 


dr 
tarate —- =a. Find the rate at which its area is increasing when 


Ex. — Theradius ofa circle is increas 
dt 
radius is equal to 3 m. 
Sol — areaofcricle (A) = n? 
Ak On E ear S] ez 
dc 72) Ge = 2K | Ge) 722r) 
(da : 
Ua) 6ra msec 
DERIVATIVE OFA VECTOR : 
d là 
dii dp dpl d 
d^ d' a dt 
: 1 dr dv 
Ex, F=2ti +30}. Find V and à where v=", @ 
it dt 
zy gy 
Sol a T 21 +6tj m 
iei Ly 2 
at 6j ms 


i meaning of 9 
meaning o 

E ax 
The ratio of small change in the function y and the varibalbe x is called the av 


wart.x. For example, if a body cover a small distance As in small time A t, then av 


rate of change of y 
e velocity of the 


As 
body, v,,= ^c Also, if the velocity of a body changes by a small amount Av in small time At, then 


average acceleration of the body, a,, = 


dy 


When Ax— 0 The limiting value of g is Lim =tan0 


dx 
=slope ofthe tangent 
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It is called the instantaneous rate change of y w.r.Lx. 
The differentiation of a function w.r.t. a veriable imples the instantaneous rate change of the fun 
wort that variable 


iton 


As ls 
Like wise, instantancous velocity ofthe body, (v)= Lim "= 4 
y b ^ di 
: dv 
and instantaneous acceleration ofthe body — (a)- Lim = Gy 
0 d 
Maxima & Minima 
Maxima & minima ofa function y= f(x) 
: dy d'y 
formaximumvalue D -0 — and negative 
dx dx 
: dy d'y 
forminimum value 0 and => - positive 
dx dx 
Ex. — Find minimum value of y 25x? — 10x 
: dy ` 1 
Sol For maximum / minimum value 4. =0=> 50x ~10 = x 
dx 


Nowatx ch is positive 


on from ground is given as 


such that its posi 


A body is moving vertically upwards under 


12 
y =ut—— gt” , Find the max height reached by body. 


Sol. 


(which is negative). so we get maximum height y,,, 


u 
atts y 
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Equation of Trajectory : 
Itis path traversed by a particle, independent of time parameter. 


Ex. Find the equation of trajectory for the particl 


moving in circular path as shown. 


Y 


x=rcos0 rsin@ x 


Integration or Antiderivative : 
So far we have studied as how to find velocity ofa particle when its position is given. Now if we know 
the velocity of a particle and we might wish to know its position at any given time or an engineer who can 
measure the variable rate at which water is leaking from a tank wants to know the amount leaked over 
certain time period. This reverse process is called antiderivative of integration. 


‘There are two types of integration : 
(a) Indefinite integration (b) Definite integration. 


(a) Indefinite integration 
Since we know that , At — t; — t, 
Now, when time t, approaches t, ; At —> dt 


Ax dx 


Toremind you, V 7 Lim= - 75 
3 ato At dt 


So, If we integrate dt, we should get t,—t, 


milarly, Í d: 


but since the differentiation of a constant becomes zero, so i.e. why we can not retrive the value of that 
constant. 


We should write [dx =x + 
Where ‘c’is integration constant. 
Integration Formulae : 


pe 
+c [n#-I] 2 [e e 


x 


1 Ilem 


3 feosx dx =sinx+e 4 Jsinx dx =—cosx+e 


s [ede 

7 Joos(ax +b)ix n(ax b) +e 
a 
x) 

9 


Rules of Integration : 
1 fkudx=kfuax 


where is k constant. 


frax=in x |*e, [x 


e f +0) 
8 [sin(ax +b)dx = — cos (ax +b) 
TET 


(ax b) a 


2 Joos vax = fud + [ vdx 
Ex. — Evaluate indefinite integration 
x= fat (i) x=fedt Gi) x= [Q0 at (ivyx= foe) dt 
(x= fil-5] 
t 2t : 
Sol. (i)x=tte (i)x= > +e (iii) x= + e=P +e 
t (i . 
iv)x= te (x Ud xo 2| 5] ete 
Where 'c' is integration constant 
(b) Definite integration. 
When a function is integrated between a lower limit and an upper limit, itis called a definite integral. 
dy 
If —(£(x)) = 86) 
dx 
then J (x)dx is called indefinite integral and J 8(%)4X = (Rb) - fa] is called definite integral 
Here, a and are called lower and upper limits of the variable x. 
After carrying out integration, the result is evaluated between upper and lower limits as explained below 
f? eGodx. = f(x.) f(x) =Areaunder the curve. 89 
Ex. — Evaluatethe integral ] 


^á 2 
ofr ias Gi) feat 


(iii) ( tdt 


| Copie 


d to clipboard. 
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Sol. 


(12: 


i 1 
70 -0)=3 


Practise Exercise 


Ans, 


Ex.3 


Sol 


[GMm 7 

(à) [dx di) [ Mvdv (i) f 

kN g 
GMm INTERNE 
M(v? -u?) 

Ok az Gi) 1 


Find displacement of a particle in 1-D if its velocity is v = (2t — 5) m/s, from t= 0 to t= 4 sec. 


' (ats) at 


Xx, e-s] 


displacement = 16-20=-4m 


Graphical Interpretation : 


dx : 
Since y 7Y —»edx-vdt [dx -[va 


=fvat a) 


Now, we have to understand the m 


aning of f v dt 


Graphically, it is equivalent to finding the area under a curve. Suppose the v—t graph for a particle is as 
shown in Fig. given below. We want to find the displacement for time interval t, t Let us divide the time 
interval t,—t;into many small intervals, each of duration At and if At — dt. We can find the displacement. 
‘<x’ of the particle during any small interval, such as the one shaded in figure given below, by dx = vat, 
where ‘v’ is the velocity in that interval. Therefore, the displacement during this small interval is simply the 
area of the shaded rectangle. The total displacement for the interval t,- tis the sum of the areas of all the 
rectangles from t, to t. But by adding up it means integrating. 


Thus, Area under curve= fv dt „.. (2) 


Hence from (1) & (2), Areaunder curve= x, —x, = displacement. 


e is at rest (b) at what time, ifany 
and displacement of the particle 


Ex.1 From the v versus t graph of figure 
does the pa 
from t= 0stot=6s. 


the time(s) at which the part 
(c) The distance 


rticle reverse the direction of its moti 


v(nvs) 


Sol — (a)t=0, 3 sec 


1 1 
(c) displacement =~ 5 (3x 4)* — (3 +2)(4) 


6+10=4m 


] is 
distance Baj EG 


=6+10=16m 


Finding position and trajectory if velocity is known: 
Lets take velocity vector ¥=v,i+v,j+v,k 


dz 
dt 


xz [v,dt ; y- [vit z- [và 


Ex. Find the equation of trajectory of a particle whose velocity components are 
v 72x lv, 
Given that particle starts from rest from origin. 


Sol. 


p 
^ 2x 
Q) 
Q) 
from (1) and (2) 
n S 1 n (2y +3) 
2 In (2x ) 2 n 3 
one = Yt 
2x - 
y=3x 


Binomial Approximation : 
Forx << I, the following approximation can be used 
(LexP e Lenx 
Ex — Find (1.03)5 
So. (1*003)? |x-003&n | 


003 
~1+—==1.01 


Solved Example 


Sol. 


Sol 


Q3 
Sol. 


Sol. 


The angle subtended by the moon's diameter at a point on the earth is about 0.50°. Use this and the fact 
that the moon is about 384000 km away to find the approximate diameter of the moon. 


—=_@) 


D 
tan@~0= — Ois radians 

T, q ID 
180° = n-radians E 


X 384000 km — 3350 km. 


360 
dx - 
Find ^t^ derivation of x with respect tot) 
()x (P 1) (ii) x  sin2t 
C sexi 
FEHI 
OT P2 
6t (€ + Ty 
dy 
0s 2t 
Gi) oe 


Find the derivative of y(x) = x'/(x + 1) with respect to x. 

We can rewrite this function as y(x) =x? (x + 1) ? and apply Equation ( ) 
dy "ri 
de OF k 


(xD? 38 e C2) (K+ 107 


dg 3X 
de  (x+1) ~ Gel) 


The velocity of particle is given by v = „/gx . Find its acceleration. 


wor 
d 2^ V dt 


= 
| 


(gx)? gv 


iles 
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Sol. 


Q.6 


Sol. 


Q7 


Sol. 


Sol. 


(J£ then calculate equation of trajectory. 


ej 
E 
4 6 12 


The velocity ofa body moving in a straight line is given by v= (3x? +x) m/s. Find acceleration at x = 2m. 


v=(3x2+x) 

dv 

S oéxel 

dx 
dv ; 

a- v (3x? ex)éx +1) 
dx 


182 m/s? 


+26 x 2+1) 
Find (104)! 
(100 +4)!2 


=10 [1 + 0.04}! 
~ 10[1 + 0.02] = 10.2 
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KINEMATICS 


Introduction 


The branch of physics in which motion and the forces causing motion are studied is called mechanics. 


Asa first step in studying mechanics, we describe the motion of particles and bodies in terms of 
space and time without studying the cause of motion. This part of mechanics is called kinematics, 
We first define displacement, velocity and acceleration, Then, using these concepts, we study the 
motion of the objects moving under different conditions, The forces causing motion will be discussed 
later in Dynamics. 

From everyday experience, we recognize that motion represents continuous change in position, so 
we begin our study with change in position i.e. with displacement 


Various quantities used in Kinematics 

Displacement (S or Ar): 
Change in position vector is called displacement. 
Its magnitude is minimum distance between final and initial point, and is directed from initial position 
to final position 
Fora particle moving along x axis, motion from one position x, to another position x, is displacement, 
Ax where, Ax 7 X,-X, i 
Ifthe particle moves from x, = 4m to x, = 12 m, then Ax = (12m) - (4m) =+8m. The positive result 
indicates that the motion is in the positive direction. If the particle then returns to x = 4m, the 
displacement for the full trip is zero. The actual number of meters covered for the full trip is irrelevant 
displacement involves only the original and final position. 


In general if initial position vector and final position vector are 7, and 7, respectively, then 


Distance: 
Length of path traversed by a body is called distance. 


It is dependent on the path chosen, thus for motion between two fixed points A and B we can have 


many different values of distance traversed. It is a scalar quantity, as len 
of direction in it. Its SI unit is meter (m) and dimensions is (L). 


ath of path has no indication 


eg. Suppose a particle moves from position A to B as shown after travelling from A to B to C to D. 


Here Displacement § = AD i=4im 


|displacement| = 4m 


Also distance covered , 


AB + Bd + |D =2+3+2=7m 


Not 


lere |Displacemat| < Distance 


Magnitude of displacement would be equal to distance travelled if there is no change in 4 
direction during the whole motion. 


In general, [Displacement] < Distance 


Average Veloci 


The average velocity y,,, is the ratio of the total displacement Ar , and total time (At) taken to 


complete that displacement. It should be noted that... is independent of path as displacement is 
independent of path 

APER 
" At At 


Unit for V „is the meter per second (m/s). The average velocity V, always has the same sign as 


V. 
the displacement Ar. 


Average Speed : 


Totaldistance travelled — / 


Average speed 
verge e Total time interval At 


Itis a scalar and always has positive sign. 
Average velocity] < |Average speed, 

Illustration : 
A bird flies east at 10 m/s for 100 m. It then turns around flies at 20 m/s for 15 s. Neglect time 
taken for turning, find 
(a) its average speed 
(b) its average velocity 

Sol Let us take the x axis to point east. A sketch of 
the path is shown in the figure. To find the required 
quantities, we need the total time interval. 


M 


The first part of the journey took este,» East 
At, = (100 m) / (10 m/s) = 10s. Mme qe "MM Lm 


and we are given At, — 15 s for the second part. Hence the total time interval is 
At = At, + At, = 25s 
The bird flies 100 m east and then (20 m/s) (15s) 


Distance _ 100m+300m 


300 m west 


(a) Average speed = > ae =l6m/s 
(b) The net displacement is 

Ax = -200 m 
So that 


Copied to clipboard. 


Ax 200 
wT 
The negative sign means that v,, is directed toward the west. 


=-8 m/s 


Illustration = 
A particle moves with speed v, along a particular direction. After some time it turns back 
and reaches the starting point again travelling with speed v, Find ( for the whole journey) 


(a) Average velocity (b) Average speed. 


Sol. (a) Since the particle reaches the starting point again, its displacement is zero 


displacement 


Average velocity = 0 


total time 
(b) Let it travelled distance x while moving away as well as while moving towards the starter 


point. 


Time taken to go away is t, 


Time taken while return journey t, 


Average speed 


Instantaneous Velocity : 


Instantaneous Velocity is defined as the value approached by the average velocity when the time 
nd closer to zero, i.e. At — 0. Mathematically 


interval for measurement becomes closer: 


Ax 
v= lim 


At 
Thus Instantaneous velocity function is the derivative of the displacement with respect to time. 
drt 
vit) a) 
dt 


Instantaneous Speed 


It is measure of how fast a particle ora body is moving at a particular instant. It is the magnitude of 
instantaneous velocity. Thus particle moving with instantaneous velocity of + 5m/s and another 
moving with —Sm/s will have same instantaneous speed of 5 m/s. 


The speedometer in a car measure the instantaneous speed not the instantaneous velocity, because 
it cannot determine the direction. 

Average Acceleration 
Forany change in velocity either in its magnitude or direction or both, acceleration must be present 
Without acceleration neither direction nor magnitude of velocity can be changed. 
When a particle's velocity changes, the particle is said to undergo acceleration (orto accelerate), 


The Average Acceleration (à ,,,) over a time interval At is 


where the particle has velocity v, at time t, and then velocity v 
Instantaneous Acceleration 
The Instantaneous Acceleration (or simply acceleration) is the derivative of the velocity with respect 
totime 


attime ty, 


__ dv 

ana 
In words, the acceleration of a particle at any instant is the rate at which its velocity is changing at that 
instant 
dv d dr, d^r 
d dt ae ad 
In words, the acceleration of a particle at any instant is the second derivative ofits position vector with 
respect to time. 
Accele 
line 


à 


ion has both magnitude and direction (it is yet another 
algebraic sign repr 
tion with a positive value is in the positive direction of an axis, and acceleration with a ne 
value is in the negative direction. 


ctor quantity), For motion on astraight 


cents its direction on an axis just as for displacement and velocity; that is, 


accel 


Illustration 
The position of a particle moving along x-axis is given by x = (SP — 41 + 20) meter, where t 
is in second. 


(a) Find average velocity between Is & 3s 
(b) Find velocity as a function of time v(t) and its value at t 3s 
(c) Find acceleration at t 2 sec 
(d) When is the particle at rest ? 

Sol. (a) Att = Is 


At t = 38; x, = SB}? - 4(3) + 20 = 53 m 


5(1P —4(1) + 20 = 21m 


ar 53-21 _ ig 
=e ey 5 m/s 
dx 
(b) v (0) (10 t — 4) mis 
dt 
at t = 3s, v = 10(3) — 4 = 26 m/s 
dv A 
(c) a= -> = 10 m/s? ( constant at any instant) 
dt 
(d) particle at rest Le. v= 0 = 101-4 
1-045 


Note : 
Thus 


(1) Here we can observe at t = 0.4s, particle has zero velocity but acceleration of 10 m/ 
particle having zero velocity need not have zero acceleration 


(2) Fort « 04s, velocity is negative and fort 0.4 s, velocity is in positive direction i.e. its velocity 


Illustration : 


changes its direction at t — 0.4 sec, when becoming zero. 


Position of a particle moving along a straight live is given by 
x = (P — 4t) meters. (t is in sec.) 


Find Displacement and distance travelled between 


t 7 0 and t = 3sec 
Sol Displacement = Ax = x, - x, 
= [BP - 43)] - [(0? -4 (0)] 
=-3m 
Now, velocity ve È = 2-4 
dt 
ie v= Oatt=2 sec 
for t<2sec, V ve  & fort > sec v *ve 
Distance travelled — |Displacement in —ve direction| * |Displacement in *ve direction| 
Ax for t = 0 to 1725. Ax for t = 2s tot = 3s| 
Xy— xl + [xy -x 
QP - 402) - (0) 43)-2 *4(2) 
1-41 + 141 
5m 
Practice Exercise 
Q.1 Ifa particle traverses on a semicircular path of radius R from A to B as shown in time T, find 
average speed and average velocity 
D 
A B 
Q.2 Aman runs for first 120 m at 6m/s and then next 120m at 3m/s in the same direction. Find 
(a) Total time of run (b) Average velocity 
Q.3 Position of particle moving along x-axis is given by 


x- 3€ - 2)m 
Find 


(a) its average velo 


(b) v (t) and a (t) 


(tisin sec) 


ty formt -0stot- 


(c) The time at which its acceleration is zero and find velocity at the instant. 


Q.4 — Position ofa particle movi 
Find 


it line i 


ven by x = (-C + 6t 5) m (tis in sec) 


(a) The time at which velocity of particle is zero. 
(b) Average velocity from t — 0 to t — 4 sec 


(c) Average speed from t= 0 to t= 4sec 


Answers 
LA TE ^ locity- 2F. (nom Ato 
Average speed = 77 verage velocity = ^7 (from Ato B) 
z h 3 
2.(a)60s — (b)4m/s — 3.(a)-2m/s (b)v(t)- 6t— 6E m/s (c) 58; 5 m/s 


4. (a)3sec (b)-2m/s (c)2.5 m/s. 


One Dimensional or Rectilinear Motion 


We may divide this topic in the following different situations. 


() ^ Motion with constant velocity 


(ü) ^ Motion with variable velocity but constant acceleration 


(i) ^ Motion with variable acceler 


Motion with constant velocity 


" P s fes fva 


Since velocity is constant, it comes out of the integration 
= fa vja 
Is. =v [th 
x- x 7 Vt i.e., displacement Ax = vt 


Motion with variable velocity but constant acceleration 


Basic formulae 


: dv 
(ija= ‘dt 

a y chainnie 
Gas Gk a vay (By chain rule) 


From formula (i) 


a- z >dv=adt; Je = fadt 


Since acceleration is constant so it comes out ofthe integration 


[vk =a fat 


v-u=at 


(i) 


dx 
dt 


uat 


dx =udt ^ at dt 


on further 


tegrating 


fax=u fat +a fear 


Ax=ut+ > at (ii) 


From formula (ii) 


[viv = afdx 


vi = u? + 2a(Ax) (iii) 


Taking a= from equation (i) and puttin 


tin equation (ii), we get 


="), 


(iv) 


Displacement in n^ second 


c 
B E 
— 
2S a E a 
Displacement in n* second = Displacement in n sec. — Displacement in (n-1) sec 
1 " 1 
. =S, =[u(n) + 5 an?]-[u(n-1)+ 5 a(n- 1] 
a 
ut 5 Qn-1) (v) 


Illustration : 
On seeing a board of speed limit, you brake a car from speed of 108 km/h to a speed of 72 
km/h. covering a distance of 100m at a constant acceleration. 
(a) What is that acceleration ? 
(b) How much time is required for the given decrease in speed ? 


5 
Sol. Initial speed, u = 108 km/h = 108 = 7. m/s = 30 m/s 


final speed, v = 72 km/h = 72 * = m/s = 20 m/s 


(a) By 3^! equation of motion 


vi car + 2as 
vèu 207 - 30) 
a 
2s 2x100 
a=-2.5 m/s? 


(b) By 1" equation, v =u + at 


Illustration : 


The time taken between observation of an event and taking action according to that is called 

reaction time, Suppose a person having reaction time of 0.3 sec is driving the car as stated in 

above example. Find the distance travelled by him after seeing the board till the car reaches 
2 km/h 


Sol. Till the reaction time i.e. till the brakes are applied speed of car remains uniform. So distance 
travelled during that time is 


S, = 30x 03 -9m 
Distance travelled after that time is S, = 100 


Total distance travelled = S, + 


= 109 m. 


Illustration : 
A train is moving with 108 km/h. On a straight track. receiving red signal its brakes are 


applied and it retards at the rate of 3m/s?. Find its displacement and average velocity for 


next 15 sec 
Sol. Initial velocity, u = 100 km/h = 30 m/s 
Let time reqd. for the velocity to become zero is t. 


30—31— 0 =t = 10 sec. < 15 sec 
ie., it covers no distance after t = 10 sec 


Displacement till 15 sec = displacement till 10 sec 


1 A 
= 30 (10) + 5 (-3) (10) 


150 m 
, Totaldisplacement — 150 
c Total time 15 10 m/s 


Note : In above example, for finding V,,, we have taken total time of 15 sec, which actually 


was required. 
If we have to find V, for 10 sec, it would be 
150 _ 1 
Yu" Fp ms 
Although displacement in 15 sec = Displacement in 10 sec., but times are different. 


Thus V,, for 15 sec. is not same as V, for 10 sec 


Motion with variable acceleration 


Relation 


adt 


dv 1 
$$ = fo 


dx 
ELA uad 
) a ie dt (By chain rule) 
dv 
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Illustration : 
The acceleration of a particle is given by a = 


2 m/s?. If it is at rest at the origin at time t = q 
0, find its position, velocity, and acceleration at time t = Is 


Sol. 
(att = 1 sec.) 
Formula for v 
dv, 
Sm 
di 
or di 
E 
or v 
3 
url 1 = 
tt = 1 sec t=hy ; 
Formula for x 
dx 2 
; T dx [5r'ar 
4^3 [^j 
t 
or ir 
1 
At t = 1 sec x m 
6 
Illustration : 
4 particle located at x = 0 at time t = 0 starts moving along the positive x direction with a 
velocity v that varies as v = ax . How do the velocity and acceleration of the particle vary 
with time? What is the average velocity of the particle after the first $ meter of its path ? 
Sol. at axx 
Soi v= avx LEE 
pod p 
or =a dt o 2Nx = at () 


t 
D ly 
"7472 
Time to cover a path of length s is obtained from (i) ast = => (~. x = z) 
a 
"E 


The average velocity over the path s is given by Yav 
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Graphical Representation of Motion in one Dimension 
S-teurve: 


If we puts on y-axis and ton x-axis then for every value of t we have a specific value of s 


slope of line joining the points p, and p, 


Fora particl 


along a straight line when we plot a graph of s versus t, V,,, is the slope of the 
straight line that connects two particular points on the s(t) curve : one is the point that corresponds to s, 
and t, and the other is the point that corresponds to s, and, Like displacement, v, has both n 

and direction (itis another vector quantity). Its mag 

v 


mitude 
tude is the magnitude of the line's slope. A positive 
avg (and slope) tells us that the line slants upward to the right ; a negative v, (and slope), that the line 
slants downward to the right. 


Instantaneous velocit 


According to definetion 
y=lim 45 
dco At 


In curve if At — 0 the point p, comes very close to point p, 


Note : The instantaneous velocity can be found by determi; 


ig the slope 
ofthe tangent to the displacement time graph at that instant. 
Velocity at point p, or time t, is V 

V=tan0 


Cases : t 
(A) Uniform velocity : 


If velocity is uniform slope of curve must remain unchanged. 

Curve with uniform slope is straight line 

eg.(i) S- Vt, If Velocity is Ims! => S=t 1 1 
tanü- 1 o> 
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(B) 


Note : 


Thus, 


e.g. (ii) If velocity is—1 ms S- -t 


tan @=-1 


= 


For negative velocity 
Uniform acceleration 
We have a particle moving with uniform acceleration a and initial velocity . Its displacement sat any time 
tcan be represented as 


s=ut+ > at 


Curve is parabola 
Velocity att, is 


Velocity Vs time curve 1 
By using dependence of v on t we can plota Vst graph. 
Slope of v Vs t curve at any point represents acceleration at that instant 

tan 0=acceleration at time t 


Area under v Vs t graph t ume 
Asweknow  dx- Vdt 
4 t 
* i t 
v 
di 
& eL 
" i 
m "SL + r 
i mm 
= Area under v Vs t graph. 
Thus area under curve will represent displacement in that time period. 
(1) — Areaabove t-axis +ve displacement. 
Q) Areabelow taxis is—ve displacement. 
1. Total displacement will be sum of areas with appropriate signs. 


2. Total distance travelled will be sum of areas without sign. 


Cases : 


a) 


For uniform velocity: 


acceleration - 0 Y 


slope- 0 
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Q) — Foruniformst.line curve n 
tan 0— acceleration. Uu 
For increasing velocity n 
t Note Bis always with 


tan 0 — acceleration. 
for decreasing velocity L 
(slope is-ve) i.e. 9> 90° 


+ive x-axis 


Table for 
leration (a) with respect to time for different 


Variation of Displacement (s), velocity (v) and acce 
type of motion, 


1, Atrest Displacement Velocity Acceleration 
, =i 7 d 
2. Motion with "Teu i 


constant velocity 


3. Motion with constant : 
acceleration 
LE 1 a 
4. Motion with 2: e ul 


constant deceleration 
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Illustration : 
What is the average acceleration for each graph segment in figure? Describe the motion of 
the object over the total time interval. Also calculate displacement. 


10.0 


Velocity (m/s) 
o 
E] 


40 80 120 160 


Soi Segment OA; a 2m/s 
l. Segment OA; a= 555 72m 


Segment AB; graph horizontal i.e., slope zero i.e., a = 0 


0-8 
Segment BC; a m/s? 
gment BC; a = Fg j 7 - Im 


The graph is trapezium. Its area between t = 0 to t = 18s is displacement 


1 
Area = displacement = 5 (18 + 6) * 8 = 96m 


Particle accelerates uniformly for first 4 sec., then moves uniformly for 6 sec. and then 
retards uniformly to come to rest in next 8 sec 


Illustration : 


Figure here gives the velocity time graph for a body. Find the displacement and distance 


travelled between t = Os and t = 7.0 
Sol — Area between t = 0 sec. to t = 4 sec 
T 
1 
=> * A+) %4=10m a | |e PAN 


Area between t = 4 sec. to t = 7 sec 4 


1 
-*3*(4)--6 


Net displacement = total area = 10-6 = 4m 


Distance = |10| + |- 6| = 16m 
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Illustration : 


Figure is a graph of V versus t for a particle moving along a straight line. The position of the 
particle at time t = 0 is x, = 0. 


(a) Find x for various times t and sketch x versus t. 


(b) Sketch the acceleration a versus t. 


123456 8 9 10 


Segment OA; 
Displacement = x,—x, = x,- 0= x 


Also, displacement = area between O and A = 5 *6*3=9m 
X,=9m 

6 ] 
Again, acceleration = slope of segment OA = = = 2 m/s 
In this segment v and a both are positive, so speed increases. 


Segment AB. 
Displacement 


Xp 
Also, displacement = area between A and B = 6% 1 = 6m 
Xy-9=6 on  x,-15 

Again, acceleration = slope of segment AB = 0 
In this segment acceleration is zero, so speed is constant. 


Segment BC 


Displacment = xc- xy = xç- 15 
1 
Also, displacement = area between B and C = 5, * 3 * 6 = 9m 
or, x, = 24m 
0-6 " 
Again, acceleration = slope of segment BC = 7—, = — -2 m/s? 


In this segment velocity is positive but acceleration is negative, so particle decreases its 
speed. 
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Similarly, for segment CD; we have 


xy 723m and a=-2m/s? 
and for segment DE; 
xp = 19 mand a — 0 m/s? 


The graphs are shown below 


xim) 


+ 1s) 
Y 
TE 9 qo 


Practice Exercise 


Q3 


A particle starts moving with speed 3 m/s and accelerates for Ssec. with acceleration 2m/s?. Find the 
displacement of the particle 


A particle has an initial velocity of 9 m/s due east and has a constant acceleration of 2m/ due west. Find 
the distance covered by the particle in the 5^ second of its motion. 


The acceleration ofa particle traveling along a straight line is shown in the figure. What is the maximum 


speed of the particle ? 


A runner is at the position x — 0 m when time t= Os, One hundred meters away is the finish line, Every ten 
seconds, this runner runs half the remaining distance to the finish line. During each ten-second segment, 
the runner has a constant velocity. For the first thirty seconds of the motion, construct 

(a) the position-time graph 

(b) the velocity-time graph 
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Velocity of particle starting from rest varies with position according to equation v = Jax . What is 


distance travelled by particle in f second from start? 
Q.6 — Abodystarts from origin and moves along x-axis such that at any instant velocity is v — 4€ — 2t. Find the 
acceleration of the particle when itis 2 m from the origin. 
Answers 
Qu Q2 05m Q3  30ms 
xm) 
vinis) 
Q4 
see.) 
0 2 3 
Q.5 ot? Q6 22ms 


Vertical motion under gravity (Free fall) 


curs solely under the influ 
upward or downward or released from rest are all under free 


nce of gravity is called free fall. Thus a body projected 
all 


In the absence of air resistance all falling bodies have the same acceleration due to gravit; rdless. 


of their sizes or shapes. 


The value of the acceleration due to gravity depends on both latitude and altitude, It is approximately 
9,8 m/s? near the surface of the earth. For simplicity a value of 10 m/s? is used. To do calculations 
regarding motion under gravity, we follow a proper sign convention. We are taking upward direction 
as positive and downward as negative, Thus acceleration is taken a =- g = 10 m/s? no matter 
whether body is moving upwards or downwards, since g always acts downward 


Thus the equation of kinematics may be modified as 


v-u-gt @ 
1 

Ay=y-y= ut-> Gi) 

vi-a?-2g(y- y) (iii) 


These y, position of particle at time t= 0 


=position of particle at time t 


u=velocit 


y of particle at time t= 0 


v 


locity of particle at time t 


KINEMATICS.pdf 
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Illustration : 
4 man is standing on the top of a building, throws a ball with speed 5m/s from 30 height 


above the ground level. How much time it takes to reach the ground. 


Sol. u = m/s 
when it reaches the ground, Ay = -30m 


from above equation (ii) 


alanis iu 
30-5:- 5 (10) € 
> 1-6=0 
ES 15m 
On solving, we get t= 3& -2 
Rejecting t = ~ 2 sec, we get t = 3 sec 


Mlustration : 
4 kid throws a ball up, with some initial speed. Comment on magnitudes and signs of acceleration 


and velocity of the ball. 


Sol 
Ball 
H 
v=0at—— H 
highest point 
still have 
acceleration H 
During descent 
n a= -g speed 
During ascent, ehe 
i--psed N $ i 
and velocity 


becomes 


less positive 


g velocity becomes less positive i.e., speed decreases 


Here: (i) During ascent, a 
g. but now it is in the direction of velocity so it is not retardation. It 


(ii) During descend, a = 
makes velocity becomes more negative i.e. increases v in negative direction. 


Some results 
Ls 
2g 


Derivation : At maximum height v=0 


1. Maximum Height : - 


from equation (iii), v? 
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6. 


Time to reach maximum height : -t= — 


Derivation : At maximum height v —o — u — gt [equation (i)] 


Total time of fl 


T=% 
2u 

1-2 
g 


Time of ascent = Time of descent for motion between two points at same horizontal level for example 
between A & B and between C & D shown in the 


figure. 


ght h Its speed on reaching ground 


h and time taken to reach ground is t 


NS Ys 
Derivation : From equation (iii) 0 v L-- Ay - -h] 
Ll, 
Also from equation (ii) Ay=-h=0— 7 g” 


2h 


g 


A particle has the same speed at a point on the path. While going vertically up and down. 
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Illustration : 
4 ball is released from the top of a building. It travels 25 m in last second of its motion before 
striking the ground. Find height of the building. Take g = 10 m/s” 


Sol Let it takes 't' time to strike the ground. 


láv in t sec| — |Av in (t— I) sec 
| A i r: " 
; gP- Sgt- 1) =25 
on solving , t = 3 sec 


b 
height of the building, h = 5 g (3? 


h=45m 
Illustration : 


A Baloon is moving up with an acceleration ag = 4 m/s? starting from rest. A coin is dropped from 
the baloon 5 sec after the start balloon. Find. 


(a) The initial velocity of the dropped coin. 
(b) The height attained by the lift till the time of drop 


(c) The time after the drop when the coin reaches ground. 


Sol, Till t= Ssec, the coin shares the same motion as that of the 
baloon and for t > Ssec (after release) the coin has motion 
under gravity only 
(a) Velocity of the coin just after it is dropped 

V= velocity of the lift at 5 sec 
0 +a, (5) =20 m/s 
(b) The height attained by the lift till 5 sec 


1 


h* S av) = 50m 


(c) Let it takes t, time to reach the ground after the 
drop i.e. for the time t, its displacement is 
50 m in downword direction. 


ly 
Ay = -50 = 201, — 5 gt; 
on solving, ty = 5.74 sec 


Motion In Two Dimensions 


Whatever we have studied in kinematics of one dimensional motion, we apply the same for motion in 
two and three dimensional motion, for x, y & Z components separately 


Suppose a particle has position coordinates (x,y) at any instant, then its position vector is 


givenby, 


If particle moves from point Ato B, through any path, then its 


displacement is 


AF 
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= Axi +Ayj 


Now atany instant, its velocity is given by 


s Ar 
dr (dx), (dv) B 
dt dt Ji” Cdt) J 
i 
dx - 
ie ie. x -component of velocity. " 
di p 
dy 
and A i.e. y- component of velocity 
di 
imilarly à aita j 
d^ 
E: 
TI 
dU d 


Projectile Motion 


It consists of two independent motions, a horizontal motion at constant velocity and a vertical motion 


under acceleration due to gravity. 
In order to deal with problems in projectile motion, one has to choose a coordinate system. Let's take 
horizontal as x-axis and vertical upward direction as y-axis, then 

Oanda, 


; since there is only one force "mg" downward (negative air resistance) 


Equation along x-axis Equations along y-axis 
v, 7 u, (constant) v,7uy- gt 

ds 
Ax=u,t Ay =u,t—> gt? 


2g (Ay) 


Ifan object is dropped from rest or projected up or down, it follows straight line path. If its initial veloci 
is notalong the line of force it follows parabolic path which is proved mathematically in this topic later on. 


Projectile Thrown from the Ground Level 


A particle is projected from ground level at an angle 0 from horizontal with speed u, 
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u, -ucosÜ and u,=usinO 


Atany instant, v, =u, =ucos® & v,-u, - gt-usin- gt 


Ax — (ucos0)t & — Ay=(usin6)t 


ime of flight (T) : Let it strikes the ground again at time T. 


Horizontal Range (R) It is horizontal displacement till time t=T 
ie  R=u T 


2(ucosA)(usin®) u? sin(20) 


ie. 


g 


Maximum height (H) , 
Ay whenv,-0 


0 


u u’sin*@ 

2g 

From above formulae, we can observe 

(i) T u, ie. depends only on vertical component of initial velocity 

(ii) H æ à? ie. depends only on vertical component of initial velocity 

(iii) R æ uu, i.e. depends both on horizontal and vertical components of initial velocity. 


Velocity at any general point 


v(ucos0)? + (usin @—gt (usin O)gt 


yur +g 
Ifangle which direction of motion makes at an instant is 6, then 


Y, _ usind—gt 


V. — ucosü 
tan is positive during its upward notion i.e. before reaching highest point and after that tan 6 is negative, 
Illustration : 


A particle is projected with 20 m/s at an angle 60° with the horizontal. At what time it is moving 
at an angle 45° with the horizontal while moving downwards. 


Sol. u, = 20 cos 60° = 10 m/s 


& u, 7 20sin 60° = 1043 ms 


At required instant, tan ¢ 
u, -gt 


ie. 


u, 
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1043 — 101 
10 


on solving, me get t - (43 +1 }ec 


ie. 


Illustration : 
A particle is projected in the X-Y plane with y-axis along vertical. At 2 sec after projection the 


velocity of the particle makes an angle 45° with the X - axis and 4 sec after projection, it 
moves horizontally. Find the velocity of projection. 


u, -10(2 
Sol. Att=2sec, tan ġ= —, — = 1 ( 6745) 
u, -20 =u, ü 
1 
Also (time of flight) = 4 sec 
1 (2u 
> | -4 > u =40m/s 
21s 
from equation (i), u, = 20 m/s 
u +u? =20 45 m/s 


Equation of Trajectory : 
y= u sin O t — (1/2) g? 


x 
and x = (u cos 0) t E T, 


From these equations, (eliminating t) 


= x tanĝ- x 
2u'cos ^8 


jectory i.e. 


The above relation between x and y is equation of parabola, which proves that the 
path of projectile is parabolic 


Illustration : 
The path followed by a body projected along y axis is given as by y = J3 x — (1/2) x°. 
If g = 10 m/s? then the initial velocity of projectile will be- (x and y are in m) 


(A) 3 410. m/s (B) 2410 m/s (C) 10 J3 m/s (D) 1042. m/s 
Sol Given, that y = J3 x — (1/2) x ..(1) 


The above equation is similar to equation of trajectory of the projectiles 


y - tan 0 x- 1/2 x22) 
u "cos? B 
Comparing (1) & (2) we get 
tan 0 = 45 


> 0 = 60 
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and 2 = (1 — 
n 
> w cos? 0 =g 
u? cos? 60 - I0 
E 4 = 10 
= "amy mhs 
Hence correct answer is (B) 
Other points of remember 
* u? sin(20) 
g 
maximum, when 6 = 45' 
v 
and 
2 
* Fortwo objects projected with same speed Range is same for two angles of projection 0 & (90-0) 
Proof: Let R, =R, for and a 
u'sin(20) _ uřsin(2a) 
ie. 
g g 
ie. sin (20)= sin (2a) 
i.e. 20 = 180° 
=a=90°-0 
ne u 
* H = is maximum ice. | 5 | if projected at 0-90 


Horizontal Projection : 


In Horizontal Direction 

(Initial velocity u, =u 

(i) Acceleration = 0 

Gi) ^ Horizontal velocity of 
particle remains same after 
time t horizontal velocity 
=v, =u 

(v) Rangex=ut 


at a general point P(x, y 


Velocity 


tan = 


is angle made by v with horizontal in clockwise direction 


(v) 


In Vertical Direction 


Initial velocity u, = 0 


Acceleration = 'g' downward 


Veloci 


y of particle after time t 
vy =0+(-g)t 


=~ gt = gt (downward) 
Displa 
(downward) 


cement y = (1/2) gt? 
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Time of flight: 


Rang 


R tsu y 

Note : 
Ifa projectile is projected with initial velocity u and another particle is dropped from same height 
at the same time, both the projectile would strike the ground at the same instant velocity. Both will 
have same vertical components of velocity but their net velocities would be different 


Illustration : 
4 ball rolls off top of a stair way with a horizontal velocity u m/s. If the steps are h m high 


and b meters wide, the ball will just hit the edge of n" step if n equals to- 


hu? wg hu 2vg 
A B) (c D, 
ab La ) "gh n 
Sol, — If the ball hits the n'^ step, the horizontal and vertical distances traversed are nb and nh 


respectively. Let t be the time taken by the ball for these hor 


ntal and vertical displacement. 
Then velocity along horizontal direction remains constant = u and initial vertical velocity is 


nb = ut (1) 
& nh = 0 + (1/2) g? (2) 
From (1) & (2) we get 
nh = (1/2) g (nbuP 
2hw 
> n= “pe (eliminating 1) 


Hence correct answer is (C) 


Illustration : 


An aeroplane is flying horizontally with a velocity of 720 km/h at an altitude of 
490 m. When it is just vertically above the target a bomb is dropped from it. How 
far horizontally it missed the target? (Take g = 9.8 m/s?) 


(A) 1000 m (B) 2000 m (C) 100 m (D) 200 m 
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Sol Horizontal component of velocity 


= 720 x 5/8 = 200 m/s 


Let t be the time taken for a freely falling body from 490. Then 


y = (0/2) g? 
49 = (1/2) * 98 x È 
> t = 10 second 


Now horizontal distance 
= Velocity * time = 200 * 10 = 2000 m 
Hence the bomb missed the target by 2000 m 


Hence correct answer is (B) 


Projected from some height at some angle 
Casel: 
When projected at some angle 0 with the horizontal towards upward direction. 


Let it takes time t, (time of flight) to strike the gro 


Ay--h Whent- t, 
1 
h=(usin0)t, -5 gt, 
2h 
> t 0 hi 
g 
T+T +8h/g 
2u sind 
where T = 25 50 
z 


Also R=Ax=u,t, (putting values oft, & u, we can find R whenever required) 
When it reaches ground v, = u cos 0 


&v/-u!-2g(Ay) =v, = 


(usin) 


tvy = Ju? +2gh 


Case II 
When projected at angle 0 with horizontal towards downward direction 
Here u,=—usinO 
Thus, ifittakestime 


t, to strike the ground then 
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tá 
(usin0)t,- 5 gt? 


=0 h 


using 
|t, -h 
n 


Alo R-ut 


Here on reaching ground, v, = u cos 8 


and — v,= J(usin@)’ -2g(-h) 


Thus we can observe if some particles are projected from same height with same speed, 
they reach the ground with same speed whatever may be the angles of their projection. 


Projectile thrown On An Inclined plane 


e we choose the x-axis along the plane 


To deal with problems of projectile thrown along an incli 
and y-axis perpendicular to the plane. 


Let a particle is projected at an angle a with the horizontal on an incline plane which has angle of 


inclination f with the horizontal 


From fig (i) ; u, = u cos (a - B) ; u, = u sin (a - B) 
[- angle of projection with the incline is (a — B)] 


From fig(ii) ; a, =—g sin p ; a =- g cos B 
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(a) Time of flight (T) on the incline 
Att=T, itstrikes the incline 
ie Ay-0 


1 
uT*-aT'-0 


=> usin(a- B)T-  gcosB T -0 


2usin( a - f) 


d gosp 
(b) Range (R) Along the incline 
R=Axtillt=T 
es 
ie R-uT*z aT (Here a, 


Putting values of u,, a, & T, we get 


2u'sin(a - p)cosa 
i gcos f 
(c) Maximum range 
. v" [sin2a - p) - sinf] 
From above formula, R f 
gcos’ B 
R is maximum when sin (2a - B) = 1 
Le.2a - p = 90' 


, 


> a=45 


u'(l-sinB) — u'(1-sinf) 
ax gcos’ f g(1-sin? B) 


R ~ 
"^^ g(lesinp) 

(d) Greatest distance from incline 
S-Aywhen v,=0i.e. when u, +at=0 


ie. when usin (a - B) -gcosBt- 0 


usin(a - f) 
gcos B 


gsin B +0) 
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w sin(a- f) 
2geos f 


ial cases : 


(1) If projected normally (i.e. perpendicular) to the plane, i.e. angle with plane (a — f) = 90° 


i.e. a= (90° + B) 


i.e. a= 180° and angle with the incline =a- B = 180° -B 


It 


ally to the plane i.e. at the moment of strike, V, = 0 


(2) If projected horizontally 


(3) Ifthe particle strikes nom 


ie. ucos(a-) - gsinft-0 


Practice Exercise 


Q.1 A juggler throws a boll vertically upward and catches it after 6 sec. Determine 


(i) the initial velocity of the ball. 


(ii) the maximum height attained by the ball 
(iii) the position of ball at t —2 sec. 


(iv) the time at which ball is 20 m below the topmost point 


A healthy yeoman standing ata distance of 7 m from a 11.8 m high building sees a kid slipping from the 


top floor. With what uniform speed should he run to catch the kid at his arms height (1.8m) ? 


A balloon starts rising from the ground with an acceleration of 1.25 m/s’. After 8s a stone is released 


from the balloon. Find the time taken by the stone (after its fall) to reach ground. 


A particle is projected in such a way that its position coordinates vary with time as y = 8t — St^ and 


x = 6t (taking point of projection as origin). What is the range of projectile? 


(A)48m (B)48m (C) 9.6 m (D)24m 


A ball is projected upwards from the top of tower with a velocity 50 m/s making an angle 30° with 


the horizontal. The height of the tower is 70 m. After how many seconds from the instant of 


throwing will the ball reach the ground ? 


(A) 2s (B) 5s (075 (D) 9s 


A particle is projected upwards with a velocity of 100 m/s at an angle of 60°, with the vertical 


Then time taken by the particle when it will move perpendicular to its initial direction- 


(A) 10 sec (B) 7 sec (C) 5 sec (D) 10.5 sec 


A particle is projected at an angle ‘a’ to the 


horizontal. Up and down there is a plane in 


case (a) & case (b), inclined at an angle B to 


the horizontal, Ifthe ratio of time of flights on 


these plane in case (a) & case (b) be 1:2, 


tana 


then the ratio qang isequalto Case (b) 
2 3 4 5 
(1 1 (1 (D); 


Paragraph for question no. 8 to 10 


An inclined plane makes an angle 0 —45* with horizontal. A stone is projected normally from the inclined 
plane, with speed u m/sat t= 0 x and y axis are drawn from point of projection along and normal to 


inclined plane as shown. The length of incline is sufficient for stone to land on it and neglect air friction. 
M 
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Q8  Theinstantof timeat which velocity of stone is parallel to x-axis 


Q9 


Q.10 The instant of time till which (starting from t=0) component of displacement along x-axis is half the range 
on inclined plane is 


2u 


(B) (D) 


Answers 


Q.I.— (i)30mvs (ii) 45m (iii) 40 m (iv) Isec. and 5 sec. 


Q2 Q3 Asc Q4 (C)96m 
20 
Q5 (07s Q.6 (B) 7 sec 
3 vu 
Q7 (B) Q8 (€) 
1 g 


Q9 (D) Q.10 (B 
Q9 (D) Fg Q (B) 
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Q8  Theinstantof timeat which velocity of stone is parallel to x-axis 


Q9 


Q.10 The instant of time till which (starting from t=0) component of displacement along x-axis is half the range 
on inclined plane is 


2u 


(B) (D) 


Answers 


Q.I.— (i)30mvs (ii) 45m (iii) 40 m (iv) Isec. and 5 sec. 


Q2 Q3 Asc Q4 (C)96m 
20 
Q5 (07s Q.6 (B) 7 sec 
3 vu 
Q7 (B) Q8 (€) 
1 g 


Q9 (D) Q.10 (B 
Q9 (D) Fg Q (B) 
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Q.1 


Sol 


Sol. 


Solved Example 


The motion of an object falling from rest in a viscous medium can be described by the equation 
a= a — B v. Where a and v are the acceleration and velocity of the object and a and f are 
constants. Find. 

(i) the initial acceleration. 


(i) the velocity at which acceleration becomes zero. 


(iii) the velocity asa function of time. 
(i) The initial velocity of object v=0 
So, initial acceleration a= a - (Bx0) =a 


(i) For acceleration to be zero 


0-a-fBv on v 


Note: The velocity at which ace 
object will fall in viscous medium. This velocity is called Terminal velocity 


dv "TE: wy 
Gi) a= a ono a-pv= on Spy Cd 


Integrating the expression with boundary conditions : t — 0, v — 0 and t — t, v= v 


[dv 1 
dt o In (a 
I3 By J or (5 J^ [TIT 
1 (a-Bv) 
> [ín (a-Bv)-/n(a)]}= t-0 =1n | ]--pt 
a 


Att=0,a 
4 sec as shown in a versus t graph. 


article is at rest at origin. Its acceleration is 2m/s? for first 2 sec. and -2 m/s? for next 


Plot graphs for 


(i) Veloci 


versus time (ii) speed versus time 
(iii) Displacement versus time (iv) Distance versus time 
© — V,- V Areaofa Vs t graph fort — 0 to t= 
V,=+4 mis 
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=-4m/s 


speed (m/s) 


Xs) 


(ii) Since slope of a Vs t graph from t = 2 to 6 sec. is constant, we can observe its speed i.e. 
magnitude of its velocity is zero at = 4 sec. and after that magnitude of velocity increases in negative 
direction up to 4 m/s at the same rate. 


ym) 
(iii) Displacement (x) Vst 
X; - Xy 7 area of v vst graph for t — 0, t= 2sec 


1 
x- 07 52) (4) x, = *4m 


1 
x)= 5000) 


alsox,-x,7 5 (74) 2) --4m 


x,=+4m 
dim) 


(iv) Distance (d) vst 


1 
dj-dj-,Q)(4) >  d,-4m 
1 
dy—d,= 5(2)(4) =  d,-8m 
LP 
Also d, - d, = |; (2-4) - 4 '(sec) 
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Q3 Three particles are projected from same point and their paths are as shown. Compare their horizontal 
and vertical component of velocities of projection d 


Sol H,=H,>H, = (u), = (u)g (Ue 
Ry*R, 
ie — (uus (Lu), [v theiru, are equal] 


: (ug? Us 
Also R, 


B5 


ie (u, u= (uu 
but (Jy > Ue 
e> U> U 
Q.4 Acar goes out of control and slides off a steep embankment of height h at 0 to the horizontal. It 


lands in a ditch at a distance R from the base. Find the speed at which the car leaves the slope. 
(Take h= 12.5 m; R= 10m; 0 —45*) 


of 
h 
1042 
Sol Ax =10=(ucos 45°) => t 
u 
1 
Ay=- (usin 45°) t- 5 ge =- 12.5 
1042) 4 (10/2) 
> (10) | | =12.5 
u ; (10) | } 


On solving we get u=20 m/s 


u=20ms-! 

Q.5 — Find range of projectile on the inclined plane which is projected ^ 
perpendicular to the incline plane with velocity 20m/s as shown in figure. | 

Sol. B= 37° IX 


a- B= 90° & a=90° + B = 90° +37° 
2(20)' sin(90°)cos(90° 4.377) 


Range,R — 10x cos (377) 


20400) ( 3) 
= asy A 5) z cos (90° + 0) —— sin 0] 
R--75m 
R|-75m 


Here negative sign shown that particle strikes the plane along down the incline 


Relative Motion 


Relative Velocity 


It is given by the time rate of change of position of one object w.. another, Relative velocity ofa body 


B with respect to some other body A means velocity of B is recorded by an observer sitting on A. 
Mathematically. 


Relative velocity of Bw.rt.A: Vy 


Proof: i, = Ñ 


i, — Ñ Differentiation this equation wr. time, we get 


d(,) dr di, ý gi d ol dlia) 
à ^d à MES UK 


putting these values we get Vy, = Vy — V, . Hence proved 


Similarly, we can prove that relative velocity of A w.r.t. B 


Vain = Va 


When two bodies move at angle 0 with each other then their relative velocity is given by 

Magnitude : |P] = [Vy -7al = vi + VA 2v, v. cos(180—0) = Avi 4 và - 2v, v, cos0 
v, sin(180 0) 

a cos(180— 8) 


va sind 


Direction :tan a= — 


-va c0s0 


110—90* then [Vaa] = Jv vj and tan 
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We can find the velocity of a particle in a frame if we know the particle's velocity in some other frame and 


the relative velocity of frames w.r.t each other. 


In two observers are watching a moving particle P from the origins of reference A and B, while B moves 


constant velocity v. , relative toA 


B —— Fumch 


A Frame A 
Fig. shows a certain instant during the motion. At this instant, the position vector of B relative to Ais Fy, 


Also, the position vectors of particle Pare £, , relative to A and 7, , relative to B. From th 


arrangement 


of heads and tails of those three position vectors, we can relate the vectors with 5, , = Ña + fy, 


By taking the t 


ne derivative of this equation, we can relate the velocities Vp, = V, + Vy. 


We can understand the concept of relative velocity by a simple situation as follows : 


Illustration: 
Assume two cars A and B each 5 m long. Car A is travelling at 84 km/h and overtakes another car 
B which travelling at low speed of 12 km/h. Find out the time taken for overtaking. 

Sol To analyses the motion in case of overtaking we need relative velocity of object which overtakes 
wrt. the other object. Therefore, we need to find relative velocity of car A w.rt car B which is 
84 — 12 = 72 km/h = 20 ms 


Total relative distance covered with this velocity = sum of lengths of car A and car B = 5 + 5 10 m. 


Distance covered 10 
the time taken = "Retative velocity = 29 7 055 
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Illustration: 


[Sol 


Rain 


(a) ^ Find velocity of tree, bird and old man as seen by boy 


(b) Find velocity of tree, bird, boy as seen by old man 
(c) Find velocity of tree, boy and old man as seen by bird. 
(a) With respect to boy 

V, 74 m/s (©) 


Ving = 3 m/s (1) & 0 m/s (>) 


Vía = 6 Ws (e) 
(b) With respect to old man " 
old person. 
V, = 6 m/s (>) 
y m/s (>) 
y 6m/s (>) and 3m^(f) 


(©) With respect to Bird 
Vo 3ms() and 4ms (€) 


Vau = m/s (=) and 3m (9) 


V, =3 ms (%9) 


- Man Problems 
Formula to be applied: ¥,,, = , — ¥,, where ¥,,,, is velocity ofrain wert. man, v, isthe velocity of 
rain (w.tt. ground), and v, is the velocity of man (w.r:. ground). 

If rain is falling vertically downwards with a speed v, and a man is 

running horizontally towards east with a speed. v t 


What is the relative velocity of rain w.r.t. man ? 


— 7 


Given: V, =- v, j, V, = Vm Í 
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Example : If rain is already falli 


at some an 


horizontal, then with what velocity the man 3 


should travel so that the rain appears vertically downwards to him ? 


= v,sin® i — V,cos0 j 


7(v, sinü— v.)  - v,cos0 j 


Now for rain to appear falling vertically, the horizontal component of v, should be zero, i.e. 


v,sinO- v, =0=sin0= ^ and|v,,, |= v,cos0 


v, -sin 0 =v! 


or v, 


We can illustrate the whole situation by the diagrams, 


Itis quite interesting to notice the steady rainfall sitting in a vehicle such as bus, car, etc. While moving on 


ion of rainfall changes when the vehi 


cle changes its velocity. That means, the 


in relative to you. Ther 
ty of rainfall (both magnitude and direction of velocity of rainfall) is the velo 
sure the velocity of the rainfall while the vehicle is stationary, that 


fore, your observed 


ty of the rain with 


respect to the vehicle (you). If you my 
actual velocity of rainfall 


Remember following points regarding relative motion : 
: Ifthe velocity is mentioned without specifying the frame, assume it is with respect to the ground. 
: In many cases, a body travels on water or in air. Depending on the context you will have to figure out 


whether the velocity is with respect to the water/air or with respect to the ground. 


Let us analyse following situa 


The mani 


tationary and the rain is falling at his back to an angle with the vertical 


^ v 
here 0 — Angle at which rain appears to man 
an re 


g forward with speed v „ The relative velocity of rain w.r.t. man shifts towards 


Now man starts movi 
vertical direction. 
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Md 
x 
x 


y 
Z Lev 


Velocity vector diagram 


As the man further increase his speed, then at a particular value the rain appears to be falling vertically 


H 


b v Velocity vector diagram 
Ifthe man increases his speed further more, then rain appear to be falling from the forward direction. 
AN 


Velocity Vector Diagram 


Notice in above figure how man changes orientati 


n of umbrella to prevent himself from rain 
Illustration: 
Rain is falling vertically with a speed of 12 ms’. A cyclist is moving east to west with a speed of 


142/3 ms. In order to protect himself from rain at what angle he should hold his umbrella ? 


v, 
Sol — Method 1 : In the case of rain falling vertically with a velocity of tan 0 =7™ and a person 
(cyclist, bikers, etc) is moving horizontally with a speed ©, the person can protect himself from 


rain by keeping umbrella in the direction of relative velocity of rain w.rt. person 9,,. If Ois the 


angle that ©,, makes with vertical or rain 


+ velocity of rain w.r.t. cyclist 


40 


v, 
Here, v,= 12 ms! and v, = 12 J3, tan 0 | | 

and 0= tan! (43) = 60 

So the cyclist has to hold the umbrella at an angle 60° to the vertical. 


Method 2 12 43 i (m/s) 


$, 12 5 (m/s); ©, [NEN 


[012 j)] - C12 4819] (m/s) = (12481 123 ) m/s 


Hence, the direction of orientation of umbrella with vertical is 


1243 
tan 0 > 0-60 


River-Swimmer Problems 


enerates a velocity relative to water (v m/s) by his own 


When a man or a boat is swimming in water, he g 
efforts. Actual velocity of man in water will be a resultant of man's effort and the 


iver velocity (u m/s) 
Down stream : Man makes efforts in direction of flow, the velocity of man wrt. ground is (u v) m/s as 
shown below. 


Up stream : Man makes efforts opposite to the direction of flow, the velocity of man w.r.. ground is 
(v—u) m/s as shown below 


a4 


Mlustration: 
A man whose velocity in still water is 5m/s swims from point A to B (100m downstream of A) and 
back to A. velocity of river is 3m/s. Find the time taken in going down stream and up stream and 
the average speed of the man during the motion ? 


Sol, In down stream velocity of man = „+7, 2345-8 m/s 


In down stream time ; 100/8 = 12.5 sec 


In upstream velocity of man = S, — V, +¥ 


In up stream time : 100/2 = 50 sec 


average speed = 200/62.5 = 3.2 m/s 


In a similar manner, when a boat is rowed across a river, the river tries to carry it down stream whereas 


the boatman makes a 


n effort at an angle to the river bank. The natural consequence is that he reaches 


somewhei 


in between. Here also, the velocity of man in still water refers to velocity due to his own 


efforts, This is fixed in magnitude, but the direction can be changed at will 


Fig. (a) Fig. (b) 


For example, in the figure (a), the boat is rowed directly across in the north direction, but it will reach 


somewhere in the north 


ast direction due to the river flow. Similarly in figure (b), the boat is rowed in the 


north west direction, whereas it will rea 


h in the north direction due to the effect of river flow 


Drift is the distance down stream from the point exactly opposite to the starting point where a person 


finally reaches. In figure (a) DO 0 

Note following points : 

G) Swimmer keeps himselfat an angle of 30° with river flow mean the velocity of swimmer is war. river 
flow. 

G) Aman swims in water = velocity of man w.rt. water. 


(i) ^ Aswimmer heads to m 


s (velocity is not w.rt. ground) 

(v) — Person wants to go to destination then direction of velocity is w.rt. ground. 
Let discuss a situation when swimmer & river velocity are known 
Suppose velocity of river is u and swimmer can swim with a velocity v'w.rt. river flow. 

(a) — What should be the angle 0 with the river flow at which the man should swim so that the time taken to 
cross the river be minimum ? 


42 ACC- PH-KINEMATICS & RELATIVE MOTION 


Sol Let man storts swimming at an angle as shown in fi 


"ure 


7 (- Vsin 8i * vcos 0)) * ui 


= (u-vsin i + (vcos Q) 


= If width of river is 'd' then time to cross. 


d 


veosO 
for tmin» C080 = Lat O= 0° 
d 


Imin 


v 


So the man should try to swim perpendicular to the river flow to minimize the time in each case. 
(b) — What should be the angle @at which the man should swim so that the length of path be minimum ? 


for minimum length of the path, drift x should be minimum. 


Sol — Drift for given situation = time * (S, along the flow} 


d 
x(u—vsind) 
veos0 
du 
x sec0-dtan0 (A) 
v 


Case-I 


v >u ortheriver flow is less than the velocity of man's effort. 


In such case the minimum possible drift will be zero. So the man should has swim at the angle. 


x70-»u-vsinü-0 


u 
sinü- — 
Y 


Case-IT 
v < u or the river flow is greater than velocity of man's effort. 


In such a case, boat cannot reach the point directly opposite to its starting point, i.e. drift can never be 
zero. 


forxtobeminimum 
dx 

Fi 

Diflerentialing equation (A) 


0 
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Thus, to minimize the drift, boat starts at an. 


ngle 0 from the river flow. 


In this case minimum drift can be calculated by putting value of 


AA 
sin! | 7 | imequation (A) 
dvu?’ - v? 
- = 


Illustration: 


4 boat heading due north crosses a wide river with a speed of 12 km/h relative to the water. The 
water in the river has uniform speed of 5 km/h due east relative to the earth. 


(a) ^ Determine the velocity of the boat relative to an observer standing on either bank and the direction 
of boat. 


(b) If the boat travels with the speed of 13 kh/h relative to the river and is to travel due north, what 
should its angle of direction be ? 


Sol. 


(a) Imagine a situation in your mind of a boat moving across the river. The boat is heading north, 
which means it wants to go straight, where the current pushes the boat along the direction of 
current, i.e., east We are given 


Velocity of boat relative to the river v, = 10 km/h 
Velocity of river — velocity of river relative to earth 


v, = 5 km/h 


w E 


Velocity of the river can be taken as relative to the earth as the velocity measured has only earth 
as reference. We have to find out the velocity of the boat relative to an observer standing on the 
bank. Since the observer is stationary with respect to earth, so the velocity of boat relative to 
observer will be same as the velocity of boat relative to earth. 


Let us suppose due to push of current the boat gets drified by an angle 0 form the straight line 
path 

As seen from velocities in situation from a right angled triangle and we have the values of two 
sides, Therefore, the third side can be calculated which represents the desired velocity 
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From pythagorous theorem, v, = 


2) «(y = 


= 13 km/h 


V4 


To find out the direction, we need to find the angle 0 through which boat has deviated. 


tanO= >> => O=! |; = tan” | 
Pa (ted 
Hence, the boat is moving with a velocity 13 km/h in the direction tan"! | 75 | east of north 


relative to earth. 


Sol, 
(b) 


Given vy, 


10 km/h 


As the boat has to move due north, so it needs to start at an angle 0 move upward direction of the 


river 


This is necessary because the boat during the motion will be drifted downwards due to the push of 


current. 


Vee 


w 


velocity of boat w.rt. earth is along hypotenuse = 13 km/h 


velocity of river w.rt. earth is along perpendicular 5 km/h 


= velocity of boat w.r.t. earth is along base = ? 


By = Ön- Ü, > Öp = 13 km/hr 
OV = Dy td, => 9, =S km/hr 
Using Pythagorous theorem we have, v}, = vi, + vj 
v=o = oy = Joh’ 
vy = JU) -6 = - 


Now to find the right direction of movement of boat so that it goes straight in north direction, the 


45 


angle 0 needs to be obtained 


Hence the boat has to start at an angle tan! | "i in order to move due north. 


Practice Exercise 


A manistrying to cross the river 100m wide by a boat. The river is flowing with the velocity Sm/s and the 


boat's velocity in still water is 3m/s. Find the minimum time in which he can cross the river and the drift 


in this case 


Find the direction in which the man (of above illstration) should row so as to have minimum drift. Also 
find the minimum possible drift and the time taken to cross the river in this case ? 


Answers 
2 3 400 1 
Qu Q2 gy m,t= sec 


Swimming in a desired direction: 


Many times the person is not interested in minimizing the time or drift. But he has to reach a particular 


place. This is common in the cases of an airplane or motor boat. 


The man desires to have this final velocity along AB in other words he has to move from A to B. We wi 
to find the direction in which he should make an effort so that his actual velocity is along line AB, wr 
ground. In this method we assume AB to be the reference line the resultant of v and u is along line AB. 
Thus the components of v and uin a direction perpendicularto li 


AB should cancel each other. 
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Sovsina=usin@ 
using 


orsina= 


here 0 , u & vare given in a problem, so we can calculate a by above relation. 


Illustration: 


Wind is blowing in the east direction with a speed of 2m/s. A bird wishes to travel from tree A to 
tree B. Tree B is 100m away from A in a direction 37° north of east the velocity of bird in still air 
is 4m/s. 
(a) Find the direction in which bird should fly so that it can reach from A to B directly 
(b) Find the actual velocity of the bird during the flight ? 
(c) Find the time taken by the bird toreachB? — , 
£m. 
IE 
^H 
"di 


N 


Sol. 
4 > 37 i (3) 
(a) 4 sin a = 2 sin a7 sir! (15) 
37"*s = with easi 
in-! | =| with east 
O) i, aime +e 
vy €0837°+ 4 cosa 
m 
105 
(t7 Vos 


Closest distance of approach between two bodies 


Illustration : 
Tivo roads intersect at right angles. Car A is situated 


at P which is 500m from the intersection O on one 500m 


of the roads, Car B is situated at Q which is 400m v, =20:/s gs, o 


from the intersection on the other road. They start P Cara 
out at the same time and travel towards the Ls 
intersection at 20m/s and 15m/s respectively. What 
is the minimum distance between them ? How long CarB 
do they take to 0 

v= isms 


reach it. 
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Sol First we find out the velocity of car A relative to B 


As can be seen from (fig.), the magnitude of velocity of B with respect to A 


v, =20 m/s, V, = 15 m/s, OP = 500 m; OQ = 400m 


A 20 
lo 
is 
D 
Bl 
jasi n : 
tan O= 55 =! cos O= T: sino- 
OC = AO tan 0 = 500 * = = 375m 
i E 
BC = OB - OC = 400—375 = 25m P 500m. 


BD = BC(cos 0) = 25 * = = 20m 


shortest distance = 20 m 


PD = PC + CD = 625 + 15 = 640 


[yy | = 25 m/s 


Relative Motion Between two Projectiles 


Let us now discuss the relative motion between two projectiles or the path observed by one projectile of 
the other. Suppose that two particles are projected from the ground with speeds u, and u, at angles a, 
and a, as shown in figure. Acceleration of both the particles is g downwards. So, relative acceleration 
between them is zero be 
ay) =a, ~a, = g-g=zero 


i.e., the relative motion between the two particles is uniform. Now 
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Co 


= uos a, TN 

u,-u,sia, and u, =u, sin 
Therefore, — uj, =U, — Uy, 
and EN 


u, COS Qt, — U; COS a 
sin a, — u, sina, 


1 with respect to 2. 
Hence, relative motion of 1 with respect to 2 is a straigh line at 
Us, 


Hi) aici . 

Wx b. a,=0 
Now, ifu,» =O oru, cos a, =u, cos a, the relative motion 
is along y-axis or in vertical direction (as 0 — 90°). similarly, if x 
uj 7 0 or u, sin ct, =u, Sin a, the relative motion is along x- 


axis or in horizontal direction (as 0 = 0°), 


anangle 0 — tar! 


dition of Collision of two Projectiles 
From the above discussion, it is clear that relative motion between two projectiles is uniform and the path 
of one projectile as observed by the other is a straight line. Now let the particles are projected 
simultaneously from two different heights h, and h, with speeds u, and u, in the directions shown in 


figure. Then the particles collide in air if relative velocity of 1 with respect to 2 (ŭ,,) is along line AB or 


the relative velocity of2 with respect to 1 (ji,,) is along the line BA. Thus, 


u h,-h, 
e _ ) 
tan 0 | | 
m 
Here uj, 7 u, sina, =u, sina, 
and „= (u, cos a) - (- u, cos a.) =u, cos a, + u, cos a, 
Ifboth the particles are initially at the same level (h, =h,), then for collision 


uay =O or — u,sina, =u, sina, 


h-h 


— o oo 
— 


The time of collision of the two particles will be 


AB 
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Further, the above conditions are not merely sufficient for collision to takes place. For example, the time 
of collision discussed above shouldbe less than the time af'collision of either ofthe particles withthe gd 
ground. 


Illustration: 


Sol, 


A particle A is projected with an initial 
velocity of 60 m/s at an angle 30° to the 
horizontal. At the same time a second 


particle B is projected in opposite direction 


with initial speed of 50 m/s from a point at a 60 m/s. 50 m/s 
distance of 100 m from A. If the particles 

A Cra 
collide in air, find — a l) 


(a) The angle of projection a of particle B (b) time when the collision takes place and (c) the 


distance of P from A, where collision occurs. (g = 10 m/s?) 


(a) Taking x and y directions as shown in figure. 


Here à,7-gj 


,7-8j 
u, = 60 cos 30° = 30 43 m/s 
u= 60 sin 30° = 30 m/s 


ug, 7 — 50 cos a 


and ug, = 50sin a 
Relative acceleration between the two is zero as à, = dy. Hence the relative motion between the 


two is uniform. Condition of collision is that à ,, should along AB. This is possible only when 


ie., component of relative velocity along y-axis should be zero. 
or 30 = 50 sina 
a= sin! (3/5) 


(b) Now. al =u- 


= (30 J3 + 50 cos a) m/s 


= (30J3 + 40) m/s 


Solved Example 


Q.1 — Ramcrossinga 2.5m wide conveyor belt moves with a speed of 1.6 m/s. The conveyor belt moves at 
uniform speed of 1.2 m/s 


(A) If the Ram walks straight across the belt, determine the velocity of the Ram relative to an observer 
standing on ground. 


Sol Ifyou walk across a conveyor belt while the conveyor belt takes you along the length, you will not be 


able to move directly across the conveyor belt, but will end up down the length. 


Here the velocity of the Ram will be net effect of his own motion and duc to motion of conveyor belt 


The velocity of the Ram relative to the conveyor belt v, is same as veloci 
still, 


of Ram ifconveyor belt was 


v, isthe velocity of the conveyor belt 


we need to find v, the velocity of the Ram relative to the Earth 


Writing Equation of net motion v, =v, + 


three vectors are shown in Figure (a). The quantity v, is due y; v, isdue x ; and the vector sum of the 
two, v,,is atan angle 0 as defined in Figure (a). 


w” 


the speed v, ofthe Ram relative to the Earth is 
vo rity 


(B) If Shyam has same speed on a still conveyor belt, and is to reach directly across the same moving 
conveyor belt. At what angle should he walk? 


(b) ¥, 


Sol To go straight across the conveyor belt he has to walk at some angle. 


Writing Equation of net motion v, 


three vectors are shown in Figure (b) 


s in part (b), we know v, and the magnitude of the vector v, 
the conveyor belt 


nd we want v, to be directed across 


Note the difference between the triangle in Figure (a) and the one in Figure (b) 


(B) 


Q3 


(A) 
(B) 
(C) 
Sol. 


An aeroplane pilot wishes to fly due west. A wind of 100 km/h is blowing toward the south 


What is the speed of the plane with respect to ground ? q 
Ifthe airspeed ofthe plane (its speed in still air) is 300 km/h, in which direction should the pilot head ? 


Given, 
Velocity of air with respect of ground V, , = 100 km/hr 


Velocity of plane with respect to air ¥,,, =300 km/hr 


w E 


As the plane is to move towards west, due to air in south direction, air will try drift the plane in south 
direction., air will try to drift the plane in south direction. Hence, the plane has to make an angle 0 
towards north-west, south west direction, in order to reach at point on west. 


Fao and Vy, sinQ =V, 


"ie AG 


Ariv 


flows due south with a speed of2.0 m/s. Ar 
relative to the water is 4 m/s due east. The 


an steers a motorboat a 
iver is 800 m wide. 


ross the diver: his velocity 


Whaat is his velocity (m 


itude direction) relative to the earth ? 


How much time is required to cross the river? 


How far south of his starting point will be reach the opposite bank ? 
Velocity of river (i.e., speed of river w.rt. earth) 0, =2 m/s 


Width of the river 800 m 


South 


According to the given statement the diagram will be as given 
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(A) — Whentwo vectorsareacting at an angle of 90°, their resultant can be obtained by pythagorous theorem, 


Vy = Juv. = V16+4 = 420 =4.6 ms 


To find direction , we have 


v 2 
wn@=—"=7=> > O=tan 
m 


(B) 


(C) 


d position on other side is A, but due to current of river boat is drifted to position B. To find out 
this drift we need time taken in all to cross the river (200s) and speed of current (2 ms!) 


So the distance AB = Time taken * speed of current = 200 x 2= 400 m 


Henc 


s, the boat is drifted by400 m away from position A. 


Q4 — Aperson walks up a stationary escalator in t, second. If he remains stationary on the escalator, then it 
can take him up in t, second. If the length of the escalator is L, then 

(A) — Determine the speed of man with respect to the escalator. 

(B) Determine the speed of the escalator. 

(C) — How much time would it take him to walk up the moving escalator? 


Sol. 
(A) Asthe escalator is stationary, so the distance covered int, second is L which is the length of the esc: 
L 
Speed of the man wart. the escalator vpe = q 


(B) When the manis stationary, by taking m: 
intimet, 


as reference point the distance covered by the e 


Speed of escalator v, 


(C) — Speed of man w.r.t. the ground 


Vm 7 Vme * Ve 


| is the time taken by the man to walk up the moving escalator, 


[c 
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Qs 


(A) 
(B) 


Sol. 


(A) 


(B) 


A person standing on a road has to hold his umbrella at 60° with the vertical to keep the rain away. He 
throws the umbrella and starts running at 20 ms-". He finds that rain drops are falling on him vertically. 
Find the speed of the rain drops with respect to 


the road, and 


the moving person. 


Given 0 = 60° and velocity person 


» = OA =20ms 


This velocity is the same as the velocity of person w.r.t ground. First of all let's see how the diagram 
works out. 


9, = OB = velocity of rain w.r.t the person. 


ü, = OC 7 velocity ofrain w.r.t. earth 9, is alor 


JB asa person has to hold umbrella at an angle 


with vertical which is th 


angle between velocity of rain and velocity of rain wart. the person. 


Values of i, and i, can be obtained by using simple trigonometric relations. 


Speed ofr 


n drops w.r.t earth = 6, = OC 


F ocw, CB 60' or 
rom AOCM, Ge - sin 60° => C 


20 40 405 


481745773 "s 


Speed of rain w.r.t. the person Ü,» = OB 


Fi Aoc, 28 60" 
Tom M, gg 799 


y 


=  OB=CB cot 60°= 
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without friction down a smooth 


Q.6 A large heavy box is slidi 


plane of inclination 0. From a point P on the bottom of a box, a part 
is projected inside the box. The initial speed of the particle with respect. 


to box is u and the direction of projection makes an angle a with the 
bottom as z^ 
shown in figure. 6 


(a) Find the distance along the bottom of the box between the point of projection P and the point Q where 
the particle lands. (Assume that the particle does not hit any other surface of the box. Neglect air 
resistance). 


(b) Ifthe horizontal displacement of the particle as seen by an observer on the ground is zero, find the speed 
of the box with respect to the ground at the instant when the particle was proj 


Sol. 
(a) — uistherelative velocity of the particle with respect ot the box. Resolve u. 
u, isthe relative velocity of particle with respect to the box in x - direction. 


u, is the relative velocity with respect to the box in y - direction. 


vs there is no velocity of the box in the y-direction, there! 
with respect to ground also. 


e this is the vertical velocity of the particle 


Y - direction motion ( Taking relative terms w.r.t. box) 


uy=+usina 


ay=—geos 0 


sy=0 

l. a 1 2 

sy=uyt+ za P => 0=(usina)t—> gcosü x P 
2usina 
gcos0 


x - direction motion (Taking relative terms wart. box) 


u, 7^ ucosa ;a, 7 0 


using — u'sin2a 


s=u t+ ucosax 


gcos®  gcosð 


(b) ^ Forthe observer (on ground) to see the horizontal displacement to be zero, the distance travelled by box 


should be equal to the range of the particle w.rt. box. 


2usin 2a 
gcos 


intime| 
Let the speed of the box at the time projection of particle be U. Then for the motion of box with respect 
to ground. 
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2usina V sin 2a 
w= -Usa,=—gsin® st= Voy: PEET 
1 
utt rat 
v sin2a | 2usina )-+ aso 2usina | 
gcosÓ goosd ) 2 89 P acoso 


onsolving we get 
ucos(a +0) 


cosü 


Q7 A man wants to cross a river 500 m wide. Row 


ing speed of the man relative to water is 3 km/hr 
and river flows at the speed of 2 km/hr. If man's walking speed on the shore is 5 km/hr, then in which 
direction he should start rowing in order to reach the directly opposite point on the other bank in shortest 
time. 


Sol. L 


t he sould start at an angle 0 with the normal 


hence 


V, 7 (u- vsin0); +v cos j 


Here ¥,, — velocity ofthe man relative to ground. B 

v 7 velocity of the man relative to water á 

u=velocity of water o 
0.5 A 


Hence time taken by the man to cross the river is t, = 
X voos@ 


Drift ofthe man along the river is 
x =(u-vsin Ot, 


0.5 


x-(u-vsing 
(usn) cos 


Time taken by the man to cover this distance is 


50 


Therefore, time of collision is 


AB 100 
30/3 +40 


or 1= 1.098 


(c) Distance of point P from A where collision takes place is 


3043 1.09) +{ 30% 1.091 x 10% 1.09% 1.09 | 


y 2 


s = 62.64 m 


57 


sec 
3| * and | 


Therefore, 
total time T 71, t 


0.5 0.lu 


T= T seeO+ —~ sec 0-0.1 tanO 


Y 


Putting the value ofu and v, we get 


0.5 0.1x2 
— sec 0+ 


T 


07 


3 secsec 0 - 0.1 tan 0 


dT 07 


sec 0 tan 0 — 0.1 sec? 0 
dg ^ 3 cO tan 1 


for T tobe minimum 
dT 

do 

sin 0 = (3/7) 

0 7 sin (3/7) 


0 


294 | 3secó tana | 
: j 


sec 0-0.1 tan 


NEWTONS LAWS OF. MOTION. AND FRICTION... P ® 


LAWS OF MOTION 


We described motion in terms of position, velocity, and acceleration without considering what might 


cause that motion. Now we consider what might cause one object to remain at rest and another object. 


to accelerate? The two main factors we need to consider are the forces acting on an object and the mass 
of the object. We discuss the three basic laws of motion, which deal with forces and masses and were 
formulated more than three centuries ago by Isaac Newton. Once we understand these laws, we can 


answer such questions as "What mechanism changes motion ? And "Why do some objects accelerate 


more than other?” 


Force 


Everyone has a basic understandi 


of the concept of force. In a vague language, Force is push or pull 


nm 
which is an attempt to change the state of rest or motion of an object, or merely deform it. The effect of 


force on the state of motion of body was first understood by Isaac Newton (1642 — 1727) 


Newtonian Mehanics 
The study of impact of force on the motion of a body as Newton presented it, is called Newtonian 


mechanics, Newtonian mechanics does not apply to all situations, Ifthe speed of the interacting bodies 


ht, we must replace Newtonian mechanics with 


an appreciable fraction of the speed of lig 


Einstein’s special theory of relativity. Ifthe interacting bodies are on the scale of atomic structure for 


example, they might be electrons in an atom, We must replace newtonian mechanics with quantum 


mechanics. Newtonian mechanics is a special case of these two theories, it applies to the motion of 


objects ranging in size from very small (macroscopic) to astronomi h move with speed neglible 


wart, speed of light 


Newton's First Law 


When net force acting ona body is zero, then we can always find frames of reference in which acceleration 
of the body is zero. Such frames are called inertial reference frames. 


A frame moving with constant velocity wr. inertial reference frame is also an inertial reference frame. 


Thus inan inertial reference frame 
A block is kept on the floor, such that net force acting on itis zero, and itis at rest 


fno net force acts on a body, it's velocity connot change. Let us take 


an example, 


(block is at rest on the floor) 


ant velocity 10 m/s 


Frame A moving with cons 


In the frame A : Observer A observes the block, to be moving with same velocity in opposite 
direction 


ED] 


the velocity of block remains 10 m/s towards left. Thus the block has zero acceleration w.r.t, A, Therefore 


A isan inertial reference frame. 


x 
1oms 
Rest 
(block is at rest on the floor) (Frame B moving with an acceleration 2 m/s.) 


In the frame B : observer B observes the block to be accelerated in opposite direction, Thus velocity 
of block is seen to be changing (wrt. B) with time, although no force acts on it here, therefore B is not 
an inertial reference frame and these type of reference frames are known as non inertial ref 


nce frame. 


A frame of reference accelerated w.r.t. inertial frame of reference is a non-inertial reference frame. 


B 


E Rest 


Inertial frame is an ideal concept because only an isolated object can have zero acceleration. However 
we can assume earth to be an inertial reference frame, if we neglect its rotation & revolution. This can be 
done because Earth's acceleration due to revolution and rotation is much smaller than the acceleration 


we notice in daily life i.e acceleration due to gravity (g=9.8 m/s") 


Illustration : 


An object is acted upon by three forces, 20N each as shown in fig. If its initial velocity is 4 m/s in 
the direction shown in figure. Find its displacement in first 4 sec 


20N 


120° us4ms 


Sol. 
[E 
20N 20N 
As net force (vector sum of all forces) acting on the object is zero, therefore according 
first law, 


to Newton s 


a=0 
1 
applying,  S=ut+ af 


S=4 x4 = 16 m/s 


Mass 


s is that property of a substance which specifies how much resistance an object exhibits to ch 


in its velocity ie. it gives an idea of inertia of that body 
Suppose a ball is moving in a straight line and a train is moving in a straight line; both with same constant 


speed. Which one is more difficult to stop? Of course the train. 


Ma 
system of bodies is independent of the processes going on in the system, no matter what kind these 


ss is an inherent property of an object and of the method used to measure it. The mass of a closed 


processes are, Also, mass is a scalar quantity and thus obeys the rules of ordinary arithmetic. 


htare two different quantities, Weight is the 


Mass should not be confused with weight. Mass and wei 
force with which Earth attracts the object and is dependent on mass. 


Newton's Second law 


Newton’ first law explains what happens to an object when no net force acts on it, It either remains at 
rest or moves in straight line with constant speed. Newton's second law answers the question, what 
happens to an object that has a nonzero resultant force acting on it 

When viewed from an inertial reference frame, the acceleration of an object is directly proportional to 


the net force acting on it and inversely proportional to its mass. 


Twice as much force Thrice as much force 
Force of hand 
d produces twice as produces thrice as 
A E much acceleration much acceleration 


hh ! i 
acceleration «force 


ates 3 blocks 
1/3 as much acceleration 


The same force 
tes 2 blocks 
1/2 as much accel 


acce 


Force of hand 
accelerates the block 


acceleration < 
mass 


leration, and force through the following mathematical statement of 


Thus, we can relate mass, a 
Newton's second law, by choosing proper units so that constant of proportionality is 1 


Xf-mà Ai) 


we have indicated that the acceleration is due to the net force acting on an object. The net force on an 


problem using Newton's second 


object is the vector sum of all forces acting on the object. In solving 


law, itis important to determine the correct net force on an object. 


What happens when several forces act simultaneously on an object ? 


In this case, the object accelerates only if the net force acting on itis not equal to zero. 


(ii) 


+P + vector sum of all forces 


There may be many forces acting on an object, but there is only one acceleration. 


Note that equation 2 is vector expression and hence is equivalent to three component equations 
EXF-m, EXF-m, XF-ma 


eleration. 


net force is zero, a 


When net force is zero, then the object is said to be in equilibrium. And i 
will also be zero, therefore velocity will be constant. When the velocity of an object is constant 


(including when object is permanently at rest), said to be in equilibrium. 


c object 


Force is the cause of change in motio: 


can have motion in the absence of force, as described in Newton's 


Force does not cause motion. We 


n motion as measured by acceleration. 


first law. Force is the cause of change 


“ma” is not a force : 


Equation (i) does not say that the product ma is a force, All forces on object are added vectorialy as in 
equation (ii) to get the net force on the left side of the equation. This net force is then equated to the 


leration that results from the net fo 


product of the mass of object and the acc 


Do not include an “ma force" in your analysis of the forces on an object. 


Definition of the newton 


SI unit of force is the newton, which is defined as the force that, when acting on an object of mass 


The 


1 kg, produces an acceleration of 1 mvs’. From the definition and Newton’s second law, we see that the 
nd time 


newton can be expressed in terms of the follow ts of mass, length, 


g fundamental ur 


1N=1 kg m/s 


Newton's Third law 
Every action has equal and opposite reaction, and the action reaction act on the different bodies, 
These action reaction pair must be of same type, viz. friction for friction, gravitation for 


simultaneous! 


gravitation etc. 


4) 


Caution 
(i) Action and reaction forces act on different objects. Two forces acting on the same object, even ifthey 
are equal in magnitude and opposite in direction, cannot be an action-reaction pair 


(ii) In an action reaction pair, both forces act simultaneously i.e. we can not say one as action and other 


reaction. 


Illustration : 


As in figure, A block of 2 kg hangs by two massless string. The tension in left string is 10N and 
makes 37" from horizontal. Find tension in right string. Also show action reaction pairs 


Sol, 


20N 
block is in equilibrium i.e. rest so the net force on the block must be zero accounding to newton s 
first law as observed from an inertial reference frame 

i, +7, +mg=6 > (-81+6))+T, -20j-0 

i 


8i+14}, Le tension in right string T,= J8* 414? =16.12N and string makes angle 
(7 
a =tan'\ 4} with the horizontal 


T 
T 
T 
T 
T eravitationat pull on block 
t tational pull on Earth 
Practice Exeri 


Q.1 An object experienc 


no acceleration. Which of the following cannot be true for the object ? 


(A) Asingle force acts on the object. 
(B) No force acts on the object. 


(C) Forces act on the object, but the forces cancel. 


Q.2 — Anobjectexperiences net force and exhibits an acceleration in response. Which of the following statements 


is always true ? 


(A) the object moves in the direction of the force. 


(B) The acceleration is in the same direction as the veloci 


(C) The acceleration is in the same direction as the net force. 
(D) The velocity of the object increases. 

Q3  Ifaflycollides with the windshield ofa fast-moving bus, which object experiences an impact force with 
a larger magnitude? 


(A) the fl (B) the bus (C)thes 


me force is experienced by both. 


QA  Ifaflycollides with the windshield of a fast-moving bus, which object experi 


ces the greater acceleration 


(A) The fly (B) the bus (C) the same acceleration is experienced by both. 
Answers 
QI A Q2 C Q3 C Q4 A 


Free body diagram (FBD) 


In this diagram the object of interest is isolated from its surroundings and the interactions betwee 


object and the surroundings are represented in terms of forces. 
Remember not to show“ M a" as force in FBD. d is the effect of net force acting on an object. 


System 


The system is what you choose to analyse motion. 


l. — According to system chosen, forces can be divided i 


o two 


ategories 
(i) Internal force (ii) External force. 


Whether a force is external or intemal will depend on the system chosen. For example, earth is pulling a 
mass by applying a force mg on it. The mass is also applying a force mg on carth. 


If we chose earth-mass as system, then mg becomes an intemal force 


itis within the system. But if 


choose only mass m as system; then mg acting on the mass is an external force. 


| (system 1) 


(external force) 


(Internal forces) { (system) 
mg (external force) me 


(system 2) 


We do not show internal force in FBD while solving a problem. 


2. According to the origin of force, we can classify it into two types 


(i) Field forces 


(ii) Contact forces 


Field forces 


The force experienced by an obj 


ct without physical contact is known as field force, 
eg. Gravitational force, Electromagnetic force. 

Gravitational force : 
The force by which two bodies attract each other by virtue of their masses. 


Iftwo particles haivng masses m, & m, are seperated by a distance r, then the magnitude of force is given 
Gmm, 
p= 2mm; 


r 


This is called Newton’s law of Gravitation 


The force acts along the line joining the particles, this force is always attractive in nature. 


sa force nter of 


For earth mass system, earth appl ng on mass m, which always acts towards the 


carth downwards, mg is called weight of the body. 


9 (near surface) 


Electromagnetic force : 


Iftwo particles having charges q, and q, are separated by a distance r, then the magnitude of force is 


Kaa 
given by: F= 77 This s called Coulomb's law and it acts along the line joi 


ing the particles. For 


like charges, the force is repulsive, 
Contact Force 


The force experienced by an object by physical contact is known as contact force. 


ind for unlike charges, the force is attractive. 


e.g Frictional force (which will be dealt in detail later), Normal force, tension. 


Normal for: 


A contact force perpendicular (normal means perpendicular) to the contact surface that prevents two 


objects from passing through one another is called the normal contact force. 
Inthe situation shown, LCD is kept on the table. Weight mg acts on it downwards still itis at rest. i.e. 
some force acts in the upward direction (Normal to the table) which balances the weight. This force is 
the normal force by the table on the LCD. 


F „r — Fon mass by table 


F „= Fon mass by Earth 


| 
“35 


FaF me 
(b) 


Here N 7 mg (not an action reaction pair) 


N Does not always equal mg 

In the situation shown in figure and in many others, we find that the normal force has the same r 
However, this is not always true. If an object is on an incline, if there are 
or if there isa vertical acceleration of the system, then N + mg. 


as the gravitational fore 
applied forces with vertical component 
Always apply Newton's second law to find the relationship between N and mg. 


s always a pushing force. 


Note : Normal for 


Normal force acts along the common normal 


eg) Earth 


T 


N,:Normal force betweenm&M — Vt 
N, : Normal force between M & floor 


Normal force acts perpendicular to the surface in contact. 


jed, then normal force acts perpendicular to the surface of second object. 


If one surface is not well defi 


Here we can not specity the perpenducular to the rod at the point of contact. Thus normal acts 


perpenducular to the floor and the wall respectively 


N 
s x 
eg 

Illustration : 

nd normal force at all contact points 
x 


Force along the perpendicular to the inclined must be zero, as m has no acceleration in this direction 


N=mgcos 


° 6 
PAN 


Cylinders B & C are 


cylinder is of mass m. 


FBD ofA 


2Ncos30* - m 


mg 


4 
Considering all the three together as system, 


10 


2N'-3mg 
3mg 
nr= m8 


Illustration : 
Blocks A and B have masses of 2kg and 3kg respectively. The ground is smooth, P isan external 


force of 10 N. Find the force exerted by B on A 
T 


2g 
Pon s 


Sol — Block A and B as a system, FBD of block A + B 


“i 


there is no vertical motion so the net force on system in vertical direction (SẸ, — 0). In horizotnal 


(here normal force between A & B is internal so we can not show it in FBD) 


direction there is an external force 10N so the system will accelelate with acceleration a. 


10 > 
a=— s 
5 
FBD of block A FBD of block B 
N B 
10N i — 


«iT «4l 


10— 2—N-6N N=3 
(Here block A & block B are the seperate systems so the normal force N is external, normal force 


N must be shown in each FBD) 


Practice Exercise 


Q.1 Find normal forces at all the contact points. 


CÒ 100N_ [sig | 10kg im 


Q.2  Findnormal contact force between sphere and inclind plane. 


Answers 


Q.I — (i) Normal contact force between 5 kg and 10 kg i95 N. while 10 kg and 35 kg is 85 N. 


100 


(ii) FN Q2 3mg 


Tension force : 


+ Itis self adjusting pulling force, which is electromagnetic in nature. 7 
+We assume string is massless, Unless specified. T 
* Strings will be tight only when the ends are pulled apart. E 


+ Tension is a pulling force, acts away from the object along the string 


s same usually 


* Tension throughout the massless stri 


+ A pulley can change the direction of the force exerted by a cord. 


w 
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Illustration : 


In the situation shown in figure draw the FBD of the moving pulley assume that the pulley is massless, 


Also relate tension in both strings. 


Sol. 
FBD of pulley 
PAA s 


T,-2T=m „3 (v massofpulleyis negligibleiem,,. 0) 


Illustration : 
When two unequal masses are hung vertically over a frictionless pulley of negligible mass the 
arrangement is called atwood machine. The device is sometimes used in the laboratory to measure 
the gravitational field strength. Determine the magnitude of the acceleration of the two masses 
and the tension in the string. Consider m, > m, 

Sol The free body diagrams for the two masses are shown in figure. Two forces act on each block: the 
upward force exerted by the string. T, and the downward force of gravity 
The magnitude of the net force exrted on m, is T — m g, the magnitude of the net force exerted on 
m, is mg - T. 
Because the blocks are connected by a string, their accelerations must be equal in magnitude. m, 
must accelerate upward, while m, must accelerate downward. 
When Newton s second law is applied to m, with acceleration upward for this mass we find 
(taking upward to be the positive y direction) 


T-mg=ma (i) 
T T 
Similarly, for m, we find 
mg-T- ma (ii) 


Adding (i) & (ii) 


43 


mg-T+T-mg=ma+ma 
or 


m,-m 


a-| le (i) 


m,+m, 
When (iti) substituted into (i), we get 


2mm 


(iv) 


m, +m, 


The result for the acceleration, in equation (ii), can be interpreted as the ratio of the unbalanced 


force on the system to the total mass of the system. 


Special cases 


When m, =m, a = O and T= mg = mg = mg 


Ifm,>> m,a z 


g (a freely falling body) and T = 


Basic steps for applying Newton's Laws 


The following procedure is recommended when dealing with problems involving Newton's laws: 
* Drawa simple, neat diagram of the system to help conceptualize the problem. 


+ Ifany acceleration component is zero, the particle is in equilibrium in this direction and EF =0 in this 
direction. If not the particle is undergoing an acceleration, the problem is one of non-equilibrium in this 


direction and EF = ma. 


. Isolate the object whose motion is being analyzed. Draw a free-body diagram for this object. For 


systems containing more than one object, draw separate free-body diagrams for each object. 


Do not include in the free-body diagram forces exerted by the object on its surroundings. 


. Establish convenient coordinate axes for each object and find the components of the forces along these 


axes, Apply Newton's second law, EF — ma, in component form. Check your dimensions to make sure 


thatall terms have units of force. 


* —— Solvethe component equations for the unknowns. Remember that you must have as many independent 
equations as you have unknowns to obtain a complete solution. 

* —— Make sure, your results are consistent with the free-body diagram. Also check the predictions of your 
solutions for extreme value of the variables. By doing so you can often detect errors in your results. 

Illustration : 


4 constant force F = m g/2 is applied on the block of mass m, as shown in figure. The string and 


the pulley are light and the surface of the table is smooth. Find the acceleration of m, 
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F 
+ m, 
TITTTTTTHTTTTTT 


Sol When Newton s second law is applied to m „ with acceleration rightward for this mass (because 
mg P). 
FBDofm, $] m 
T-F=m,a () 


similarly for m. 
at 


FBD of m mg-T-ma (ii) 


Adding (i) & (ii) 
m,g-T+T-F=(m,+ mja 


mg-F mg 


m, +m. 2 


mg 
2(m, +m;) 
Mlustration : 


In figure m, = 2 kg, m, = 5 kg and F = 1 N. Find the acceleration of blocks. 
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Sol The fr 


body diagrams for the two masses are shown in figure. Three forces act on each block 
the upward force exerted by the string. T, the downward force of gravity and the downward force 
F. Thus, the magnitude of the net force ecerted on m, is T — m,g — F, while the magnitude of the 
net force exerted on m, is mg + F — T. Because the blocks are connected by a string, their 
accelerations must be equal in magnitude. It is given that m, > m, then m, must accelerate 


upward, while m, must accelerate downward. 


When Newton s second law is applied to m,, with a (acceleration) upward for this mass (because 


m,> mj), we find (taking upward to be the positive y direction) 


T T 
B F 
T F 
T ma ( 
Similarly, for m, we find 
mg T= ma (i) 


Adding (i) & (ii) 
mg*F-T*T-mg-F-ma*ma 


l m,-m, 


m, +m. 


(iii) 


Given that m, = 2 kg, m, = 5 kg and F = 1 N 


therefore a 


Illustration : 
Calculate the acceleration of the two blocks (m, and m,) and tension in the string shown in 


figure. The pulley and the string are light and all the surfaces are frictionless. Take g = 10 m/s 


m | ikg 


Lkg | m. 


Sol, The free body diagrams for the two masses are shown in figure. Two forces act on m; the upward 
force exerted by the string T, and the downward force of gravity. Thus, the magnitude of the net 
force exerted on m, is m, g — T . Because the blocks are connected by a string, their accelerations 
must be equal in magnitude. 
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When Newton's second law is applied to m, with a (acceleration) downward for this mass. 


ma ü 


similarly for m, T=m,a (ii) 
Adding (i) & (ii) 
m,g-T*T-(m,* mja 
mg 


a- 
m, +m: 


Given that m, = m, = 1, therefore 


TE r 
FBD of m, § m >T FBD of m. 
Mlustration : ing 


Consider the situation shown in figure. All the surface are frictionless and the string and the 


pulley are light. Find the magnitude of the acceleration of the two blcoks. 


A 


Sol, The free body diagrams for the two masses are shown in figure. Two forces act on each block: the 
upward force along the inclined plane exerted by the string T, the downward force of gravity and 
normal force (N, & N). Thus, the magnitude of the net force exerted on m, along the inclined is 
mg sin 0, — T, while the magnitude of the net force exerted on m, along the inclined is 
T— m, sin 0,. Because the blocks are connected by a string, their accelerations must be equal in 
magnitude, If we assume that m, > m,, then m, must accelerate down the inclined, while m, must 


accelerate up the inclined. 


FBD of m, FBD of m 


m, g cos 0, -— 


m, g cos 0; 
m, g sin 6, 


When Newton § second law is applied to m „ with a (acceleration) down the inclined for this mass 
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(because m,g sin 0,> m,g sin 0) 
mg sin 0,- T= ma () 
Similarly, for m, we find 
T-mgsin0,7 ma (ii) 
Adding (i) & (ii) 
mg sin 0,-T*T 


mg sin 0,= ma+ ma 
or 


mygsin, -m,gsin0, 


(ii 
l m, +m. (aii) 


Illustration : 


Sol. 


A ball of mass ‘m’ falls from rest under gravity in a resistive medium. The resistive force is given by 
f=—kv, Find the velocity of ball as a function of time. Plot a v-t graph for i. 


dv 
m® = mg -kv 
dt 


m edv m dv mg 
it - 
ki, di kd k 


dv _k 
J E = 


k 
(mg |) 
in| | 
Lk k b} 
1 m 
mmek k, " 
mg m xs 
DEL k 
mg 


Practice Exercise 


Q1 


2 


Q4 


Q6 


Find the accelerations of blocks A, B & C and tentions in the strings. All the blocks are of equal mass 10 
kg and F=60N 


T T 
c B A > 
F 


In figure m, =2kg,m, = 5 kgand F =21N, Find the 


Find the acceleration of the 500 g block in figure. 


500g 


50g 
Find the accelerations of blocks A, B & C and tensions in the strings. All the blocks are of equal mass 10 
kg and F = 300 N 


A body of mass 12.5 kg is suspended with the help of 
light inextensible strings as shwon in figure. Find tension. 


in three strings. Strings are light [g= 10 ms] 


125kg 


Which ofthe following is the reaction force to the gravitational force acting on the body as yousit in your 
desk chair? 

(a) The normal force exerted by the chair 

(b) The force you exert downward on the seat of the chair 


(c) Neither of these forces. 


Answers 
QI a,=a,=a,=2m/s,T,,=40N, T,.-20N Q2 a-7m/ 
Q3  a-80/13m/s Q4 m/s Q5 T, N, T, = 100 N, T, - 75 N 
Q6 C 


Spring Force 


the more it stretches. For a spring that obeys 
low, the extension of the spring is proportional to the applied force. If we stretch spring by a 


We know that the more force we apply to a spring 
Hooke 
distance x from its equilibrium position, it applies a restoring force F, towards its equilbrium position, 
which is proportional to x, given by 


F-kx 


Here k is a proportionality constant, known as spring constant or stiffness. A spring has tend, 
thus whether we stretch itor compress, it always opposes the external 
force in the direction towards its equilibrium position. 


restoring its natural length stat 


One more point is to be noted is that, a spri 


matter whether an end is fixed or not. 


ipplies restoring force equally at both ofits ends, doesn’t 
If we look at FBD of spring we will 


F 
notethatequal forceonspringmustact E— V00 — + 


from both ends. x is the clongation in spring 


mxa (spring is massless, m, —» 0) 


therefore F 


In figure an end of the spring is fixed to wall and other is pulled by As the restoring fon 
is directly proportional to the deformation in it, for stretching it by x, we apply a force F on it and for 


stretching it to double the length (2x), we have to apply a force double of the previous value i.e. 2F. 


pplying a for 
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Let's say Ram & Shyam are pulling a spring from two ends as shown in figure Ram moves x, and Shyam 
movesx,. 
F=0 
x=0 
m Sis 
The force acting on Ram and Shyam is k(x, "-x.), not kx, on Ram and kx, on Shyam. Force due to 


spring is kx where x is defined as /—/,}, where /is present length and /, is natural length, 
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Illustration : 
The spring is hanging vertically, and a sphere of mass m is attached to its lower end. Under the 
pull of the weight, the spring stretches a distance x from its natural length. Ifa spring is stretched 
2,0 cm by a suspended object having a mass of 0.5 kg, what is the force constant of the spring ? 


FBD of sphere 
Kx 
Natural Length a 
Equilibrium position 


Sol — Free-body diagrams for sphere in Shown in figure, Two force are acting on sphere : the upward 
force exerted by the spring (T = kx) and downward force of gravity (mg). As the sphere is in 
equilibrium the two forces will be equal in magnitude.Equilibrium is the condition when the 


acceleration of the block is zero) 


mg _ 05x10 
x 20x10 


kx = mg > 250N/m 


Equivalent spring constant 
(In all the discussions we will ignore mass and and damping of spring) 


When two or more springs are connected in some manner then the combination can be rep! 
single equivalent spring such that it produces same elongation for same applied force. 


Parallel combination 


When springs are connected in parallel, then we can replace them by single spring of spring constant k, 


where k, =k, +k,. This situation is shown in figure. Here we present the proof. 


Ifthe force F pulls the mass m by y, the stretch in each spring will be same. 


Now for an equivalent spring F =k * yand as spring constants are not equal so F, +F, 


Forequivalence, 


this reduces to 


For more springs k =k, 


Series combination 


When spring are connected in series then we can replace them by a single spring of spring constant k, 


1 : 
where — This situation is shown in figure. 


Here we present the proof, As the spring are massless, so force in the spring will be the same 


F,=F,=F 
Now for equivalent spring F =k, y, as spring constants are not equal so extensions will not be equal, but 


total extension y can be written as sum of two extensions y 


F 
k 


| as for F =ky,y= 


or 


For more ti jected in series: 


Parts ofa spring : 


Ifa spring of force constant k of length / is cut in two parts say of /, and /,, let us assume that new for 


constants are k, and k, for the two parts. If we connect these two parts in series, the equivalent force 
constant must be initial k. Thus we have 


Accor 


ig to the molecular properties of a spring, the force constant ofa part of the spring 
proportional to its length, which gives us 


c c 
k, ad k= 7 


Where cis a positive constant depending upon the material of spring. Substituting the above values of 


or 


Using value ofc in equation, we have 


kal 


ka 
1, 
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Illustration : 
A spring of constant K is cut into two parts in ratio 1:3. Find the spring constant of individual springs. 
Sol Let us suppose natural length of spring is 1 
Now, we have to find spring constant of both the parts (of length 1⁄4 and 31/4) 


lets say spring constants of the parts are k, and k 


1 
we know k æ 7 or M = constant ie. k,l, = kJ, = kl 


4 
k= 4k&k, 7 


Illustration = 
4 mass m is connected to a spring of spring constant K as shown. Find the extension atispas 


of the spring when the block is at its equilibrium position. z 


Sol, The free body diagrams for the sphere is shown in figure. Two forces act on sphere 


the upward force exerted by the spring (T=kx), and the downward force of gravity = 
(mg). 
Given that sphere is in equilibrimum therefore these two forces should be equal in 
magnitude. 
kx 
mg t 
[E 
x= mg x= | 
FBD of sphere e 
+ 


Illustration : 
Find extension of spring in equilibrium condition, all the blocks are of mass m and all springs are 
of spring constant k 


(a) (b) 
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Sol (a) The free body diagrams for the block and pulley are shown in figure. Three forces act on pulley 
Two forces act on block: the upward force exerted by the string (T), and the downward force of 
gravity (mg). Given that block is in equilibrium therefore these two forces should be equal in 


magnitude. 


kx = 2T (force on pulley should be zero because it is massless) 


FBD of pulley & block 
kx 


T 


T T 
(b) Here again mass M is in equilibrium, thus tension in the string connected to it must be equal to Mg 


and hence the restoring force in the lower spring will also be Mg. If x, be the extension in this 
spring. we have 
kx, = Mg 
Mg 
"7k 
As pulley is light, the tension in upper string must be twice that of the lower string, 2Mg which is 


equalt to the restioring force in the upper spring. Ifx, is the extention in the upper spring, we have 


kx, = 2Mg 
2Mg 
or i mp 


Illustration : 
Figures show a light spring balance connected in two different arrangements, The graduations in 
the balance measure the tension in the spring. 


BE f = 


QO Wie 
x 


w o 
The ratio of reading of balances (T /T,) is 
Sol — Spring balnce gives tension in the string 


Because tension at both side of the spring balance will be same in case (a) 
& in case (b), T,= T, 7 20g 
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Mlustration : 
From the fixed pulley, masses 2 kg, 1 kg and 3 kg are suspended as shown in the figure. Find the 
extension in the spring if k = 100 N/m. (assume 1 kg and 3 kg block move with same acceleration) 


Sol The FBD for the three block are shown in figure 


Two force act on 2 kg block upward force exerted by the string T & downward force of gravity 2g 


thus, the magnitude of net force on 2 kg block is T 
T T 


FBD of blocks I 


Applying newton ’s II law on 2 kg block 


T 2a () 
Similarly for 1 kg & 3 kg block 
T'* Ig-T= la (ii) 
3g-T'=3a (iti) 


Adding (i), (ii) & (iii) 


we get 


a 


substituting value of a in equation (iii); tension in spring T' = 3g— 3a (T’ = kx) 


Cutting of spring and string : 
Spring force doesn't change instantaneously, whereas, the tension in the string changes instantaneously. 


Ifa spring is cut, the tension in that spring becomes zero instantaneously. 
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Mlustration : 


The system shown in the figure is in equilibrium. Find the initial swing BK 


acceleration NE 
of A, B and C just after the spring-2 is cut. Sprin ET | 
B [s 
Sol FBD of blocks before cutting the spring T 
Soring3 $k 
c bal 


l 
xb 


3mg = KX, 

2mg + KX, = KX, 

2mg + 3mg = KX, = 5 mg = KX, Q) 

KX, = 6 mg (3) 
when spring 2 is cut 
spring force in other two spring remain becomes zero, while unchanged. 
ps 
[m] d" 

mg= ma, => a, = 5g 

hg 


leration of 3 m will be zero. 


Conclusion : 


Itis important to remember that ropes can change tension instantaneously while spring need to move to 


change tension, so in this example tension in spring is not changing instantancously 
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Illustration : 


Sol. (a) 


(b) 


In following setup pulley strings and spring are light. Initially all masses are in equilibrium and at 
rest. 


(a) Find tension in spring and tension in ropes 
(b) Find accleration of masses immediately after the string S, is cut. 


applying Newton s 2" law to block A 


4mg-T,-0 
applying Newton s 2" law to block B. 
mg*T,-T,-0 
applying Newton $ 2" law to block C 
T,-T,-0 
Solving T, = 4mg 
T Smg 
T Smg 


Here spring is behaving same as string except that it is streched while string can not strech. 


The most important point in this problem is that any object of finite mass can not change its 
position instantaneously, as this require infinite velocity 
Thus immediately after cutting the string S, all masses will remain at same position and force due 
to spring will not change. As force of spring is kx and x is 1— 1, . At the same time we would like 
to emphasize that tension in string S, will change instantaneausly (Tension is a self adjusting 
Force). To maintain constraint relation between blocks B & C have same since they magnitude of 
accleration. We can identify all the forces acting on all objects. Only tension T in string S, is 
unknown force all other forces are known. 

T. 
b -| s 
Considering FBD 4 r—[w] 


We know from part (a) that tension in spring is 


T,and T,-4mg 
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Writing Newton s Second Law for A 
4mg - T, - 4ma,' 

Writing Newton s Second Law for B 
T, *mg- T, = ma,’ 

Writing Newtons Second Law for C 
T,= 3m." 


Quantities which may have different value from part (ajare represented using symbol ', for eg a 


tenstion in string s, is T,’, others which have same value as part (a) have been retained with same 
symbol, 


as a 


Practice Exercise 


Q.I — Findextension of spring in equilibrimum condition, all the blocks are of mass m and all springs are of 
spring constant k 


WN 


(i) (ii) 


Q2 Two blocks A and B of mass M and 2M respectively, are hanging from a ceiling by 
means ofa light spring and a light string as shown. If the string between the blocks is 


suddenly cut, tinc, the accelerations of the block A and B. A 
B 
Answers 
Q1 Q2 a-2g:a-g 


Pseudo force 


Motion in Accelerated Frames : 
Till now we have restricted ourselves to apply Newton's laws of motion, only to describe observations 
that are made in an inertial frame of reference. In this part, we learn how Newton’s laws can be applied 
byan observer ina noninertial reference frame. For example,consider a block kept on smooth surface 
ofa compartment of train. 
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Ifthe train acclerates, the block accelerates toward the back of the train. When observed from the train 


we may conclude based on Newton’s second law F= ma that a force is acting the block to cause it to 


accelerate, but the Newton’s second law is not applicable from this non- inertial frame. So we can not 


relate observed accleration with the Force acting on the block. 

If we still want to use Newton's second law we need to apply a psuedo force, acting in back- 
ward direction, ie opposite to the aceleration of noninertial reference frame. This force explains the 
motion of block towards the back of train. The fictious force is equal to—ma , where à isthe accelera- 


tion of the non inertial reference frame. Fi 


tious force appears to act on an object in the same way as a 


real force, but real forces are always interactions between two objects, on the other hand there is no 


second object fora fictitious force. 


pseudo fore 


»--má, 


where a, is acceleration of non inertial reference frame 


1 force. Wher mof 


Thus 
a mass, with respect to an inertial frame of reference we apply only the real forces (forces which are 


we may conclude that pseudo force is not a we draw the free body diag 


actually acting on the mass), but when the free body diagram is drown from a non-inertial frame of 


reference a pseudo force (in addition to all real forces) has to be applied to make the equation 


ne also. 


F 


mii, valid in this 


Suppose a block A of mass m is placed on a lift ascending with an acceleration a, Let N be the 
normal reaction between the block and the floor of the lift Free body diagram of A is shown 


in figure. 


© [o 


m XA. Ground 
ad 


for observer I (Inertial reference frame): N-mg-ma 


For observer 2 (Non inertial reference frame): 


N=mg+ma 
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Mlustration : 
A small ball of mass m hangs by a cord from the ceiling of a compartment of a train that is 
accelerating to the right as shown in Figure. Analyze the situaions for two observers A & B. 


Sol — The observer A on the ground, is inertial Frame. He sees the compartment is accelerating and 
knows that the horizontal comp. of tension in the cord provides the ball, required horizontal force. 
The noninertial observer on the compartment, can not see the car s motion, he is not aware of its 
acceleration. He will say that Newton’ second law is not valid as the object has net horizontal 
force (the horizontal component of tension) but no horizontal acceleration. 


For the inertial observer, ball has a net force in the horizontal direction and is in equilibrium in 
the vertical direction. For the noninertial observer, we apply fictitious force towards left and 
consider it to be in equilibirium. 


According to the inertial observer A, the ball experience two forces, T exerted by the cord and 
the weight 


Applying, Newton s second law in in horizontal and vertical direction we get 
Inertial observer TsinÜ -mg = 0 G) 
TeosO = ma (ii) 


According to the noninertial observer B riding in the car (Fig. b), the ball is always at rest and so 
its acceleration is zero, The noninertial observer applies a fictitious force in the horizontal direc- 
tion of magnitude ma towards left. This fictious force balances the horizontal component of T 
and thus the net force on the ball is zero. 


Apply Newton 5 second law in horizontal and vertical direction we get 
Noninertial observer Tsin@ -mg = 0 
Tcos0 -ma = 0 
These expressions are equivalent to Equations (1) and (2), 


The noninertial observer B obtains the same equations as the inertial observer. The physical 
explanation of the cord s deflection, however, differs in the two frames of reference. 


Illustration : 
All surfaces are smooth in following figure. Find F, such that blcok remains stationary with respect 
to wedge. 
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F 
Sol Acceleration of (block + wedge) a = (y c) 
Let us solve the problem by both the methods. 
From inertal frame of reference (Guound) 

FBD of block w.rt. ground (Apply real forces) 


With respect to ground block is moving with an acceleration ‘a 


EF,=0 = Neos0=mg (i) 
and SF, ma > N sin 0 — ma (ii) 
From Equation (i) and (ii) 
a=gtan0 
F=(M+ma 
(M + m)g tan 0 
From non-inertial frame of reference (Wedge) 


FBD of block w.r.t. wedge (real force + pseudo force) 


Neos 0 
F=mg Nsin 0 
wirt, wedge block is stationary 
=F 0 > N cos 0 = mg (iii) 
and EF ma > N sin 0= ma (iv) 


From equation (iii) and (iv), we will get the same result 
F = (M + mjg tan 0 


Illustration: 
There is no friction at any contact. Wedge is free to move 


Find force acting on wedge due to block. Also find acceleration of wedg 


e 


Sol — You may want to directly reach to conclusion that answer is m g cos ©. but it is being solved in 
refrence frame of wedge which may be acclerating. Horizontal component of normal contact 
force applied by block on wedge will accelerate the wedge. Thus refrence frame attached to 
wedge is non-inertial refrence frame. 


Acceration vector of block in ground frame is sum of acceleration of wedge and acceleration of 


block wrt, wedge (à, ) 
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Consider F.B.D of wedge. Take horizontal component of normal contact force and apply Newton $ 


2" Law 
N sin O= m, a, 


Consider F.B.D. of block and acceleration vector of block, Take horizontal and vertical compo- 


nent of forces and acceleration and apply Newton s second law 
a, = a, cos 0-a, 
a, =a,„sin0 

N sin 0 =m, (a,, cos 0~a,) 


m, - N cos 0 7 m, (a,, sin ) 


y 
Solving we get 
mm;g cosó 
N (m, +m, sin’ 0) 
mg cosO sind (m, - m, )gsin 
a a 


(m, +m, sin? 0) (m, sin? 0 +m,) 


Friction 


Frictional forces are unavoidable in our daily lives. If we were not able to counteract them, they would 
stop every moving object and bring to a halt every rotating shaft. About 20% of the gasoline used 
ie and in the drive train on the other hand, if friction 


an 
automobile is needed to counteract friction in the en; 
were totally absent, we could not get an automobile to go anywhere, and we could not walk or ride a 


bicycle. We could no hold a pencil, and, if we could, it would not write. Nails and screws would be 
useless, woven cloth would fall apart, and knots would untie. 

When surfaces slide or tend to slide over one another, a force of friction acts. Friction is caused by the 
in mutual contact, and it depends on the kinds of material and how much they 
at 


irregularities in the surfac 
are pressed together. Even surfaces that appear to be very smooth have microscopic irregularities t 
obstructs motion. Atoms cling together at many points of contact. When one object slides against another 
it must either rise over the irregular bumps or else scrape atoms off. Either way requires force. Although 
the details of friction are quite complex at atomic level, it ultimately involves the eletromagnetic force 
between atoms & molecules. 


The direction of the friction force is always in a direction opposing relative motion, An object 
sliding down an incline experiences friction directed up the incline; an object that slides to the right 
experiences friction toward the left. Thus, ifan object is to move at constant velocity, a force equal to the 


opposing force of friction must be applied so that the two forces exactly cancel each other. The zero net 
force then results in zero acceleration and constant velocity. 


Static Friction 


Static friction acts when two contact surfaces are not moving N 


relative to each other. For example, consider a block on a 


horizontal table, as in figure. If we apply an external horizontal 


force F to the block, acting to the right, the block remains 
stationary if F is not too large. The force that counteracts F and 


onal F=f, As long as the block is not moving 


keeps the block from moving acts to the left and is the fr 
force f. As long as the block is not movng, f= F. Since the 
block is stationary, we call this frictional force the force of static 
friction, f. 

If we keep two books one on top the other and now we slowly 
push the lower book, both the books move together, the force 


moving the upper book is friction. Since the 


books are moving with respect to ground but they are not moving 


with respect to each other, this force of friction between two 


books is of static nature. 
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Similarly when we walk on ground the friction force acting on =, 
f 


the foot is of static nature. You may be suprised but the foot 


contact with ground is not moving while gi 


the other foot is moving. During this time friction acting between. 


foot and ground is static friction. 


If we are increasing our speed then static friction is acting in 
forward direction. This happens because we try to pull our leg 


backward while walking in forward direction. This means foot 


is trying to move in backward direction with respect to 


and ground applies friction in forward direction 


Static friction is self-adjusting and it opposes the tendency of relative motion 


In fact, in the previous case of books also, we can si 


that static friction acting in forward 


direction on upper book has given it some motion soit 


can move with the lower book. Another point to 


be noted here is that even by third law, pair of static friction is opposing relative motion by trying to slow 


N 


down the lower book (which is being accelerated externally) 


for example in figure we assume that the block is stationary and 


we can see that static friction is acting in such a direction so as 


to oppose the rel 


iv 


motion. F represents extemal force and 


f, represents friction. LEGE 


xck is stationary due to static friction 


The magnitude of the static friction between any two surfaces in contact can have the values 


f 


[UM 


nt of static 


where the dimensionless constant p, is known as the coeffici ction and F, is the magnitude 
of the normal contact force exerted by one surface on the other. The equality in equation holds when the 
surfaces are on the verge of slipping, that is when f, —f,... =1,F,, This maximum value off, is called 
limiting friction. This situation is called impending motion. The inequality hold when the surfaces are not. 


on the verge of sliping. Maximum strength of the joints formed is directly proportional to the normal 


contact force, that is f... x Fy 


Maximum strength also depends on the roughness of contact surface f... (also called f 


lii) T 
HN. Magnitude of static friction is self-adjusting such that relative motion does not start (but still it has 


maximum value). 


Let us say we are applying force F on a block kept on horizontal rough surface with coefficient of static. 
friction p, =0.1 & mass of block is 5 kg. When applied F is less than 5 N the value of static friction is 
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equal to the applied force, not SN, Itis the maximum value of friction. But when applied force F is equal 
105 N, the value of static friction is SN 


Illustration : 


A block lying on a horizontal surface is pulled by a force of 0.1 N but the block does not move i.e., 


remains at rest. Find friction force 


Sol, To analyse the frictional force on the block we proceed as follows. 


pan 
As the block remains at rest, the force of static friction is balancing 
g £ Z> 01N 
the 0.1 N force (the applied force). So the frictional force -0.1 N — fs* 
Illustration : 
4 block lying on a horizontal surface is pushed by forces as shown 
in figure but the block does not move i.e., it remains at rest. DN 
Find the frictional force on the block. "m 


Sol, Net force acting on the block is 3? 4.4? = $N 
As the block remains at rest, the force of static friction is balancing the applied force (5 N) 


Illustration : 


4 block lying on an inclined surface at an angle 30° with the 
horizontal is pushed by force as shown in figure but the block does 


not move i.e., it remains at rest. 


Find the frictional force on the block A 


Sol Two forces are acting on the block along the surface of inclined, first one is mg sin 30" down the 


inclined and second 5 N as shown in figure 


So the net force acting on the block along the surface of inclined is f7, 


=13N 


As the block remains at rest, the force of static friction is balancing the applied force (13 N) 


Illustration : 


A block of weight 100 N lying on a horizontal surface just begins to move when a horizontal force 
of 25 N acts on it. Determine the coefficient of static friction. 
Sol As the 25 N force brings the block to the point of sliding ie., limiting 


friction is 25 N. 
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limiting frictional force = uN N 

From force diagram N= 100 N Nec Dips 
uN-25 =  au-025 * 
/ Tig = 100 N 


Illustration : 
A block of weight 100 N lying on a horizontal surface is pushed by a force F acting at an angle 30 
with horizontal. For what value of F will the block begin to move if u, = 0.25 ? 

Sol Consider the force diagram of the block at the moment when it is just to start moving. 


Balancing force F 


= mg + F sin 30 38 


cos 30°= p, N 


F = cos 30°= p (mg + F sin 30) 


F mg 
mg 0.25(100)2 UN | 


cos30"-u,sin30" — J3—0.25 i 


F-3374N 
t 


Kinetic friction 
Kinetic friction acts when there is relative motion between two surfaces in contact. It acts always opposite 


gure. The 


in see in fi 


tothe relative velocity as we ca nagnitude is not self-adjusting as in static friction, itis 


always is equal to p, Fy 


A ms Žž © A A 


B Lm. B B Hms 


with rspect to B. with respect to A 


Experimentally, we find that, to a good approximation, both f, and f, are proportional to the 


magnitude of the normal force. The following empirical laws of friction summarize the experimental 


observations 


1 The magnitude of the force of kinetic friction acting between two surfaces is 


f= HN 


where p is the coefficient of kinetic friction. Although the coefficient of kinetic friction can vary with 
speed, we shall usually neglect any such variations in problems. 


2. Thevalue ofp, and p, depend on the nature of the surfaces 
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14 is generally less than p, 


The actual value depends on the degree of smoothness and other environmental factors. For example, 


wood may be prepared at various degrees of smoothness and the friction coefficient will vary. Dust 


impurities, surface oxidation etc, have a great role in determining the friction coefficient. Suppose we 


take two blocks of pure copper, clean them carefully to remove any oxide or dust layer at the surfaces, 


heat them to push out any dissolved gases and keep them in contact with each other in an evacuated 


chamber at a very low pressure of air. The blocks stick to each other and a large force is needed to slide 


on over the other. The friction coefficient as defined above, becomes much larger than one this is called 
cold welding. Ifa small amount of air is allowed to go into the chamber so that some oxidation takes 


place at the surface, the friction coefficient reduces to usual values. 


The direction of the friction force on an object is parallel to the surface with which the object is in contact 


and opposite to the motion (kinetic friction) or the tenden 


y of motion (static friction) of the object 


relative to the surface. 


‘The coefficients of friction are nearly independent of the area of contact between the surfaces. We might 


expect that placing an object on the side having the more area might increase the friction force, While this 


the weight of the object is spread out over a lar a, so that the 


provides more points in cont rar 


individual points are not pressed so tightly together. These effects approximately compensate for each 
other, so that the friction force is independent of the area. So those extra wide tires you see on some cars. 


provide no more friction than narrower tires. The wider tire simply spreads the weight of the car ove 


more surface area to reduce heating and wear. Similarly, the friction between a truck and the ground is 


the same whether the truck has four tires or eighteen! More tires spread the load over more ground area 


and reduces the pressure per tire. Interestingly, stopping distance when brakes are applied is not affected 


by the number of tires. But the wear that tires experience, very much depends on the number of tires. 


Various mechanical configurations (left) and the corresponding free-body diagrams (right). 


The term rough here means only that the surface is not frictionless. 


A block is pulled by force F 
to the right on a rough mg 
horizontal surface 
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A block is pulled up the rough incline 


z 
-z 


Two blcoks in contact, pushed by the force F 
to the right on a frictionless surface 


Two masses connected by a light cord. 
The surface is rough and the pulley is frictionless 


Mlustration: 
4 hockey puck on a frozen pond is given an initial speed of 20.0 m/s. If puck always remains on 
the ice and slides 115 m before coming to rest, determine the coefficient of kinetic friction between 
the puck and ice. 

Sol Imagine that the puck in figure slides to the right and eventually comes to rest. The forces acting 
on the puck after it is in motion are shown in figure first, we find the acceleration in terms of the 
coefficient of kinetic friction, using Newton’s second law. Knowing the acceleration of the puck 


and the distance it travels, we can then use the equation of knematics to find the numerical value 


3e 


of the coefficient of kinetic friction. 


Defining rightward and upward as our positive directions, we apply Newton s second law in 


component form to the puck and obtain 


Motion 
IMP 


XF, =- f, = ma, () 
XF-N-mg-0 (a, - 0) D 
But f, = uN, and from (2) we see that N = mg. Therefore, 
(1) becomes 
uN =~ umg = ma, 
a, =~ Hg 
The negative sign means the acceleration is to the left in figure because the velocity of the puck 


is to the right, this means that the puck is slowing down. The acceleration is independent of the 


mass of the puck and is constant because we assume that u, remains constant. 
Because the acceleration is constant, we can use Equation v! = wè + 2as 


O= +2aS =u - 2ugS v-0 


JgS 


(20.0m/s?F 


P — = 0.136 
2(9.80m/s? (115m) 


n, 
Illustration : 
4 5 kg block slides down a plane inclined at 30" to the horizontal. Find 


(a) The acceleration of the block if the plane is frictionless. 


(b) the acceleration if the coefficient of kinetic friction is 0.2. 


Sol. (i) 


= mg cos 30 dik 


mg sin 30" = ma r 
ean (mg cos 3¢ 
a = g sin 30°, g cos 30 


down the plane if plane is smooth 


a =g/2 =4.9 m/s 
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(ii) 7 mg cos 30' N 
mg sin 30" — pN = ma P 
a — gsin 30°— pg cos 30 mpsinag 
a 7 320 m/s 
Mlustration : 


5 kg block projected upwards with an initial speed of 10 m/s from the bottom of a plane inclined 


at 30° with horizontal. The coefficient of kinetic friction between the block and the plane is 0.2 
(a) How far does the block move up the plane ? 
(b) How long it move up the plane ? 

Sol — While the block is moving up the frictional forc acts downward. 
As the block is slowing downs, the velocity and acceleration must be in opposite direction. 


Velocity in this case is upwards, so acceleration is in downward direction. 


Ing cos30" 
mg sin30"+u mg cos30 
the megnitude of acceleration g (sin 30° + u mg cos 30 
m 


>  a--g(sin 30° + u mg cos 30") =~ 6.6 m/s 


For the motion of block from the bottom to up the plane 


u= + 10 m/s v! =u! + Zas, we get 
O = 10° + 2 (-6.6) (s) > s=758m 
vu tat 
0710-661 > — 17 L5seconds 


Hence the block moves up the plane for 1.5 sec covering 


Illustration = 
A block of mass m, on a rough, horizontal surface is connected to a ball of mass m, by a lightweight 
cord over a lightweight, frictionless pulley, as shown in figure. A force of magnitude F at an angle 
D with the horizontal is applied to the block as shown. The coefficient of kinetic friction be tween 


the block and surface is u, . Determine the magnitude of the acceleration of the two objects. 
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Sol. 


The block will side to the right and the ball will rise. We can identify forces and we want an 
acceleration, so we categorize this as a Newton s second law problem, one that includes the 
friction force. To analyze the problem, we begin by drawing free-body diagrams for the two objects 
«as shown in figure and Next, we apply Newton s second law in component from to each object 
and use Equation f, = up. Then we can above for the acceleration in terms of the parameters 
given 

This applied force F has x and y components F cos 0 and F sin 0, respectively. Applying 
Newton s second law to both objects and assuming the motion of the block is to the right, we 


obtain. 
Motion of block SF, = F cos 0- f, mg,- ma () 
SF, =N+Fsin0- mg=ma,~0 Q 
Motion of ball IF ma -0 
IF -T-mg-ma -ma B) 


Because the two objects are connected, we can equate the magnitudes of the x component of the 


acceleration of the block and the y component of the acceleration of the ball. From Equation we 
know that f,= uN, and form (2) we know that N m g — F sin 0 (in this case n is not equal to 
m,g) therefore, 
f, 7 um g — F sin 0) (d) 
That is, the friction force is reduced because of the positive y component of F. Substituting (4) and 
the value of T from (3) into (1) gives 
F cos 0— p, (mg — F sin 0) - m, (a + g) = M,a 
Solving for a, we obtain 
F(cos0 + 4ysin0 ) - g(m; + um, ) 


a (5 
E mj*m; 4 


The acceleration of the block can be either to the right or to the left’ depending on the sign of the 
numerator in (5). If the motion is to the left, then we must reverse the sign of f, in (1) because the 


force of kinetic friction must oppose the motion of the block relative to the surface. 


Illustration : 


Sol. 


A horse pulls a sled along a level, snow-covered road, causing the sled to accelerate, as shown in 
figure. Newton s third law state that the sled exerts a force of equal magnitude and opposite 
direction on the horse. In view of this, how can the sled accelerate — don't the forces cencel ? 


Under what condition does the system (horse plus sled) move with constant velocity 


Remember that the forces described in Newton’s third law act on different objects the horse 
exerts a force on the sled, and the sled exerts an equal magnitude and oppositely directed force on 
the horse. Because we are interested only in the motion of the sled, we do not consider the forces 
it exerts on the horse. When determining the motion of an object, you must add only the forces on 
that object. (This is the principle behind drawing a free-body diagram.) The horizontal forces 
exerted on the sled are the forward force T exerted by the horse and the backward force of 
friction f... between sled and snow. When the forward force on the sled exceeds the backward 


force, the sled accelerates to the right. 
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The hor 


and the backward tension force T exerted by the sled. The resultant of these two forces causes the 


tal forces exerted on the horse are the forward force ,,,,. exerted by the earth 


horse to accelerate. 


The force that accelerates the system (horse plus sled) is the net force f, „~f; When 


fynn, balances f, the system moves with constant velocity 


EX 


fay (©) D 


Illustration = 


A block of mass 'm' is supported on a rough wall by applying a force P as shown in figure 
Coefficient of static friction between block and wall is ji. For what range of values of P, the 


block remains in static equlilibrium ? 


Sol Impending state of motion is a critical border line between static and dynamic states of body. The 
block under the influence of P sin 0 (Component of P) may have a tendency to move upward or 
it may be assumed that P sin® just prevents downward fall of the block. Therefore there are two 


possibilties 


Case (i) Impending motion upwards : In this case force of friction is downward. 
from conditions of equilibrium y 
EF,-N-Pcos 0-0 ] 
Ne Å 
or N = P cos 0 x 
EF =P sin 0- uN -mg = 0 m | | 
or P sin 0- uP cosó mg = 0 te 


P sind uN 
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mg 
in Ps = sin — pcosO 
Case (ii) Impending motion downward : In this case friction force acts upward. 
EF_=N-Pcos 0=0 " 
or N - Pcos 0 
EF =Psin@+ uN-mg=0 | 
or P sind + uP cosü— mg = 0 s : 
mg » 1 
d Pam 7 sini uos Pes | | 
P sind 


Therefore the block will be in static equilibrium for 


mg mg 


sin0 + ucos ^ sin0 — ucos 


Practice Exercise 


Q4 


You press your physics textbook flat against a vertical wall with your hand. What is the direction ofthe 


friction force exerted by the wall on the book? 


A crate is located in a truck. The truci lerates to the east, and the crate moves with it, without 


sliding. What is the direction of the friction force exerted by the crate on the truck ? 


A block lies on a floor. (a) What is the magnitude of the frictional force on it from the floor ? (b) 


horizontal force of 5 N is now applied to the block, but the block does not move, what is the magnitude 
of the frictional force on it ? (c) Ifthe maximum value of the static frictional force on the block is 10N, 
will the block move if the magnitude of the horizontally applied force is 8 N ? If itis 12 N ? (d) What is 


the magnitude of the frictional force in part (c)? 


A 1 kg hanging block is connected by a string over a pully to a 2 kg block sliding on a flat table. If the 


nt of sliding friction is 0.20, find the tension in the string. 


A25 kg block is initially at rest on a horizontal surface. A horizontal force of 75 N is required to set the 
block in motion. After it is in motion, a horizontal force of 60 N is required to keep the block moving with 


constant speed. Find the coefficients of static and kinetic friction from this information. 
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Q.6 — Twoblocks connected by a massless rope are being dragged by a horizontal force F. Suppose that F 
18 kg, and coefficient of kinetic friction between each block and the surface is 


0.10. (a) Find the magnitude of the acceleration of the system. 


m = 
Answers 

Q1 upward Q.2  tothewest Q.3 — (30; (b)5; (c) No, yes (d) 8,10 

Q4 T-8N, Q5 q-034-024 Q6 =I mis? 


Graph of frictional force versus applied force 
Figure shows a block of weight mg resting on a rough surface. A horizontal force is applied to the block. 
Force P is gradually increased from zero. 


When for small, the block does not move form condition of equilibrium, 


| 


Pis ver 


Lop 


XF,-P-F 0; F P 


IF, =N-mg=0;N = mg 
Friction force counter balance external force, till the block is static. This friction force is static friction. As 
external force is increased, static friction also increases. 
As the force P is gradually increased, a limiting point is reached where friction force F is not sufficient to 
prevent onset of motion. When the block is about to move, the state of motion is called impending state 


of motion. At this point friction force has maximum value and given by the equation 


[NETS 


F (friction) 


where p, is coefficient of static friction, N is normal reaction. 


If force P 
resultant froce P—F,.. on it. The block will accelerate n 


greater than F, „, the block will have a 


in the direction of resultant force when sliding motion 


starts. At this moment friction force is given by 


F-uN P (applied force) 
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Where p, is coefficient of kinetic friction. The figure 
shows variation of friction force versus external force 


graph. 


Angle of friction () 
Mathematically, the angle of friction (6) may be defined as the angle between the normal reaction N and. 
the resultant of the maximum friction force fand the normal reaction. 


f aN 
Thus tanġ= N 
Since f= pN, therefore, 
tanġ=p 


Angle of Repose 


Suppose a block is placed on a rough surface inclined relative to the horizontal, as shown 


figure. The 


incline angle is increased until the block starts to move. The angle 0 for which slipping just occurs is 


angle of repose. 


The only forces acting on the block are the gravitational force mg, the normal force N, and the force of 


static friction f,. These forces balance when the block is not moving. When we choose x-axis to be 


parallel to the plane and y perpendi. 


ilar to it, Newton's second law applied to the block for this balan 


situation gives 
EF, =mgsin0-f,=0 a) 
ZF, =N -mg cos 0=0 Q) 


We can eliminate mg by substituting mg = NcosO from (2) into (1) to find 


N 
f =mgsind= [7] sino Nuno (3) 


When the incline angle is increased until the block is on the verge of slipping, the force of static friction 
has reached its 


aximum value ji N. The angle 0 in this situation is the critical angle 0. and (3) become 
HN=Ntan 0, 
1i, 7 tan, 


this 0, called angle of repose 


46 


Atthis angle inclined we feel net force on the block is zero and it will move with constant velocity but, if 
pushed. If block is pushed slightly then it moves with acceleration because frictional force on the block 
will decrease. (p, < p,) 


Application Automobile Antilock braking system (ABS) 
(Topic for interest) 
ona road surface, then the maximum friction force that the 


Ifan automobile tire is rolling and not slippir 


road can exert on the tire is the force of static friction p, One must use static friction in this situation 
because at the point of contact between the tire and the road, no sliding should occur, However, if the 
tire starts to skid , the friction force exerted on it is reduced to the force of kinetic friction ji. Thus, to 
maximize the f 


tion force and minize stopping distance, the wheels must maintain pure rolling motion 
and not skid, In directional control situations drivers typically press the brake very hard, “locking the 
brakes.” This stops the wheels from rotating, ensuring a skid and reducing the friction force from the 
static to the kinetic value. To address this problem, automotive engineer have developed antilock braking 
systems (ABS). The purpose of the ABS isto help maintain control of automobiles and minimize stopping 


distance. The system briefly releases the brakes when a wheel is just about to stop tuming. This maintains 


rolling contact between the 


and the pavement. When the brakes are released momentarily, the 


stopping distance is greater than it would be, ifthe brakes were being applied continuously 


Practice Exercise 


Q.1 — Ablock of mass m=3 kg is experiencing two forces acting on it as shown, 


If F,=20 N and 0 = 60°, determine the minimum and maximum values of F, 


so that the block remains at rest. (Take:1=1/./3 andy, 7 1/3, g7 10m8) 


A block, of mass m slips on a rough horizontal table under the action of a horizontal force applied to it. 
The coefficient of friction between the block and the table is p. The table does not move on the floor 
Find the total frictional force applied by the floor the legs of the table. 


Answers 


QJ  1043N, 20-10V3N, 2N, let Q2. img 


Block over block problems 


Consider two block kept one over the other as 


shown in Figure where m, is kept on top of m, 


Let's say coefficient of friction between m, and 
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T 
m, is pi and between m, and ground is i, - 0. 
To find acceleration of m, and m, we make m |r *f 
their free-body diagrams and write Newton's ae 
second law ng 
Alongyaxis 

Fy, -mg=0 and Fy F, =0 
Solving the two gives, 

mg=0 and Fy, =(m,+m,)g 


Along x axis 
P-f,7 mg, and f,=m,a, 


Also we know <p Fy, 


We now have two equation and three unknowns in equation along x direction. This problem cannot be 


solved unless we make some assumptions. 


Case I: If we assume both blocks are moving together then friction between them need not be equal to 
maximum value. Thus, taking a, ~a,, we are down to two unknowns and we can solve the equations, 
but we must verify our answer by checking f, < 44, Fx, . Ifthis check fails we go to next possibility. 

Case II: If we assume blocks are moving relative to each other, then friction between them must have 


reached maximum value (Kinetic friction) 
a, #a,but f, = 41, Fy, 


gain we get two unknowns and two equation. We can solve it, But we 


nust verify our answer. We will 


check the answer by verifying that friction is opposite to the direction relative motion. 


Illustration : 


Sol, 


A block of mass m is placed on another block of mass M lying on a 
smooth horizontal surface. The confficient of static friction between 


m and M is u, What is the maximum force that be applied to M so = 
I 
that the blocks remains at rest relative to each other ? — 


Draw the force diagrams of blocks at the moment when F is at its maximum value and m is about 
to slide relative to it. 


N 


TiN 


Frictional force between m and M = uN 
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(N ; normal reaction between the block) 


Due to the friction, M will try to drag m towrds right and hence frictional force will act on m 
towards right. 


Let a = acceleration each block 
R = normal reaction between M and the surface. 
Frome force diagram of m 
N=mg 
uN = ma 


From force diagram of M: 


"T 


"LL 


Em 


+Mg =R 


uN = Ma 


combining these two equation, we get 


F (m+ M)g 


Hence y, (m + M) is the critical value of force F 


IF is greater than this critical value, m begins to slip relative to M and their acceleration will be 
different. 


If F is smaller than this critical value, m and M move together without any relative motion. 


Mlustration : 


A block of mass m is placed on another block of mass M lying on a 


smooth horizontal surface. The coefficient of static friction between m |F 


m and M is 44, What is the maximum force that can be applied to m - 


so that blocks remains at rest relative to each other 


Sol — Imagine the situation when F is at its maximum value so that m is about to start slipping relative 
to M. 


The mass m tries to drag M toward right due to frction. 


AN 
From forces on n D 
vom forces on m TE 

F- uN = ma + 

N=mg ~~ 
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From forces on M 
uN = ma 


F „ax =M, (m + Mg 


Solving these equations, we get 
Hence frictional force on M exerted by m will be towards right | 
N 


Let a = magnitude of acceleation of blocks towards right 


(m+ Mymg el] 


mar M 


If F is less than this critical value, the blocks stick together without any relative motion. 


If F is greater than this critical value, the blocks slide relative to each and their acceleration are 


different. 


Illustration : 


Sol, 


Friction coefficient between the blocks is 0.5 and ground is smooth if force of 30 N is applied on 
the upper block as shown. Find acceleration of the blocks 


A kg —e 30N 


m=0.5— 


B 10k 
Smooth —> 


Maximum friction force between blocks is 25 N (fy, = HN = umg = 0.5 * 5 * 10) and ground is 


smooth. Block B must move because some force on upper surface will act on it 


Block B can either move with same velocity and acceleration as block A or it can move relative to A. 


Let's assume block B moves with block A and solve. 
Making free-body diagram as shown in figure and applying Newton s second law, we get 


A 
Skg 30N 


(for A) 
(for B) 


Solving we get, 
a= 2 m/s and f= 20N 


Now check if this acceleration is possible by verifying f <f, 
f=20<25 


Hence our assumption is true. 
We can try by assuming they are not moving together and solve the equations to get an absurd 
result. 
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If we assume they are moving separately, friction attains maximum value. 
Again making free-body diagram 


A| Skg [-—*30N 


EI 


B| 10kg 


If we look at block A from reference from attached to block B we get 
aug =a,- ap = LS m? 
that is block A will be moving towards left and friction on it also acting in the same direction, This 


is not possible as friction must oppose relative motion. 


Illustration : 
Friction coefficient between the block is 0.5 and ground is smooth. If force of 60 N is applied on 
the upper block as shown in figure find acceleration of the blocks. 


Ske 60N 


Let assume they have same acceleration. The value of acceleration is 60/(10+5) = 4 m/s" 


Making free-body diagram 
A 
Skz ooN 


B| 10kg 


Writing Newton’ second law, 


60-f= (for A) 


f-10*4-40N  (forB) 


Solving we get, a = 4 m/s? and f = 40 N while limiting value of friction is 25 N, hence our 


assumption is wrong. 
Let's say they are not moving together. Then the free-body diagram 


Writing Newtons second law, 


60-2 


10a, 
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If we look at block A from frame attached to block B we will find it is moving toward right and 
friction is acting towards left. This is satisfying friction s tendency to oppose relative motion. 


Illustration : 


Friction coefficient between block is 0.5 and between ground and 10 kg block is 0.2. Find 
acceleration of blocks if force F = 40 N is applied on 5 kg block as shown in figure 


Sol — First we find the values of limiting friction at all contact surfaces (f, pa) 


f,,,, between blocks f, = 0.5*5*10 = 25 N 


between 10 kg block & ground, f, = 0.2*15*10 = 30 N 


The only driving force that the block B can experience is the one applied by the lower surface of 
block A on block B. 
The maximum value of this force is 25N. This is lower than the minimum force required to move 


with respect to ground f, 0.2 * 15 * 10 = 30 N Hence only the block A will move 


5 kg e 40N 


IP 


a 


f 7 47 3 m/s), ay = 0 m/s 


Solved Example 


Sol 


Sol. 


Q3 
Sol 


Block A of mass m/2 is connected to one end of light rope which passes over a 
pulley as shown in the Fig. Man of mass m climbs the other end of rope with a 
relative acceleration of g/6 with respect to rope. Find acceleration of block A and 


tension in the rope. 


FBDofblock FBD of man 


P ud hl 


(2g 


a and a, are w.rt ground. 
aa, 7 g/ó 


m m 
tT > 2" 

13 4 
T-mg-ma onsolvingaboveequations we get T= Tg Mg anda, = 52 


Paragraph for question nos. 2 to 4 
A body of mass m = 1.8 kg is placed on an inclined plane, the angle of inclination is a = 37°, and is 
attached to the top end of the slope with a thread which is parallel to the slop. Then the slope is moved 
with a horizor 


soeleration ofa. Friction 


is negligible. 


3 
Find the acceleration if the body pushes the slope with a force of ^ mg? 
um " 155.3 FBD of block wit wedge 

mg cos 37°—ma sin 37°= 7 mg ; N 

i 

$ " 
a-7 mí? 

6 m 


Find the tension in thread ?: 
T=mg sin 37° + ma cos 37° 
T=12N 
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Q4 
Sol. 


Sol. 


Sol. 


At what acceleration will the body lose contact with plane? 
N=mgcos 37° 


(for lose contact N = 0) 


mg cos 37° - ma sin 37° 


40, 
as ms 


Inthe figure, block'A' of mass'm'is attached to one end ofa light spring and the 
other end of the spring is connected to another block'B' of mass 2m through a 
light string. 'A' is held and B is at rest in equilibrium. Now A is released. The 
acceleration of A just after that instant isa’. The same thing is repe: 
In that case the acceleration of'B' is 'b', then value of'a/bíis.......? 


When Ais held, B will be at rest in equilibrium, if kx =T 
Now, just after A is released 


IE 
[^] , m 
I a m s 
When B held and A in equilibrium, 
T=kx=mg 
p 
g-mg 
After B is released, T b b= TTE Len 


ab-2 


Two monkeys of masses 10 and 8 kg are moving along a vertical rope, the 
formerclimbing up withan acceleration of 2m/ while the latter coming down 
with a uniform velocity of 2m/s. Find the tension in the rope at the fixed 
support. 


"p, 
36] | 


FBD of monkey (1), 


mg=ma > 


4 
I 


FBD of monkey (2). F,-mjg-10*8-80N 
B 
FBD of rope Wu 
Durs 


Tension = F, +F, = 120 + 80 = 200 N 


bam 
LL 


m,(g +a) = 10(10 + 2)= 120N 
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Q9 


Sol. 


Q10 


The pull F is just sufficient to keep the 14N block in equilibrium as shown. 
Pulleys are ideal. Find the tension (in N) in the upper cable. 


T, = 21, =4F 


T=2T,=8F ^ W(=14N) 


For equilibrium of block T, +T,+T,=14 = 7F=14 > 


T=8F=16N 


Find the acceleration of rod A and wedge B in the arrangement shown 


in fig. ifthe mass of rod equal that of the wedge and the friction between 


all contact surfaces is negligible. Take angle of wedge as 45°. 
-— E 
: asaj 
pam V4 H 
/ fE 
Ndsp/V2 


Perpendicularto the plane of contact displa 


ds, ds, 
ds, 7 ds, 


Differentiating, ay =a, =a (Let) 


nz mg-N/X2- ma (1) 
| NA2-ma (2) 
Equation (1) + (2) 

= mg=2ma 


icement must be. 


Upper 
cable 


ime. 


A bar of mass m, is placed on a plank of mass m,. which rests on a smooth horizontal plane. The 
coefficient of friction between the surfaces of the bar and the plank is equal to p. The plank is subjected 


to the horizontal force F depending on time tas F —at (a is a constant), 
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Sol. 


m Lr 


Find (a) the moment of time t, at which the plank starts sliding from under the bar and (b) the acceleration. 
of the bara, and that of plank a, during motion. 

does the static friction force f. However, the friction force f has the limiting 
,£. Unless this value is reached, both bodies move together with equal accelerations. 
Butas soon as the force f reaches this limit, mass m, starts sliding under mass m, 


the force F grows, 
value f... =H 


Let us make fi 


-body diagram 


Writing Newton’s second law for the plank and the bar, having taken the positive direction of the x axis 


f=m, a, F—f=m,a, 


Acceleration of m, must be always greater than or equal to the acceleration of m, that is a, 2 a, where 
the equality corresponds to the moment t=t,. Hence, when f= um, g, then sliding begins. Putting f 
ume. 


t= (m, ^ mj) 


When t <t, then 


at 


77 (mem) 


and when t^ t, then they seperate. Only force acting on m, is friction, whose value is constant, 
Thus a, = pig 7 constant 
Now m, is experiencing force F and constant friction 
thus, at- um,g - ma, 
Solving we get 
(at- umg) 


a= 
B m 


You may have been tempted to think that when external force F (=at) is equal to um, slipping will 
being. You can check that at this instant t, they are moving with same acceleration. 


at,-umg 
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QI 


Sol 


(A) 


(B) 


Let's find force of friction between the blocks at this instant. 


umg-f-mja 


ma 


Solving for friction 


umg 


f= | m, ) 
m, 

Since friction is less than the limiting value, slipping has not yet begun. 

Blocks are given velocities as shown at t= 0, find velocity and position of 10 kg block. 


(A) att= 1 see 


(B) att =4 se 


40+T=10a ; 50-T=Sa a=6m/s* 
u i a--6 
v-12-6*1-76ms; s-12x1-3x1-9m 


would also have changed thus direction and acceleration will change. 


u 6 (tll velocity becomes zero) 
v=0 >  v-2sc — is-2*2-3x4-12m 
nowFBD 2 fe M 

Er " 
50- T- 5a 
T -40 - 10a 


2/3 m/s? 


u=0,a=2 


DIES 


total displacement 12.— 
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Centre of Mass, Momentum & Collision 


Introducti 


n 


Until now we have been mainly concemed with the motion of single particles. When we have dealt with 


an extended body (that is a body that has size), we assumed that it can be approximated to be a point 


particle or that it underwent only translational motion. Real "extended" bodies, however, can undergo 
rotational and other types of motion as well. For example, if you flip a pen in air, you will find that its 
motion is indeed very complex as every part of the pen moves in a different way. Therefore, a pen can 
] 
that one of the special points of the pen moves in a simple parabolic path, as if pen's entire mass is 


not be represented asa particle, but as a system of particles. However, if you closely look, you will 


concentrated there. That point is called the ‘center of mass’ of the pen. Thus, precisely speaking centre 


of mass is the location where the entire n 


ass of system of particles is assumed to be concentrated. 


centre of mass is an imaginary point, which may or may not be located on the system. 


To locate, centre of mass, of a bod 


, balance the body (let us say pen) on outstretched fi 
is centre of mass of the pen. 


1. The point 


on the axis, above your fin 


When a for 


e is applied on a body apart from the magnitude & direction of Ẹ the motion of the body 
also depends upon the point of application, 

i 

m 


Thus, j= mi is not valid for all particles but fora special point i.e. centre of mass, à, 


Also, ifa force is applied along a line passing through the centre of mass of the body, all the particles of 
the body move with same linear velocity and a 


Centre of mass is useful concept and itc: 
an example to understand this point. 


reduce the effort to solve many difficult problems. Let’s see 


2 


Illustration: 

Find the potential energy of a uniform rod of mass 'm' & length | kept vertically standing on the 
round. Take potential energy at ground level to be. 
Sol We can not write the potential energy of the rod directly. All the points of the rod are situated at 

different height from the ground. Therefore we divide it into many point masses with potential 

energy of a small mass being dU 
dU = (dm) gy 


ero. 


Total PE, would be the summation of PE. of all the elements from y = 0 to y 7 1. 


> u- Jing» 
Mass of small element, of length dy is dm 
m is mass of length l, 


m 
mass of unit length = 7 
mass of length dy = 7 dy 


m 


dm= T dy 


[ f7 dy y 


LI 


(4) 
mg|5] 

In this case, rather than solving this problem, we could have said that the mass of the rod is 
concentrated at some height Y from the ground. And we shall replace the rod with a point mass at 
that height 

To determine that height y, compare U with Mg Y 


l 
U=MgY=mg 5 


we get Y= 5 


If we had known this position earlier, we could have solved the problem in no time without 
integration. 

This position Y is the center of mass of the rod. Such problem would have been really cumbersome 
for more complicated bodies like ring, disc. sphere, cone etc. but if their centre of mass is known, 
we could have solved them easily without calculations. 

Potential energy was an example, there are many more physical quantities of a system of particles 
which can be calculated by this concept of centre of mass. Now we shall explore the concept of 
centre of mass in detail calculation of its position and application on physical quantities 


Position of centre of mass 


First of all we find the position of Centre of mass of a system of particles. Just to make the subject ea 
we classify a system of particles in three groups 

1. System of two particles 

2. System of a large number of particles and 

3. Continuous bodies. 
Now, lest us take them s 


arately. 


Mass Moment 


Itis defined as the product of mass of the particle and distance of the particle from the point about which 
mass moment is taken. Itis a vector quantity and its direction is directed from the point about which itis 
taken to the particle, as shown in figure, the mass moment of particle A (mass = m) about the point P is 
givenbyz 


P 
There is a important property of centre of mass associated with the mass moments of the components of 
the system which forms the basis of analytical determination of centre of mass ofa system. The property 
is "The summation of mass moments of all the components of a system about its centre of mass is 
always equal to zero”. This statement is an experimentally verified property which does not require any 
analytical proof. It can be used as a universal property in all type of system. 


Position of Centre of mass of two particles 


Consider the situation shown in figure. Two masses m, to m, are separated by a distance /, let C be the 
centre of mass of the system at a distance r, from m, and (/-r,) from m,. According to the property of 
mass moments about centre of mass of system of two particles The summation of mass moments of 
all the components of a system about its centre of mass is always equal to zero we have 


mji«mj-0 


in scalar form, —m,r, +m, r} (asr, is towards left we consider it-ve) 


mr, =m n o) 
nom 
nom 
no m On om 
nén mom é mem 
m,f 


m, +m. 


From equation (i). The distance of 
the mass of the particle (m). 
re I 
m 


ntre of mass from any of the particle (r) is inversely proportional to 


d 
5 ifm, ^ m, i.e. Centre of mass lies midway between the two particle of equal masses. 


Similarly, 
mass. 


n- 


| > ifm, « m, andr, <r, ifm, >m, ie. Centre of mass is nearer to the particle having larger 


2. Definition of Centre of mass for point particles : 


Consider the situation shown in fig 
coordinates (x, y. Z4), (xs. y. 7) and (x 
origin can be given as 


noxityj*tzk  n-xityj*zk 


ure. There are three masses in a coordinate system with respective 
47). The position vectors of these masses with respect of 


xàtyj*tzk 


In this system, we will now locate the position of centre of mass. Let the coordinates of centre of mass 
be (x. ¥z.2,) and so the position vector will be 

nax ityjtzk 
The mass moments of the masses m,, m, and m, about the centre of mass can be given as 


Z-mi-m.(;-zi) z-mi -m.(i-£) 2m -m.(&-r) 


According to the property of mass moments The summation of mass moments of all the components of 
a system about its centre of mass is always equal to zero we have 


2,+2,+2,=0 
m, .(& -£) +m,.(& -£) +m,.(% -1)-0 
On solving we get 


mj *m,f «mj 


m,+m, +m, ui 


This relation can also be generalized for n mass system. Now by substituting the vector in terms of unit 
vectors i, J and k and comparing the coefficients of i , j and k we get 
mie yz) m Gui e y, Jj z. k) e m Gui e yj zk) 


xitydtzk 
m, +m, 


m. 


mx, +m,x, +m,x. 


m, +m, +m. i) 
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my, t my, my, 
kara i (iii) 


mz, *mjz,*mj 
z= 2 
m, +m, +m, e) 


Equation (ii), (ii), (iv) can also be extended to n - objects system. 


mirmiemgr.ang Img 

MFM, +m; tom, ^ Xm, 
mx, +m,x, +m; + 

Thus Zon m, +m, +m, + ‘i 


for the body system this equation reduces to 


mx, +m,x 


m, +m. 


my, +m,y (R2) 


Yom m, +m. a 


Note: centre of mass divides two point masses in inverse ratio of their masses 


Mlustration : 
Two particles of mass 1 kg and 2 ke are located at x = 0 and x=3 m. Find the position of their 


centre of mass 
Sol — Since both the particles lie on x-axis, the COM will also lie on x-axis. Let the COM is located at 
x 7 x, then 
r, = distance of COM from the particle of mass 1 kg = x 
and r, = distance of COM from the particle of mass 2 kg 
G-» 
we know 
mx, + mx 


m, +m. 


Given 


=2em 


As expected, the centre of mass is nearer to the heavier mass. 


using my, + my, 70 
m, (0—x)+ m (3-x) =0 
x+6-2x=0 
2m 


or x 
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Illustration: 


Find the center of mass of the four point masses as shown in figure. 


EEEE 


A system of four point masses 


Sol. — The total mass M = 12 kg, 


Emx Im) 
From equation we have ZW. Jm X, 
(ke)(3m) + (4kg)G3m) + Skg)-4m) &(Ikg)-3m) — -5 
Xem 12k 12" 
(Qkg)(-1m) + (4kg)(3m) + Ske)f4m) &(Ikg)-2m) — 28 
Yem 12kg 12" 
The position of the cm is 7., — 042i  2.3jm 
Mlustration : 


Find the position of centre of mass for a system of particles places at the vertices of a regular 


hexagon as shown in figure 


Sol, 


Copied to clipboard. 


mx0+2mx 


Emy 
Yen Em, 


0 
cam. : (a 0) 


ALITE 
placed at centre of BD. 
Objective 


a 3a 


m+2m+m 


Thus our problem reduces to 


Fo n 
Considering origin at F 
You 70 (Because, centre of mass. of individual system lie on the x-axis as seen in the figure. 
above.) 
ET] 


Xo = a 
centre of mass. 


i.e. at the center of the 


(a, 0) 
hexagon. 


( 
nx0+mx| 


: Masses at A & E can be placed at centre of AE 


( 
2m*| 


ay 


similarly masses at B & D can be 


While calculating centre of mass we can replace bodies by their centre of mass. 


Practice Exercise 


ooo 


Iall the particles of a system lie in X - Y plane, is it necessary that the centre of mass be in X-Y plane’? 
Ifall the particle ofa system lie in a cube, is it necessary that the centre of mass be in the cube ? 
Find centre of mass of a system of three particle kept at the comer equilateral triangle as shown in figure 


Find the center of mass of a barbell consisting of 50 kg and 80 kg weights at the opposite ends ofa 1.5- 
-long bar of negligible mass 


Our sketch of the barbell 


[Hint] Choosing the origin at one the masses here conveniently makes one of the terms in the sum Em,, zero. 


But, as always, the choice of origin is purely for convenience and doesn’t influence the a 


location of the center of mass. 


al physical 


Consider the previous proble 
barbell ren 


at what point must the rod be picked over a knife edge, so that the 
ss horizontal. 


Answers 


(a ay3) 
Yes Q2 Yes Q3  Coordinaesofcentreofmass.:|; , | Q4 092m 


0.92m 


Centre of mass of continuous bodies 


lass Distribution in rigid bodies 


Mass distribution in rigid bodies is often termed as density. 
We have often heard about density as being mass per unit volume. But there are other densities as well. 


Linear mass density (X) mass/ength 


(0) 


Superficialmassdensity(c) — mass/area 
Volume mass density (r) mass/volume 
Examples of linear mass density 


(a) Let be the linear mass density of a uniform rod of mass m and length / 


Then by definition). 


Thus, the mass of element chosen =. dx 


(b) Let be the linear mass density of a uniform ring of mass m & radius R 


m 


Then by definition 4 
nby definition = 5 = 


E 


Thus, the mass of chosen arc — ARGO 


Examples of areal mass density 


(a) Let a be the mass per unit area of the disc of mass m and radius R 


m 
nR 


Then by definition c 


dA = 2nrdr. 


Area of ring chosen = s (r + dr — nr = 2er dr 
Thus, mass of the chosen ring is — c 2nr dr 


Let o be the superficial mass density of rectangular plate 


L 


A m 
^ bydefinition,a.— 


Examples of volume mass density (p) 


(a) Sphere of mass m radius R Q P-3 
3 


10 


m 
(b) Cone of mass m, radius R, height H, p- 
RH 


Nm 
d 


While calculating the COM of rigid bodies, we consider small elements in the body and integrate, by 


3 Centre of mass of rigid bodies Ñ 


replacing the element with equal mass placed at its centre of mass. 


To summarize, meaning of each term 


m — system's mass, x — position (co-ordinate) of COM of the element chosen 


dm — mass of the chosen element 


(a) — Centre of Mass of Uniform Straight Rod 


XI 


Let M and L be the mass and len; 
the 


th of the rod respectively. Take the left end of the rod as the origin and 


xis along the rod. Consider an element of the rod between the positions x and x + dx. If x 7 0, the 


element i 


at its right end. x varies from 0 through L, the element covers the entire rod. As the rod is 


uniform, the mass per unit length is M/L. The coordinates of the element are (x, 0, 0). (The coordinates 


of different points of the element differ, but the difference is less than dx and that much is harmless as 
integration will automatically correct it.) 


The x-coordinate of the centre of mass of the rod is 


y [xim - faf EI 


1 
L 


The y-coordinate is 


and similarly Z=0. 


L oo) 
The centre of mass is at | 5.0.0 |, i.e., at the middle point of the rod. 
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Illustration : 


Calculate Centre of mass of a non-uniform rod with linear mass density 2 


i 


i" l. — (mass / length) = kè 


Sol — Fora small element dx, the linear mass density can be considered constant 
x Qd 
[ m Lx 
(0.0) 
Mass g " 
Length A= ke mass of this small element dm = À dx = ke dx 
M-k[idx - KE 
[x am m 
“m5 fam 4 
Hlustration : 
Figure shows a rod of mass 10 kg of length 100cm with some masses tied to it at different posi- 
tions. Find the point on the rod at which if the rod is picked over a knife edge, it will be in 
equilibrium about that knife edge 
85kg 
"TL 
100cm 
Sol Centre of mass of the system shown in figure, will be the point, at which if we place a knife edge, 
system will remain in equilibrium. 
To locate the centre of mass of the system, we consider origin at the left end of the rod. With 
respect to this origin the position of centre of mass of the system is 
myx + myxy my + Myy + Mos Xap 
Xe mj*m,*m,*m,m 
x08.5x 30 10 50 5x 802-5 90 
Poet =30em 
S 53.5 
(b) Center of Mass ofa Uniform Semicircular Wire 


Let M be the mass and R the radius ofa uniform semicircular wire. Take its centre as the origin, the line 
joining the ends as the X-axis, and the Y-axis in the plane of the wire. The centre of mass must be in the 
plane of the wire ie. in the X-Y plane. 

How do we choose a small element of the wire 
First, the element should be so defined that we can vary the element to cover the whole wire. Secondly, 


if weare interested in | x dm, the x-coordinates of different parts ofthe element should only infinitesimally 


differ in range. We select the element as follows. Take a radius making an angle 0 with the X-axis and 


12 


(e) 


rotate it further by an angle d8. Note the points of intersection of the radius with the wire during this 
rotation. This gives an element of length R d0. When we take 0 — 0, the element is situated near the right 
edge of the wire. As 0 is gradually increased to 7, the element takes all positions on the wire i.e., the 
whole wire is covered. The coordinates of the element are (R cos), Rsin®). Note that the coordinates of 
different parts of the element differ only by an infinitesimal amount, 


M 
As the wire is uniform, the mass per unit length of the wire A= 


7R 


‘The mass of the elementis, therefore, 


d -(™) Ra- Mao 
m= | zp | (Rdd)= — do 


The coordinates of the centre of mass are. 


1 1 M 
X= ig [ime 9g JeRcose) | lao - o 


and 


2R 


1 (M) 
d (Rsin) | ~ |qg— 
im = a f 10 


(92k 
The centre of mass is at | 0.— | 
z 


c 


re of Mass of a Uniform Semicircular Plate 

This problem can be worked out using the result obtained for the semicircular wire and that any 
part of the system (semicircular plate) may be replaced by a point particle of the same mass placed at the 
centre of mass of that part. 


We take the origin at the centre of the semicircular plate, the X-axis along the straight edge and the Y- 


axis in the plane of the plate. Let M be the mass and R be its radius. Let us draw a semicircle of radius 


ron the plate with the centre at the origin, We increase radius to r+ dr and draw another semicircle with 
the same centre. Consider the part of the plate between the two semicircles of figure it may be considered 
asa semicircular wire. 

If we take r=0, the part will be formed near the centre and if r— R, it will be formed near the 
edge of the plate. Thus ifr is varied from ‘0° to R the elemental parts will cover the entire semicircular 


plate 


ntre of 


We can replace the semicircular shaded part by a point particle of the same mass at its 


for the calculation of the centre of mass of the plate. 


43 


[7] 


The area of he shaded part = z rdr. The arca of the plate is x R?/2. As the plate is uniform, the 


mass per unit area = 975 . Hence the mass of the semicircular element 
M 2Mrdr 
dm= 5 (mrdr)= 


nR?/2 R 
‘The y-coordinate of the centre of mass of this wire is 2r/x. The y-coordinate of the centre of mass of the 


plate is, therefore, 
1 il | 1 4MR*_4R 
Mi J MzR 3 3x 


The x-coordinate of the centre of mass is zero by symmetry 


Centre of mass of a right triangular sheet of 


Dimensions are shown in The object has a uniform mass per unit area. 


mp 
The first step to find COM ofa continuous body, is to determine the element. 

We take small elements whose COM is known & then replace the element with equal mass placed at its 
COM, then we integrate to find COM of the body 

We divide the triangular lamina into narrow strips of width dx and height y as shown in the figure. The 
mass dm of each strip is 


Total mass of the object 


dm= “Total arca of the object " rea of strip 
M 2M 
(ydx) - A ydx 
(1/2)ab ab 


Now x - coordinate of the centre of mass is 


1 1 2M) 
Kem wis am wl "IS 


al 
= [xy dx 
ab? 
To evaluate this integral we must express y in terms of x. From similar triangles in the figure we see that 
y_b b 
oro yox 
x a a 
21 (b) 
eti x[2 |x dx 
Henc xci al la) 
pee 
a 
el 2 
z a 
3 3 
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(E) 


Sol 


(G) 


On similar lines we can calculate the y-coordinate to be 


iM 3 
Centre of mass of a thin hemispherical shell of mass M and radius R. 


Assuming uniform mass distribution. 

Here, the important part is determination of the element. 

We can not take a ring element of thickness dy at a distance y from the center and integrate it from O to 
R. 

Because the mass is distributed on the surface, by taking the above element, we do not cover the 
complete surface. 

In this case element is a cin 
centre of the hi 


lar strip of thickness ds. The thickness of ring subtends angle dO at the 
nisphere as shown in figure. Radius of ring element is R cos 0. Mass of the element is 


R cos 


ls-RdO 


dm - mass per unit area * area of ¢ 


M (2x cos0)R do 

2nR 
Tes X70 from symmetry 
and You= M Jame sino 


(RR cosOR dO)R sin 0 


=R fsindcosoao -È 


Center of mass of a hemispherical object of uniform density and radius R. 
As shown in figure. We choose a coordinate system with the origin at the center of the flat fa 
let the yz plane be the plane of the 


nd we 
ice. We now imagine slicing the hemisphere into discs parallel to the 


yz plane. A disk of thickness dx, located at a distance x from the plane face has a radius /R? — x 


Therefore the mass of the disk dm = zp(R— x? dx, where p is the mass density of the hemisphere. The 
center of mass of the hemisphere has an x coordinate x... given by 


Copied to clipboard. 


15 


frox x!)dx 


[oom x dx 


Hemispherical object of uniform density 


s 

2 3R 

| xr? : 
Z=0 


(G) — Centre of mass of a uniform solid cone of height h and semi vertex angle a. 


h dy 
Sol. — We place the apex of the cone at the origin and axis of cone to be y axis. It is clear that the CM 


will lie along the y-axis. We divide the cone into disc of radius x and thickness dy. The volume of 
such a disc is dV = me dy = x (y tan a} dy. The mass of the disc is dm = dV. First we will 
determine the total mass of the cone 


M [dm - zptan ofy ‘dy 


sar " 
ap tan? a D 
i 3 


‘The position ofthe CM is given by 


1 
Yea" M [y dm 


1 
- + aptan af y'dy 
wy tran’ af "dy 


1 
= —nptan? a (ii) 
d 4 


Copied to clipboard. 


16 


), we have 
3h 
iy 


From equation (i) and 


1, Centre of mass of some commonly used systems 
Body Answer 
3 Uniform rod of length L 
b rod having linear mass density X c ax 
c. Quadrant of a uniform circular ring, radius R. 
d. Uniform semi circular ring of radius R. ] 
«c. Uniform semi circular disc of radius R. ] 
f. Uniform hemispherical shell of radius R ] 
t. Uniform solid hemisphere of radius R. ] 
h. Hollow cone of base radius R & height A. 
I4 from base of 
i, Solid cone of base radius R and height A. psp 
Practice Exercise 
Q.1 A baseball bat of uniform density is cut at the location of its center of mass as shown in figure, The p 
with the smaller mass is 
(a) the piece on the right (b) the piece on the left 
(c) Both pieces have the same mass (d) impossible to determine. 
Q2 Calculate centre of mass of the system 
Q.3 — Seven homogeneous bricks, each of length L, are arranged as shown in figure. Each brick is displaced 


with respect to the on in contact by L/10. Find the x-coordinate of the centre of mass relative ot the 
origin shown. 


Copied to clipboard. 
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Q.4 Consider a rectangular plate of dimensions a xb. If this plate is considered to be made up of four 
b 


a 
rectangles of dimensions 5 * > and we now remove one out of four rectangles. Find the position where. 
the centre of mass of the remaining system will be. 


Find the center of mass of the shaded portion of a disc i 


Answers 
Q.1 (b) The piece with the handle will have less mass than the piece made up of the end of bat, To see why 
this is so, take the origin of coordinates as the center of mass before the bat was cut. Replace each cut 


piece by a small sphere located at the center of mass for each piece. The sphere representing the handle 
piece is farther from the origin, but the product of less mass and gr 
greater mass and less distance from the end piece. 


distance balance the product of 


1 L o3 2% o4 ab gis E asara 
Xm p Ymg 23 Ge 04 x ij QS zp theleflofdise 
Motion of center of mass 
Position vector of centre of mass 
mtm Ñ+ 
m, +m, +.....m, (1) 


Differentiating the above equation, we get the velocity of centre of mass in terms of velocity of individual 
particles 
Velocity vector of centre of mass. 


"To ommum, Som -2 


| Copied to clipboard. 
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ds 
dt 


dt m, +M, +s +M, 
Acceleration vector of centre of mass 


ma, +m, +t i mà, 
* 3 
m +m, m, Yn e 


Let net force on particle of mass m, be F, , m, be Ë 


=m, Ë =m,a, 
substituting these values in equation (3) 


m, +m, +m, + 


We know that summation of intemal forces is zero, thus 


Ë + Ë, +B......., isthe net extemal force. 


Displacement vector of centre of mass 


Equation (ii) and (iii) are vector equations and thus can be solved separately for the three mutually 


perpendicular components (i, j and k) as we did earlier in determining the position of centre of mass, 


Components of velo 


Yomi Y 
Yn 


emo) =m, 


Component of acceleration 


Amo Em, 
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, is constant 


During the course of motion it will remain zero, and thus displacement of the centre of mass of the system 
will also be zero. 


Two bodies system 


Initially m, and m, are at rest and they are free to move under the influence of intemal forces only, 
m,andm, 1 
remain at rest. 
Initially 

my 7m, 
Aftersome time 

mir, -s)) =m, (r,—s,) 

m,r,-m,s, =m,r,—m,s, 
ms, 7 mos; Ho 


then 
ay move with variable velocity and variable acceleration but centre of mass of system will 


[NES 
Tog dt 
my, =m, C is centre of mass of M & m 
dy, dv 
m n 
mat dt 
ma=ma, 
s vy a om 
sv a m, [numerically] 
s, and s,, v, and v, and a, and a, are oppositely directed. 
Hlustration : n 
4 man of mass m, stands at an edge A of a plank of mass m, & m 
length | which is kept on a smooth floor If man walks from A to the faal 


other edge B find displacement of plank. p 
ol — Let the displacement of the plank be s far B 


x 
smooth 


Initial momentum of system (man and plank) is zero. 


Net external force on this system is zero. L 
Thus during the course of motionB, „=0 — ,, 70 => &,,-0 P 
^ 8, $,7 T 
= cmd AL— m — "s 
ndm m 


in scalar form 


m, |5, = m, |5; 
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m,(I-s) = mys, 


m, 


? mem 


The plank moves backward because as the man moves forward, he pushes on the plank backwards. 


Mlustration : 
Inside à smooth spherical shell of the radius R a ball of the same 
mass is released from the shown position (Fig.) Find the distance 
travelled by the shell on the horizontal floor when the ball comes 
to the lowest point 


of the shell. 


Sol As initial momentum of the system in x-direction is zero, and there 


is no net external force in x-direction the momentum of system 


remains zero in x-direction and thus the center of mass of the sys 


tem undergoes zero displacement in x-direction 
mjs,*m,s,- 0 

When the ball comes to the lowest position ; shell moves back- 

wards say by a distance x 

Displacement of ball in x-direction = Displacement of ball wt. 

shell + displacement of shell. 


Displacement of shell = (-x) 


(3R Lo.) 
displacement of ball is x-direction is | ^, | (1) 
(R x) 
m| g *]-m=0 
3R 
x 
8 


If we do not consider that the shell moves back ward, we can take its forward displacement to 
hex 


3R 
displacement of ball in x-direction = “+ x 


(3R 


4 


3R 
x=- Ro Gesign indicates its backwards motion) 


21 


Velocity of center of mass: 


Illustration : 
Let there are three equal masses situated at the vertices of an equilateral triangle, as shown in 
figure. Now particle-A starts with a velocity v, towards particle B, particle-B starts with a veloc- 
ity v, towards C and particle-C starts with velocity v, towards A, Find the displacement of the 


centre of mass of the three particles A, B, and C after time t. What it would be if v, = v, = 


N 
Bi 
Sol — First we write the three velocities in vectorial form, taking right direction as positive x-axis and 
upwards as positive y-axis 
1 3 
v,T-5vi vj 
1 
v vitj 


Thus the velocity of centre of mass of the system is, ,,, = Ij * aa * myts 


m*m,*m; 


¥ 
3 
1 REI 
(vi Svo Sv) RSS is ovi 
V. 2:2 2 
3 
Which can be written as y. 7 v, i +v, j 


Thus displacement of the centre of mass in time tis Ar = v,t * vt j 


Ifv, =v 


=vwehave y,-0 


Therefore no displacement of centre of mass of the system. 
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Illustration : 
Two particles A and B of mass 1 kg and 2kg respectively are projected in 
the direction shown in figure with speeds u, = 200 m/s and ty = 50 m/s. $^ 
Initially they were 90m apart. Find the maximum height attained by the 
centre of mass of the particles from the initial position of A. Assume °°™ 
be constant (g = 10 m/s?) 
Ground is far 
Sol. B, - Mj, below from A 
LES 
7Mrücy 
dt TM 
B= Mj, 
Net external force is the gravitational force 
Fog = Mp * 8 
üm = 8+ (downwards) 
mV em, 200-250 — 100 A 
A um F m/s | (upwards) 


1x0+2x90 
initial height of centre of mass from A , hy 60m 


v 
hy, = initial height (hj) + + 115.55 m 


n of centre of mass: 


Accelera 


Illustration : 
Two blocks of masses M, = Ikg and M. 


2kg kept on smooth surface, are connected to each 
other through a light spring (k = 100 N/m) as shown in the figure. When we push mass M, with a 


force F = 10N find the acceleration of centre of mass of system. 


ac [M] 
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Illustration : 
In the arrangement shown in figure, m , 7 2 kg and m, = 1 kg. The string is light and inextensible. 


Find the acceleration of COM of the blacks. Neglect friction everywhere 


E 
A 
. 
B 
T 4T 
Ag By 
Sol 
W,Q0N) W,(1ON) 
From Newton s II Law. 
For block A, 20-T = 2a wy 
For block B, T-10=a (ii) 
solving (i) and (ii), we obtain T 
T 40 
- 3 
Fret 7 My 0s 
mjgp*mg-2T-3*aqy 
80 3 10 
= 3-7 acu Acy = y m? 
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IHlustration : 
A projectile is fired at a speed of 100 m/s at an angle of 37° above the horizontal. At the highest 
point, the projectile breaks into two parts of mass ratio 1:3, the smaller coming to rest. Find the 
distance from the launching point to the point where the heavier piece lands 


As there is no external force in hor 


Sol. 


izontal direction. (P. .), is conserved 

let the horizontal velocity of heavier mass at the highest point be v 

Applying conservation of momentum in x - direction, at highest point. 
(momy) 


xu cos37°) = | S 
(mu Lien J 


320 
> v m/s 
3 


for projectile time to reach highest point and time to reach ground are equal to 


for time of flight T, using concept of projectile motion, 


r = 2usind 
T= 12 sec 
T2 = 6 sec 


horizontal distance travelled in first 6 sec. & next 6 sec is (u cos37" * 6) & (v * 6) respectively 
x = 480 + 640 
= 1120m 


Practice Exercise 


Q.1 A projectile is fired from a gun at an angle of 45° with the horizontal and with a speed of 20 m/s relative 
to ground. At the highest point in its flight the projectile explodes into two fragments of equal mass, One 
fragment, whose horizontal speed is zero falls verti 
land , assuming a level terrain ? Take g= 10 m/s? ? 


lly. How far from the gun does the other fragment 


Q.2 Two particles of mass 2 kg and 4kg are approaching towards each other with acceleration 1 m/sec? and 
2 m/sec? respectively on a smooth horizontal surface, Find the acceleration of centre of mass of the 
system. 
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Q3 Figure shows two blocks of masses m, — 5 kg and m, — 2 kg placed on 
a frictionless surface and connected with a spring. An extemal kick gives 
a velocity 14 m/s to the heavier block in the direction of lighter one. 
Find (a) the velocity gained by the center of mass and (b) the velocities 
of the two blocks in the center of mass co-ordinate system 
just after the kick. 


Q4 — TheringR of mass m in the arrangement shown can slide along 
smooth fixed, horizontal rod XY. It is attached to the block B of 


mass m by a light string of length L. The block is released from Y y 
rest, with the string horizontal. Find the displacement of ring when = 
mes vertical 2 


the string b 


Answers 
QI 60m Q.2 I m/sec? (towards 2 kg block) 
mv +m,v, 5x142x0 
Q3 (Vo mim ; 10 m/s 


(b) V, eu = 14-107 4m/s; Vp, cy 70-107 -I0m/s 
(c)30m 
ML 
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Linear momentum and its conservation principle 


The (linear) momentum of a particle is defined as j) = mv. The momentum of an N-particle-system is 


the (vector) sum of the momenta of the N particles i.e. 


B,,= 5, = Dmy 


yn MR, = MV, 


Tas 
Bu misge di 


Thus, P, =M Vou 
As we have seen, if the external forces acting on the system add up to zero, the centre of mass moves 


with constant velocity, which means j = constant. Thus the linear momentum ofa system remains 


constant (in magnitude and direction), ifthe external forces acting on the system add up to zero. This is 
known as the principle of conservation of linear momentum. 

Let as see a simple example of a bomb explosion. 

Consider a bomb placed on a horizontal surface which suddenly explodes into two parts of masses m, 


and m, . The forces that are responsible for the explosion are intemal. As there is no extemal force on the 
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system, momentum of system remains conserved. The initial momentum of the system is zero, Thus the 
final momentum of the system must also be zero. 


ass m, moves with velocity v. then by 


i.e. After explosion, if mass m, moves with velocity v, ,and 


conservation of linear momentum. 


in scalar form, 
mv, +m, (-v,)=0 explosion 


m,v,7mv, 


Illustration : 
The ballistic pendulum is an apparatus used 
to measure the speed of a fast moving 
projectile, such as a bullet. A bullet of mass 
m is fired into a large block of wood of mass 
m, suspended from light wires. The bullet 
embeds in the block and the entire system 
swings through a height h. Determine the 
initial speed of the bullet in terms 
ofh? 


Sol. — As there is no external force in x-direction, applying conservation of momentum during collision 


my, = (m, + mj V, 


my 
Va™ mem Uu 
Applying conservation of mechanical energy after collision 
1 A 
5 (m, + my Vj =(m,+m}gh 
here h is the displacement of center of mass 
V,7 \2għ (ii) 


From (i) & (ii) 
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Mlustration : 
A light spring of constant k is kept compressed between two blocks of masses m & M on a 
smooth horizontal surface. When released, the blocks acquire velocities in opposite directions 
The spring looses contact with the blocks when it acquires natural length, If the spring was 
initially compressed through distance x, find the speed of two blocks. 

Sol As net external force acting on the system is zero (net F, = 0) 

Applying conservation of momentum in horizontal direction 


v—[» foro] — v 


MV,- m, =0 @ 


applying conservation of mechanical energy (as no work is done) 


ke M «Lr. (ii) 


MK mK 
"1 Anim e M) 72 7 \ Man +M) 


Illustration : 
4 railroad flatcar of mass M can roll without friction along a straight horizontal track. Initially 
a man of mass ‘mis standing on the car, which is at rest. What is the velocity of the car if the 
man runs to the left so that his speed relative to the car is v, 

Sol — Let velocity of man wirt. ground be V „and the velocity attained by car be v, in backward 
direction. 


Vat Yq Cr) (considering left to be positive) 


Applying conservation of momentum in x-direction, 
my, + M (v) = 0 
m (qh vj) - Mv, = 0 


_ m 
“o= m+M 
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Illustration : 


In the figure shown the wedge of mass M has a semicircular groove. A 


B 
M 
particle of mass m = — is released from A. It slides on the smooth circular MS 


smooth 


track and starts climbing on the right face. 
Find the maximum velocity of wedge during process of motion. 


Maximum velocity of wedge will be when the ball is at the lowest point in the wedge as till this 
point the horizontal component of normal on the wedge will be speeding the wedge but after this 
it will be opposite to the direction of motion of wedge, thereby slowing it down. 

Applying conservation of linear momentum in hor 
Initial momentum, p, = 0 


ntal direction at positions 1 & 2. 


Illustration : 


Fianl momentum, p, = -Mv + mu 
Pi = Py 
Mv 7 
2 e 
a ane \ \ P| 
Applying conservation of mechanical energy osi eu 
U,+K,=U,+K = 
1 2 
mgR+0=0+ Lm + LMv 
2mgR = mP +MP 
M M i 
2x > oxgR-47 vi Mv 
MgR = 3Mv? 
gR 
E 
A block of mass m rests on a wedge of mass M n 


which, in turn, rests on a horizontal table, as Q. 
shown in figure. All surfaces are frictionless. If 

the system starts at rest with point P of the à 
block a distance / above the table, find the 


speed of the wedge the instant point P touches 
the table 


force in horizontal direction is zero, (F) horizontal =0 


momentum conservation in horizontal direction. vf a 
mu,=Mv (i) 

from constraint we obtain(refere fi 
uy =(u, + v) tan a ii) 

applying conservation of mechanical ene 
1 1 wy 


mgh= 5 m(u?+u)+ > Mv? (iii) 


Solving equation (i) (ii) and (iii), we. 


2mgh mation of block wit, wedge 
M [tan a(m £ M) 


2 m 


figure -(2) 


Practice Exercise 


Q4 


(a) 
(b) 
(e) 
(d) 


The ring R in the arrangement shown can slide along a smooth fixed, horizontal rod X Y. It is attached to 
the block B by a lightstring, The block is released from rest, with the string horizontal. Then which of the 
following are true. 


(a) One point in the string will have only vertical motion 
(b) R and B will always have momentum of same magnitude 


(c) When the stri 


vecomes vertical, the speeds of R and B will be inversely proportional to their 
masses 


(d) R will lose contact with the rod at some point 


The figure shows a man of mass m standing at the end A to a trolley of mass M placed at rest on a smooth 
horizontal surface. The man starts moving towards the end B with a velocity u, with respect to the 


trolley. The length of the trolley is L 


M 


Find the time taken by the man to reach the other end. 


As the ma 


walk on the trolley, find the velocity centre of mass of the system (man + trolley). 
When the man 


aches the end B, find the distance moves by the trolley with respect to ground. 


Find the distance moved by the man with respect to ground. 


A man of mass 60 kg jumps from a trolley of mass 20 kg standing on smooth surface with absolute 


velocity 3 m/s. Find the velocity of trolley and total energy produced by man. 


Three particles of mass 20g, 30 g, and40 g are initially moving along the positive direction of the three 
coordinate axes respectively with the same velocity of 20 cm/s, when due to their mutual interactional the 
first particle comes to rest, the second acquires a velocity 1] + 20k - What is then the velocity of the 
third particle? 


A bullet of mass m strikes a block of mass M connected toa light spring of stiffness k, with a speed v 
and gets into it. Find the loss of K.E. of the bullet. 


hie 


Answers 
QI @.© 
M 1 j . mL di ML 
Q2 Qu [EN € M 
x . Mmv; 
). 9 m/s, S 5 
Q3 9m/s,1.08kJ Q4 Q5 33M«m 
C-Frame : 


The total momentum of a system of particles in 
the C-frame of reference is always zero. We can 
attach a frame of reference to the center of mass of a 
system, this is called the center of mass or C-frame of 
reference (figure). Relative to this frame, the. 
massisat rest (v... - 0) and according 


'enter of 


to equation P= MS, the total momentum ofa. 


system of particles in the C-frame of re 


ways zero. Ground frame 


Y 


P = DÈ =0 in the C-frame of reference 

; C-frame of reference 
The C-frame is important because many situations can be more simply analyzed in this frame. Itis clear 
that the C- 
a system, the C-frame becomes an inertial frame. 


frame m 


ves With a velocity v... relative to the ground frame, When no extemal forces act on 


Illustration : 
The velocities of two particles of masses m, and m, relative to an observer in an inertial frame are 
v, and v, Determine the velocity of the center of mass relative to the observer and the velocity of 
each particle relative to the center of mass. 


Sol. 


"rom definition 


VENE 
-Ta o L yn d 
l dt M £I qn M 


The velocity of the center of mass relative to the observer is 


my, +m 
Yom = m, +m; 

The velocity of each particle relative to the center of mass (figure) using the relative motion 

equations for velocities is 

my, my 


- m, +m. 


Answers 
QI @.© 
M 1 j . mL di ML 
Q2 Qu [EN € M 
x . Mmv; 
). 9 m/s, S 5 
Q3 9m/s,1.08kJ Q4 Q5 33M«m 
C-Frame : 


The total momentum of a system of particles in 
the C-frame of reference is always zero. We can 
attach a frame of reference to the center of mass of a 
system, this is called the center of mass or C-frame of 
reference (figure). Relative to this frame, the. 
massisat rest (v... - 0) and according 


'enter of 


to equation P= MS, the total momentum ofa. 


system of particles in the C-frame of re 


ways zero. Ground frame 


Y 


P = DÈ =0 in the C-frame of reference 

; C-frame of reference 
The C-frame is important because many situations can be more simply analyzed in this frame. Itis clear 
that the C- 
a system, the C-frame becomes an inertial frame. 


frame m 


ves With a velocity v... relative to the ground frame, When no extemal forces act on 


Illustration : 
The velocities of two particles of masses m, and m, relative to an observer in an inertial frame are 
v, and v, Determine the velocity of the center of mass relative to the observer and the velocity of 
each particle relative to the center of mass. 


Sol. 


"rom definition 


VENE 
-Ta o L yn d 
l dt M £I qn M 


The velocity of the center of mass relative to the observer is 


my, +m 
Yom = m, +m; 

The velocity of each particle relative to the center of mass (figure) using the relative motion 

equations for velocities is 

my, my 


- m, +m. 


31 


mív,-v.) — my 
mom, ^ m,+m, 
mj(v,*v,) my 
x7 -7 mom, ^ omm 
where v,, = v, — v, is the relative velocity of the two particles 


Thus, in the C-frame, the two particles appear to be moving in opposite directions with velocities 
inversely proportional to their masses 


Also relative to the center of mass, the two particles move with equal but opposite momentum 
since 


mmy 


Pi 7 PY = (mem) ~P: 


The expressions for two particle problems are much simpler when they are related to the C-frame 
ofreference 


Kinetic energy of system of particles 


havea 


Let us find relation between kinetic energy ofa system from ground frame and C-frame. V 
system consisting of many particles, let's say speed of the i* particle is v, Then kinetic energy of system, 


K, in ground frame will be summation of individual kinetic ene 


now EET 
where v is velocity of the i* particle in ground frame, v. is velocity of the i* particle in reference to frame 
attached to the center of mass and v, is velocity of center of mass in ground frame, 


1 
K, 7 53m, (5, s.) 
1 1 1 
K, 7;Iimy!*2Im-*7x2(2m, 9,5 
1 1 
K, 7 5 Emy,2+ 5 Emi Fe Me 


We can take v, out of summation in second and third term as it is constant, Now third term becomes 
zero, as £m, ij, = Mọ, .=0 (total momentum of a system of particles in the C-frame of reference is 
always zero.) 

v, is velocity of center of mass in frame of com. Which is zero. Also it represents momentum of sy 
in C-frame which is zero. 


Thus, we get K.= 
Where K, „ means kinetic energy of system in C-frame. This important conclusion will be useful ag 
in rotational dynamics; we can do little manipulation to write the equation as 


D 


KaKo t 2M 
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A system of two Particles 


Suppose the masses of the particles are equal to m, and m, and their velocities in the K reference frame 


be ¥, and ¥, respectively. Letus find the expressions defining their moment and the total kinetic energy 
in the C-frame, 


The 


nomentum of the 


rst particle in the C-frame is 
ie = mv, =m,(¥,—¥,) 
this 


Where v, is the velocity of the center of mass of the system in the ground frame. Substituting 


formula expression. 
m +m, 
m, +m, 
B. =u, - 9.) 
Where p is the reduced mass of the system, given by 


mm 


m= mem 


Similarly, the momentum of the second particle in the C-frame is 
B, -uS,- S) 


Thus, the momenta of the two particles in the C-frame are equal in magnitude and opposite in direction; 
the modulus of the momentum of each particle is. 


B, =w, 
Where v,,, =|¥, — V, is the velocity of one particle relative to another. 
Finally, letus consider kinetic energy. The total kinetic energy of the two particles ín the C-frame is 
POP 
KK eT 
2m, 2m 
„= mm, ere a 
we know j m, +m. = m, m. u 
F m 
Then KT 507 3 
7m 2 
K, = Kyat Ky we get 
và , my? 
K= Pu, (where m=m, +m,) 
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*Read this Illustration after collision* 


Illustration : 
Two particles of mass m,, m, moving 
mum kinetic energy that system has during collision. Thus. Prove that maximum kinetic energy is 


with initial velocity u, and u, collide head-on, Find mini- 


lost in perfectly inelastic collision 
Sol Particles moving with velocity u, and u, in the same direction. 


In C-frame initial kinetic energy of system is 
K „=K „+ K, we get 


mv? 


1 my 
sufu, =u) e T 
mm 
as 
m, +m. 
During collision, at the instant of maximum deformation. we get minimum kinetic energy in C- 


frame as particles attain same, velocity, thus relative velocity becomes zero. 
When an isolated system has minimum kinetic energy in C-frame, it will also have minimum 
kinetic energy in ground frame, as velocity of center of mass is constant. 

Thus, minimum kinetic energy during collision is 


1 
<(m, +m, )v 


(mu, * my; ) 
Where D 


In perfectly inelastic collision, since both the particles move together, the relative velocity be- 


1 
comes zero. Thus, final kinetic energy is (m, +m, )vè (m, =m, +m, ), as velocity of center of 


mass is constant. This is the minimum possible kinetic energy that a system will have because in 
all other case there will be one more term adding in the kinetic energy of system because of 
particles having relative velocity 

Two block of mass m, and m, connected by an ideal spring of spring constant k are kept on a 
smooth horizontal surface. Find maximum extension of the spring when the block m, is given an 


initial velocity of v, toward right as shown in figure. 


la M 


Blocks of masses m 

connected by an ideal spring 
When a block of mass m, is given an initial velocity of v, toward right, the spring extends and 
pulls the block toward left and the same extended spring will pull the block m1 toward right 
Initially the force acting on m, will reduce its speed and the force acting on m, will increase its 
speed. Thus, we can see that initially the extension be increasing. 
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If we consider the two blocks and spring as one system, then total mechanical energy must be 
conserved as there is no dissipative force present. Also, momentum will be conserved as there is 
no external force present. 

Now there will be an instant when the block will have same velocity, that is, velocity of m, has 
increased sufficiently to become equal to the velocity of m, which has been decreasing continu- 
ously. At this moment. The spring will have the maximum extension x, „ as till this point distance 
between the blocks was continuously increasing because m, had larger velocity. Now it will start 
decreasing as m, will be moving faster than m, and it will reduce the distance between the two 
blocks, Thus when v, = v, extension is maximum. This can also be understood alternatively by 
looking at m, from reference frame attached to m, To an observer sitting on m, the block m, will 
be closest or farthest when it is relative at rest. 


Since no external force is present, velocity of canter of mass is given as 


(mvo) 


m,*m 
From the reference frame of center of mass, the initial kinetic energy is given by 


1 1 mm 
K= hy vy) (uy 


2 2m,+m 


From the reference frame of center of mass, the final kinetic energy is given by 
1 
K= Lufvy vy) =0 


Thus, equating initial and final energies in C-frame, we get 


1mm yp costae 
2m,+m 2 


Thus, maximum extension 


mm. 
San 5 Yo Y kfm, e m.) 


This problem can be thought exactly as the opposite of the previous Illustration as here the maxi- 


mum extension is occurring the relative velocity is zero. 


Mlustratio 
Find total work done by friction assuming plank is sufficiently long. 


smooth 


Solve this question in both ground frame and C-frame. 
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Sol In ground frame 
let v be the final velocity of block & plank when relative motion ceases between block and plank. 
applying conservation of linear momentum, mu = (2m + m)v 
v=u3 
w,= change in K.E. = KE,- K.E 


2, (uy 1 ,_ m 
53m { 5] 


w 


In C-frame : 
Considering block and plank as a system 


Work done by friction is change in kinetic energy 
w= change in K.E. = K.E- KE 


i 2m +m) (,, _2mxm 
KE - ufu - 0) + d |u ) 


(2m & my 
j^ 9* 2 


(v, is constant as external force is zero) 


Note: P,,, = conserved if f,,, = 0 although internal friction are doing work 


Illustration : 


Two blocks A and B of masses m & 2m placed on smooth horizontal surface are connected with a 
light spring. The two blocks are given velocities as shown when spring is at natural length 


(i) Find velocity of centre of mass (b) maximum extension in the spring 


P K 
vn basin 
x B 
sol i 2mx2v-m,v _ 
Sol. (a) Vey ins 
(b) There will be maximum extension in the spring when v, = 0 


applying conservation of mechanical energy 
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Impulse 


ti 


he impulse of the net force a n a particle during a given time interval is equal to the change in 


momentum of the particle during that interval. The Impulse isa vector quantity 


For any arbitrary force. The impulse Jis defined as 


j- fat 


ared under the curve is impulse 


A is a block of mass m moving with a velocity v}, at time t= 0, a constant force F is applied on it in the 


direction of velocity fora time t. Due to this force the velocity of the body increases hence momentum 


increase, If after time t the velocity of the body becomes v. then according to momentum conservation 


wehave 
Initial momentum + momentum imparted = final momentum 
my, +F t= mv, wi) 
If applied force is opposite to the direction of v, then we'll have 


my,—Ft=my, (ii) 
Equation (i mas work done by the 


system or on the system are subtracted o 


nd (ii) are similar to the equations written for work - energy theon 
added to the initial kinetic energy, gives the fi 


tin initial momentum impulse due the forces acting on the system 


jal kinetic energy 


are added. 


ofthe system. Similar to tha 


or subtracted, gives the final momentum of the system. If force is in the direction of the initial velocity of 


the particle, impulse is added to the initial momentum and ifi is against the velocity, impulse is subtracted 


from the initial momentum 


Impulsive Force 


When a force of high magnitude acts fora time that is short compared with the time of observation of the 


system, itis referred as an impulsive force. An impulsive force can change the momentum of a body by 


a finite magnitude in a very short time interval. 
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An impulsive force can only be balanced by another impulsive force. 


We defined the impulse in terms ofa single force, but the impulse-momentum theorem deals with the 


change in momentum due to the impulse of the net force -the is, the combined effect of all the forces that 


acton the particle. In the case of a collision involving two particles, there is often no distinction because 


each particle is acted upon by only one force, which is due to the other particle, In this case, the change 


in momentum of one particle is equal to the impulse of the force exerted by the other particle. 


Force 
The 
assumed to have a constant direction. The magnitude of the impulse of FU 


Avera, 


magnitude is represented inf 


mpulsive force whos 


meis p 


this force is represented by the area under the F(t) curve. We can 
represent that same area by the rectangle in figure of width At and height 


ze force that acts during the y N 


interval At. Thus ont t 
J=F,, At j M 


itude of the avera 


F „ where F,, is the m. 


Impulsive force isa relative term. There is no clear differentiation between an impulsive and non-impulsive 
for 
1.G 
2. Normal, tension and friction are case dependent. 

1. Impulsive Normal : 
In case of collision, normal forces at the surface of collision are always impulsive. 
eg.) N, is Impulsive ; 
Normal reaction due to ground N, & N, are Non-impulsive 


ravitational force and spring force are always non-impulsive. 


() 
a ball dropped on a large ball 

Both normal forces N, and N, are impulsive 

N, is impulsive, as it balance N, for the large ball 


l 


(a) 
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(iii) Consider a large ball colliding with small ball N,, N, are impulsive ;N, isnon-impulsive 
N, can be easily seen to be impulsive, as it is the normal force during collision here N, balance a 
component of N, therefore it is also impulsive. 


(b) 
Impulsive Friction : Ifthe normal between the two objects is impulsive, then the friction between the 


two will also be impulsive. 


Impulsive Tensions In a string : When a string is jerked out equal and opposite tension acts suddenly 


at each end and impulses act on the bodies attached with the string in the direction of the string. 


Tis impulsive 


T is non-impulsive 


T is non-impulsive 


All normal are impulsive but tension 
T is impulsive only for the ball A 


One end of the string is fixed : Thi 


pulsive force which acts at the fixed end of the string cannot 


change the momentum of the fixed object attached at the other end. The objec 


att 


ched to the free end 


however will undergo a change in momentum in the direction of the string. The momentum remains 


unchanged ina direction perpendicular to the string. In this direction string cannot exert impulsive forces. 
Both ends of the string attached to movable objects : In this case equal and opposite impulses act 
on the two object, producing equal and opposite changes in momentum. The total momentum of the 
system therefore remains constant, although the momentum of each individual object is changed in the 
direction of the string. Perpendicular to the string however, no impulse acts and the momentum of each 
particle in this direction is unchanged. 

Incase of rod : Tension is always impulsive. 


Incase of spring : Tensions always non-impulsive. 
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Mlustration : 
A block of mass m and a pan of equal mass are connected by a string going over a smooth light 
pulley, Initially the system is at rest when a particle of mass m falls on the pan and sticks to it. If 
the particle strikes the pan with a speed u, find the speed with which the system moves just after 
the collision. 


Sol Let the required speed be V 
As there is sudden change in the speed of the block, the tension must change by a large amount 
during the collision. 


Let N = magnitude of the contact force between the particle and the pan 
T = tension in the string 


Consider the impulse imparted to the particle. The force is N is in upward direction and the 
impulse is ÎN dt. This should be equal to the change in its momentum. 


Thus, JN at = mu— mv ( 
Similarly considering the impulse imparted to the pan. 

J(N- Dat - mv (ii) 
and that to the block. 


[rà - nv (iii) 
Adding (ii) and (iii), 
[Nat -2mv 


comparing with (i) 


mu-mV-2mV or V=u3. 
Illustration : 
Two identical block A and B connected by a massless string are placed on a frictionless horizontal 
plane. A bullet having same mass, moving with speed u strikes block B from behind as shown. If 
the bullet gets embedded into the block B then find 


A —— Is 


(a) The velocity of A,B,C after collision 
(b) Impulse on A due to tension in the string 

(c) Impulse on C due to normal force of collision. 
(d) Impulse on B due to normal force of collision 
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Sol, — (a) After collision, the blocks & the bullet will move together with same velocity, say v 
By conservation of linear momentum mu = 3mv 


u 
"s 

(b) — Net impulse on A is due to tension force; 
Impulse on A = P,- P, 
fra = 0 


(c) — On the bullet C, net impulse is due to N 
[Nar=P,-P, 
mu 
mu 


2mu 


3 
(d) — On B two impulsive forces act i.e. Normal & Tension. 


j- [w-na- [v ai- jr a 


2mu 
> [NaF 


The impulse due to normal force on both the colliding bodies is equal. Thus we can directly say 
impulse on B due to normal is same as impulse on C due to normal. 


mu 


Mlustration : 
Two blocks of masses m and 3m are connected by an inextensible string 
and the string passes over a fixed pulley which is massless and frictionless. 


A bullet of mass m moving with a velocity 'u' hits the hanging block of 


A 
mass 'm' and gets embedded in it. Find the height through which block ppo u 
A rises after the collision. tm 

Sol — As soon as the collision occurs, the string becomes slack, tension becomes zero. Gravitational 


force is acting vertically downwards. But as gravitational force is a weaker force than impulse 
force, therefore a possible change of momentum due to gravitational force during collision can be 
neglected. 

Hence, conserving momentum of the system during collision along vertical: 


If v = velocity of the combined mass block A & bullet just after collision, then 


Block A & bullet start moving with velocity “ 


Now, maximum height through which the combined mass rises 
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Mlustration : 
A system of two blocks A and B are connected by an inextensible massless 
strings as shown. The pulley in massless and frictionless. A bullet of mass af 
'm' moving with a velocity 'u' (as shown) hits the block 'B' and gets 


embedded into it. Find the impulse imparted by tension force to the 


system to block A E 


Sol. Let velocities of B and A after collision have magnitude v. 
At the time of collision, tension is T and normal force between bullet and block B is F. 
Impulse provided by tension = [T dt 


For bullet: considering downward direction to be positive 


JE dt = mv- mu @ 
For block B. 
J@-D dt=mv (i) 


For block A 


[T 4t =3my (ii) 


Adding (i), (ii) & (iii) 
mu = 5m 


Hence, impulse imparted by tension force fr dt = 3mv 


am() = 3m 


Collisions 


Introduc 


n 


Newton's laws are useful for solving a wide range of problems in dynamics. However, there is one class 
of problem in which, even though Newton’s laws still apply as we have defined them, we may have 
insufficient knowledge of the forces to permitus to analyze the motion. These problems involve collisions. 


between two or more objects 

In this section we will leam how to analyze collisions between two objects. In doing so, we will 

find that we need a new dynamic variable apart from velocity, acceleration, force and energy, called 
linear momentum. We will sce that the law of conservation of linear momentum, one of the fundamental 
conservation laws of physics, can be used to study the collisions of objects from the scale of subatomic 
particles to the scale of galaxies. 
Ina collision, two object exert forces on each other for an identifiable time interval, so that we can 
separate the motion into three parts : before, during and after the collision. Before and after the collision, 
w the objects are far enough apart that they do not exert any force on each other. During 
the collision, the objects exert forces on each other; these forces are equal in magnitude and opposite in 
direction, according to Newton’ third law. We assume that these forces are much larger than any forces 
exerted on the two objects by other objects in their environment. The motion of the objects (orat least 
one of them) changes rather abruptly during the collision, so that we can make a relatively clear separation 
ofthe situation before the collision from the situation after the collision. 

Whena bat strikes a baseball, for example, the bat is in contact with the ball for a 
is quite short compared with the time during for which we are watching the ball. During the collision the 
bat exerts a large force on the ball, This force varies with time in a complex way that we can measure 
only with difficulty 

When an alpha particle (*He nucleus) collides with another nucleus, the force exerted on each 
by the other may be the repulsive electrostatic force associated with the charges on the particles. The 
particles may not actually come into direct contact with each other, but we still may speak of this inte 
as collision be: tively strong force, acting for a time that is short compared with the time that 
the alpha particle is under observation, ha : 


assume tha 


interval that 


action 


use a rel 


Collision 


Consider the situation shown in figure . Two block of masses m, and m, are moving on the same straight 
line ona frictionless horizontal table. The block m,, which is ahead of m, is going with a speed u, smaller 
than the speed u, of m, . A springs attached to the rear end of m,. Since u, >u, the block m, will touch 
the rear end the spring at some instant. 


Since m, moves faster then m,, the length of the spring will decrease. The spring will compress, it pushes 
back both the blocks with force kx. This force is in the direction of the velocity of m,, hence m, will 
accelerate, However, this is opposite to the velocity of m, and so m, will decelerate. The velocity of the 
front block A (Which was slower initially will gradually increase, and the velocity of the rear block B 
(which was faster initially ) will gradually decrease. The spring will continue to become more and more 
compressed as longas the rear block B is faster than the front block A. There will bean instant when the 
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two blocks will have equal velocities. 
This corresponds to the maximum compression of the spring. Thus “the spring compression is maximum 
when the two blocks attain equal velocities” 

Now, the spring being already compressed, continues to push back the two blocks, Thus, the front 
block A will still be accelerated and the rear block B will still be decelerated. At the instant of maximum 
compression velocities were equal and hence after this the front block will move faster than the rear 
block. And so do the ends of the spring as they are in contact with the blocks. The spring will thus 
increase its length. This process will continue till the spring acquires its natural length. Once the spring 
regains its natural length, it stops exerting any force on the blocks. As the two blocks are moving with 
different velocities by this time, the rear one slower, the rear block will leave contact with the spring and 
the blocks will move with constant velocities, Their separation will go on increasing. 


During the whole process, the momentum of the two - blocks system remains constant. 
This is because there is no resultant external force acting on the system, Note that the spring being 
massless, exerts equal and opposite forces on the blocks 


Next consider the energy of the system. As there is no friction anywhere, the sum of the kinetic energy 


1 
and the elastic potential energy remains constant. The elastic potential energy is -, KX? when the spring. 


is compressed by x. If v, and v, are the speeds at this time, we have, 
D A 
1 1 1 H mw. Eg 
jmv + m,vj +— kx? sE 
i n g Compression in the spring is x 
Where E is the total energy of the system. 
Initially the spring is at its natural length so that, 
1 1 
= mu; +—m,u; = E (i) 


Atthe time when the 


mpression of the spring is maximum. 
yzy =v 


B A 
Lm, +m, Vv n E EH 


when the spring acquires its natural length, so that, 


Imi sim; =E (ii) 


From (i) and (ii), 
1 1 1 


1 
lmspelmal-lmuy elm 
The kinetic energy before the collision is the same as the kinetic energy after the collision. However, we 
can not say that the kinetic energy remains constant because it changes as a function of time, during the 


process. 
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Now consider a very similar situation as shown figure. The two bodies of masses m, and m, are moving 


along a line with velocities u 


After some time the two bodies will come in contact as in the previous situation. 


and u, respectively, u, should be greater then u, for two bodies to collide, 


Fi 


Fig. II N 


As the velo 


ofm (u,) is greater than that of m, (u,), there will be a deformation in the bodies (as we 


saw in the previous example of spring mass system). This deformation continues till they acquire same 


velocity. Now a question arises, that why will they acquire same velocity 


As shown figure II both m, and m, exert force on each other equal in magnitude (Newton's III"! Law) 


This force is in the direction of the velocity of m,, hence m, will accelerate. However, this is opposite to 


the velocity of m, and so m, will decelerate. The velocity of the front body m, (which was slower 


initially) will gradually increase, and the velocity of the rear body m, (which was faster initially) will 
gradually decrease, 


When they have attained a common velocity 


if bodies do not possess elastic properties, the two 


bodies will continue to move together and the process of collision ends here at maximum deformation, 


This is known as perfectly inelastic collision. 


Inelastic collision 


e—: P Qo: 9 


Just before collision. Just after collision. Long time after collision 


As net external force is zero therefore by conservation momentum, we can find the common velocity. 


mu, + mj, 7 (m, * mj) V 


my, «mu 


m, «m 


Ifbodies possess elastic property they will try to regain their shape that is the potential energy stored in 


deformation period will get converted into kinetic energy. If bodies are perfectly elastic then total potential 


energy will get converted into kinetic energy that is kinetic energy will be same before and after the 


collision, this type of collision in known as perfectly elastic collision. 


seo o 


Just before collision Just after collision 


By conservation momentum. 
mu^ mu, =m, v+m,v, 


During the whole process, the momentum of the two -block system remains constant. 
Before and after collision kinetic energy may be same but not during the whole process. 
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Force of impact 
The total time period of impact At is divided into period of deformation and period of restitution (recovery). 
overy) are finite and appreciable although the time interval of 


Impulse of deformation and restitution (r 
impactis extremely small. 


Force of impact 


time 


deformation recovery or. 
period restitution 


period 
Area A, represents impulse of deformation 
Area A, represent impulse of reformation (restitution), 


Deformation is maximum at the end of deformation period or at the start of recovery period. 
n just before and just after collision. Just before collision is 


Incollision (impact) we consider the situati 


the moment when deformation period starts and just after collision is the moment when recovery period 


ends. At these moments one y that force of impact becomes effectively zero. 


nay 


Since time interval of impact is very small so impulse due to weight of body or weight dependent force is 


neglected during collision. 


Line of col 


on (LOC) 


When two bodies collide, they exert force on each other through point of contact, perpendicular to the 


plane of contact. The direction of force of interaction is line of collision. Line of collision is independent 


of the direction of velocities of colliding bodies. 


Line of collision 


Line of collision 


After collision, only the components of velocity along line of collision changes, the perpendicular 


remain unaffected. 


components of velo 
According to initial velocities and line of collision, collision is of two types 

(A) Head on (B) Oblique 

Line of collision is same as the line of motion When the lines of motion of two bodies are 


(velocities) of the two colliding bodies. different, then the collision is oblique. 
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$ ü 
Tine of collision 
Line of collision 
ü, 
Headon collision Obliquecollision 


Laws of collision 


(i) Conservation of momentum 


Ifno extemal impulsive forces act ina particular direction, the total momentum of system in that direction 


remains conserved. 


Here we talk about external impulsive force because the force of impact is impulsive and chan 


momentum of the individual bodies in a very short interval of time. The effect of non-impulsive forces. 


such as gravity, spring force in such a small interval of time is negligible. Thus momentum remains conserved 


mV, +m,¥, = mü, +m, 


ae oo 


(ii) Newton's Experimental Law. 

This is an experimental law which relates the velocity of approach of the bodies before collision and the 
velocity of separation after the impact. 

When the collision is neither perfectly elastic nor perfectly inelastic, for such cases, Newton did certain 
experiments and gave another law which is now called as Newton's Experimental Law. 


es ss. 


Just before collision Just after collision 


Yav v.v 
e (coefficient of restitution) or |, — 


u,-u, 


v4 v, is velocity of separation and u, — u; is velocity of 


=e [Relative velocity of approach before impact] 


approach. 


Relative velocity of impact 


v,andv,: Components of velocities of masses colliding, along the line of contact, after collision 
(with sign). 
u,andu,: Components of velocities of colliding masses, along the line of contact, before collision 


(with sign) 
Newton's Experimental Law can be stated “velocity of separation is e times velocity of approach” 
Coefficient of Restitution is the property of colliding bodies which depends on their elastic behaviour. 
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Note: This Law is valid even when momentum is not conserved i.e. external impulsive forces act. 


(ii) Type of collision depends on e 


Fore= 1, collision is perfectly elasti 


for 


1, collision is inelastic 


fore=0, collision is perfectly inelastic (Bodies will move together) 


Illustration: 
A ball of mass 4 kg moving with a velocity of 12 m/s impinges directly on another ball of mass 8 


kg moving with a velocity of 4 m/s in the same direction. Find their velocities after impact if 


" oe 6—. 9— 
u=12ms m, = 4kg 


Let v, and v, be the velocity after impact. 
By conservation of momentum 
+ 8v, = 80 () 


By Newtons experimental Law 


e(u,-uy 
vy- v, = 05 (12-4) =4 (ii) 
Solving (i) and (ii), we get 


v, 7 4 m/s and v, = 8 m/s 


Head-on colli 


Two bodies m, & m, are moving with velocities ü, and @, along the 


ion 


ime line as shown. 
before collision 


fi a n) 


ine of impact 


IZ after collision 


1 By conservation of momentum 
mu, +m,u,=m;v;  m,v, [0] 
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2. — ByNewton's experimental law 


=e (i) 


From (i) & (ii) 


(m, -em, (+e)m, uz 
T mtm ^ mem 
(Lre)myu, — (m, emu, 


mtm; m,+m, 


be obtained by substituting e 


for perfectly elastic collision velocities c 


NCC NN ye hy MM, 
m, +m. m +m, m, +m, ^ m m. 
Special cases: 
Case I m, =m, In this case the velocities of particles are exchanged. 
Just before collision Just after collision. 


2u,-u 


m, 


il kinetic energy (k) 


The loss in 
AKE =k, — k, 


my; 


mv? 


Substituting the values of v, & v, we obtain 


mm, 


AKE = (u, 


2m +m, (i-vJ' 0-6) 


This result can also be obtained by using concept of C-frame. 
Fore- 1, i.e. perfectly elastic collision 
AKE - 0 


As we discussed earlier there is no loss of kinetic energy 


However, in elastic collision, KE is same before & after the collision, 
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d d oh 27] 
ie maj .mad--mjvpelm,v 
This equation is not independent, using Newton's experimental law & momentum conservation we can 
solve for final velocities more easily 
Fore=0 , i.e. perfectly in elastic collision 


| mm, 


AKE = (u-u)? 


2m +m, 


inthis case, there is maximum loss in kinetic energy. 


Mlustration : 
A particle of mass m moves with velocity u, = 20 m/s towards a wall 
that is moving with velocity u, = 5 m/s. If the particle collides with the wall without 
losing its energy, find the speed of the particle just afier the collision. e.: 
Sol Velacity of approach 


DLP! 


Let the velocity of the particle just after the collision be © 
The velocity of separation, 


D (7v) 


Since, according to Newton's experimental law 


utu 


As there is no loss of energy. collision is elastic 
Putting the value of e — 1, we obtain 


YY S] or uel, V -V 


(u,-u,) @ v 


oro vy, =u, tu, tv, 
Putting u, = 20 m/s, u, = 5 m/s and v, = u, since the wall being very heavy (infinite mass), 


moves with constant velocity, we obtain 


20 + 2(5) = 30 m/sec 


Illustration : 
A ball of mas. 


ig moving velocity 3 m/s impinges direction on another ball of mass 2 kg moving 
4 


with velocity 0.5 m/s towards the first ball. Find the velocity after impact, ife = 7 


Copied to clipboard. 
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Sol — By conservation of momentum — 
mu, + my, = my, + my, AM Usu. 
5x3 + 2 (0.5) = 5v, + 2v, or 
14 = Sv, + 2v, ü after collision 
By Newton's Law of collisione = x z, = 

4 
v-v =3*3.5=2ms (ii) 
Practice Exercise 

Q.1 — Findthe final velocities of the masses after in collision the given situations. 
o Q—» Qo»: 
© @—m Q— om 
ü Qo @— e-s 
w Qm E 
v Q—. —9 «= 

Answers 
QI ()  v,=0,v,=3(Righwards) 


(i) — v, =.3 (Rightwards), v, 1.8(Rightwards) 

(i) — v, =2.1 (Rightwards), v, =2.6(Rightwards) 
(v) — v, L8 (Leftwards), v 
() — vy Leftwards), v, (Rightwards) 
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Oblique collision 


In, oblique impact, the relative velocity of approach of the bodies doesn't coincide with the line of 
impact, 


Conserving the momentum of the system along and perpendicular to the line of impact (due to absence 


of any other external impulsive force) we obtain. 


Line of 
impact 


m, u, cos®, + m,u, cosÓ, = m,v, cos, +m, v, cosp, rmm 


and, m, u, sin®, - m2 u2sin0, =m, v, sin B) m, v, sin B, 


Since no force is acting on m, and m, along the tangent, the individual momentum of m, and m, remains 
conserved. 

> — m,u,sinO,=m, v, sinp, Q) 

and m,u,sin0, =m, v, sin f 6) 


Newton's experimental Law: 
(We consider velocities along the line of collision) 


v; cos; — v, cos 


(4) 

u, cos6, -uz cos®, 
Now we have four equations and four unknown's v,, v,, f), and f... Solving four equations for four 
unknown we obtain. 

(m, - em;)u, cos0, +m,(1+e)u, cos, 

cos s 
v, cos, mim, d 
m,(1 e)cos0, « (m, —em,)u, cos0, 


and — v, cos, WES 6 


v, = Jv, sin) (v, cosp, ) 


v, sinfi 

and tanB, = Voss, 
T v, inf) 

— pistan | y cosp, 


[Put v, sinp, from (2) and v, cosf, from (5)] 
Similarly, find v, and f 


mm 


Impulse = (1 + e) (u, cos, u, cos0,) 


m, +m, 
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mm. 


Energy loss =5, 


2m, +m,) (1 € (u, cos, —u, cos0,)? 


Oblique collision on a Fixed Plane 
Leta small ball collides with a smooth horizontal floor with a speed u at an 


angle 0 to the vertical as shown in the figure. Just after the collision, let the ball. 
leaves the floor with a speed v at an angle f to vertical. 


Itis quite clear thatthe line of act 


s perpendicular to the floor. Therefore, the impact takes place along 


the (normal) vertical. Now we can use Newton's experimental law as 


velocity of seperation 


velocity of approach 


> velocity of approach] = velocity of seperation 


» — e(ucos)(-j) =v cos) (+7) 
or — vcosp =eucosé ®© 
Since impulsive force N acts on the body along the normal, we cannot conserve its momentum. Since 


along horizontal the component of N is zero, therefore we can conserve the horizontal momentum of the 


body 

Velocity 
> (P,)body= Constant 
> PO = Cia 


musinO =mvsinB 


vsinB —usinü Ai) 


Squaring equations (i) and (i 
u? sino 


os'B +v? sin p 


v 


e? cos?0  sin'6 ] 


V=U ysin? 0+ e° cos 0 
Dividing equation (i) by (ii) 
vcosf  eucosü 


^ vsinp — usinO 


cotB = e cot 
0). 


= cot (eci 
Impulse 
Impulse of the blow = change of momentum of the body 


= [mvsinf; +(mv cos); j } - (musin0; - mucos0j) 


=> Impulse ^ m (vsin B—usin 0); +m (v cos B+ ucos0)} 


Since v sin =usin® 
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> — Impulse - m (vcosf + ucos 0) j 


Putting v cos = eu cos0 from eq (i), we obtain 
Impulse=m(1 + e)ucos0 j 


Magnitude of the impulse =m(1 +e) ucos@ (in the direction of line of collision) 


Change in kinetic energy 
1 s i 2 
AKE.- 5 mv- > mu? 


Putting the value of v we obtain. 


1 
51) luvsin 0e sin? 0] -u° | 


1 MEE 
5 mu? [sin?0 + e? cos?0 — 1] 


1 TE” 
A K.E. = 5 (I- e?) mu? cos?0 


Negative sign indicates the loss of K.E. i.e. final K.E. is less than initial K.E 


Mlustration : 
Two smooth balls A and B each of mass m and radius R, have their centre at (0, 0) and at (5R, 
R) respectively, in a coordinate system as shown. Ball A, moving along positive x-axis, collides 
with ball B. Just before the collision, speed of ball A is 4m/s and ball B is stationary. The collision 


between the balls is elastic 


(a) Find speed of the ball A just after the collision. 


(b) Find impulse of the force exerted by A on B during the collision. 


Sol. 
(a) As the collision is elastic & bodies are of equal mass, the velocity along the line of collision will 
interchange. As no force acts perpendicular to line of impact, therefore velocity of A perpendicular 


to the line of impact (4 sin 30) will remain same 
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4sin30 4sin30 


deos 
A 
B - 


just before collision just after collision. 


from the figure it is clear that velocity of A is 4 sin 30 and velocity of B is 4 cos 30 and both move 


at 90° to each other 


() o XQ, = ly -9,) 


js end 


40x30 sin 30} 


m[4cos30"(cos30*1 — sin30° j] -0] 


(3mi - 3m j) kg -m/s 
Final velocity of B (vj) 


Impulse of collision is always along the line of collision. 


Mlustration : 
In the previous illustration if coefficient of restitution during the collision is changed to 1/2, keeping 
all other parameters unchanged. What is the velocity of the ball B after the collision ? 


Sol. 
B 


Asin30 


0 (no force along 
this direction) 


just before collision ¥ 
Just after collision 


By Newton's experimental law 
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1_ (vv) 


2^ (4cos30" ) 


v-v, 2 43 


ü 
By conservation of momentum along line of collision 
443 
m7 = mv, +m 
v, tv, =2V3 (ii) 


3,2 33 feos30"i + sin30" (])] mis 


Illustration : 


Two spheres are moving towards each other. Both have same radius but their masses are 2kg and 
4kg. Ifthe velocities are 4 m/s and 2m/s respectively and coefficient of restitution is e = 1/3, Find 
final velocities along line of impact. 


B 


Sol — Let v, and v, be the final velocities of A and B respectively then by conservation of momentum 
along line of impact. 


br. Z~ 


Before collision Just After collision 
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mu, + my, = my, * m,v 


2 (4 cos 30°) — 4 (2 cos 30°) = 2(v) + 4 (v) 


or 0 v, 2v o) 


By Newton's Experimental Law 


velocity of separation along LOC 


velocity of approach along LOC 


1 v-v 


ia 3 4cos30° + 2cos30' 


or v,-¥,= V3 


From the above two equations 


$ m/s 
RH 


Negative answer denotes that we have chosen the wrong direction, actual direction of final velocity 


will be opposite to the direction we assumed in figure 


Practice Exercise 


Q.I.— Twospheres are moving towards each other. Both have same radius but their masses 
Ifthe velocities are 4 m/s and 2m/s respectively and coeffici 
along line of impact. 


c Akg and 2kg. 
1. Find, final velocity 


B 


Q.2 Twospheresare moving towards each other. Both have same radius but their masses are 4kg and 4kg. 
Ifthe velocities are 4 mvs and 2m/s respectively and coefficient of restitution is e — 1, find, Final velocity 
along line of impact. 


Q3 — Aballofmassm moving with speed u, collides elasticity with another identical ball moving with velocity 
uy 


(a) Find the velocities of the balls after collision if the impact is direct. 
(b) Find the angle between velocities after collision if they collide obliquely and u, = 0. 


5T 


Q4 — Twoequalsphere of mass m are in contact ona smooth horizontal table. A third identical sphere impinges 
symmetrically on them and is reduced to rest. Find e and the loss of KE. 


4 
ay 
Answers 

QI v, -0, v, 2343 m/s Q2 v,=-v3 m/s, v, =2V3 m/s 


mu'é 


Solved Examples 


Q.1 A square hole is punched out ofa circular lamina, the diagonal of the square being the radius of the circle, 
Ifa’ be the diameter of the circle, find the distance of centre of mass of the remainder from the centre of 
thecirele 

Sol. Consider the figure shown below. Let AB be the diameter passing through the diagonal OB of the square 
portion where O is the centre of the circle. 


NY, 


As mass is proportional to area ofa uniform laninar body, 
Mass of the portions can be replaced by their respective areas at their centre of mass 


Area of circular potion 


a 


Area of square portion 


maining portion. 


IFG, and G the positions of centre of mass of the cut square portion and 


ma afa) a 
0)-* | 
4 sla) 32 
Then oG 2 
ma a [21-1] 
" | | 
a 
4(2n-1) 
" a 
The centre of mass ofthe remaining parting is at a distance of 5. 7 from the centre. 


QJ Find out the centre of mass of a composite object shown in figure. Object consists of a cone with its base 
joint with the base ofa hemisphere. The dimensions of the object are shown in figure. Assume uniform 


density of the system. 


Copied to clipboard. 
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Sol 


The shown object is made up of joining a solid cone and a hemisphere. We already know the location of 
the centre of mass of a cone and that of a hemisphere. The masses of the two are in proportion of their 


volume, The masses of cone and hemisphere are 


Mass of cone is 


1 
p3 Rh 


and that of hemisphere is m-pi 


Now we apply the result of two body system to find the centre of mass of the composite body. Let /be 


the distance between the independent centre of mass of the bodies con 
3R h 
84 
The position of centre of mass from m, is 


and hemisphere, then 


3R h 
( ) 
bee ty] 
m 8 4 
x 
m,+m, aR h+p aR 
hGR+2h) 
F7 8(h+2R) 


For the figure shown, block of mass m is released from the rest. Find 


the distance ofthe wedge from initial position, when block m arrives at 


the bottom of the wedge. All surfaces are frictionless, 


As there is no net external force in the x direction, thus the momentum 
of system in x direction (P. ., is conserved. 


Mv, = mv, Initially (P. .), =0 


Displacement of centre of mass in x-direction — 0 


ie — Mxy=mx, i) 
Let the displacement of wedge M be x backwards 
displacement of block =h cot. -x 
Using equation (i) 
m (hcota - x) - Mx 
m 


- hcota 
XT m+M 


Two bodies A and B of masses m and 2m respectively are placed on a smooth floor. They are connected 


bya light spring of stiffness k. A third body C of mass m moves with velocity v, along the line joining A 


and B and collides elastically with A. If /, be the natural length of the spring then find the min 


mum 


separation between the blocks. 


Copied to clipboard. 
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Sol 


Initially there will be collision between C and A which is elastic, therefore, by using conservation of 
momentum we obtain, 
mv,7mv, * mv, à VT vA 


Sincee= 1, v Y 


A7 VC 
Solving the above two equation, v, = v, and v,.— 0 


Now A will move and compress the spring which in tum acceleration B and retard A and 


ally both A 
and B will move with same velocity v. 
(a) Since net extemal force is zero, therefore momentum of the system (A and B) is conserved. 
Hence mv, =(m-+2m)v 
> vevy3 


(b) Ix, is the maximum compression, then usin 


ergy conservation 


Hence minimum distance D 


A 20 g bullet pierces through a plate of mass M, = 1 kg and then comes to rest inside a second plate of 
mass M, = 2.98 kg (refer figure). It is found that the two plates, initially at rest, now move with equal 
velocity v. Find the velocity of the bullet (in m/s) when itis between M, and M,. Giv 


with 100 m/s. 


n that it entered M, 


FO pet 
MI M2 


From the principle of conservation of linear momentum we have 


nu =M,v+mvy" 


and my’ = (m+ M,)v 

or 20u = 1000v + 20v" 

and 20v' = (20  2980)v 

or u=S0v+V" i) 
and v2 150v (ii) 


From (i) and (ii), we get 3u-v3v-4v oro v'-3w4-75 
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Q6 A blockofmass 4kg is moving with a velocity of 7 m/s on a surface. It collides with another block of 
3kg gh for 3 kg block (11 — 04). Find the. 


time (in sec) after which next collision will occur. 


ma elastically. The surface is smooth for 4 kg block but ro 


Sol 


dpl— ws | Ske Ley hy 


Let after collision their velocities are v, & v 
applying conservation of momentum 
4*7+0=4y, + 3v, 


4v, 3v, 7 28 oO) 
eem 
de c-- [uns 
is 
1 1j 
" © 
solving (1) > v-8ms 
Ims 
r"— UE. X 2 = dan 
ime after2"!block stops= * = $ —2sec 
i » 
distance travelled by 2" block till this moment s =8t+ > at 
1 
s=8x2- 34x2- 8m 


so time elasped till 2^ collision 7 —8sec 


Q.7 A particle of mass'm'is projected with velocity v ngle'a' with the horizontal. The coefficient of 


restitution forany of its impact with the smooth g 


ound is e. 


Find total time taken by the particle before it stops moving vertically 
Sol. Total time taken by the particle to stop. 


osina —2ewsina | 2e'v,sina 
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Q.8 After falling from rest through a h 
connected to it through a pulley 
(a) Determine the time it will take for the body of mass M to retur to its original position. 
(b) Find the fraction of kinetic energy lost when the body of mass M is jerked into motion, 


ht ha body of mass m begins to raise a body of mass M (M>m) 


N, 
w (b) 
Before the ler the 


Sol. (a) The speed of the body B just before the string becomes taut is v= /2gh . When the string is jerked, 


erated in the string. At this moment effect of gravity is negligible. So 


dof the two bodies after 


impulsive reactions an 


momentum of the system is conserved at this instant. Let v be the common spe 


they are jerked into motion. From conservation of momentum, we have 
A m 
mv=(M+m)v or Mem 
The acceleration of the system is 
. M-m 
XF-Mg -mg-(M «^ m)a a a-- Wim 


The acceleration is negative, (opposite to V) 
Let the system retum to original position at time t 


1 
O=vt+ Sat 


2h 
or 777. T M-m\g 


(b) The fractional loss of kinetic energy is 


1 1 “i 
am- Mtm? ow 


a mv M+m 
Q9 A block of mass m is connected to another block of mass M by massless spring constant k The blocks 
are kept ona smooth horizontal plane. Initially, the blocks are at rest and the spring is unstretched when 
a constant force F starts acting on the block of mass M to pull it. Find the maximum extension of the 


ai 
Eris D 
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Sol. 


Let us take the two blocks plus the spring as the system. The centre of mass of the system moves with an 


F 
accelerationa= — vr. Letus work froma reference frame with its origin at the centre of mass. As this 
m+ 


frame is acceleration with respect to the ground we have to apply a pseudo force ma towards left on the 
block of mass m and Ma towards left on the block of mass M. The net external force on m is 


F : 
F, = ma = —"— towards left 
m+M 


and the net extemal force on M is 


M F 
E UE sds right 


RSE Me m«M m+ 


The situation from this frame is shown in figure. As the centre of mass is at rest in this frame, the block 


move in opposite direction and come to instantaneous rest at some instant, The extension of the spring 
will be maximum of this instant. Suppose the left block through a distance x, from the initial positions. 
The total work done by the external forces F, and F, in this period are 


mF 
WF,x, +F,x, (x, * x). 
$ m+F 
This should be equal to the increase in the potential energy of the spring as there is no change in the 
kinetic energy. Thus, 


F 1 
m (X eX) K(X, x.) 
m«F 2 
2mF 
on XT S7 k(meM) 


This is the maximum extension of the spring. 


A glass ball collides with a smooth horizontal surface with a velocity y = ai — bj. If the coefficient of 


restitution of collision be e, find the velocity of the ball just after the collision. (Take y-axis along vertical) 


Collision takes place along the normal. Therefore the magnitude normal component (v) of the velocity 
of the 


Lass ball is changed to v, =e v, just after the collision whereas the horizontal component (v, of 


its velocity remains constant due to the absence of any horizontal force. 
= Thevelocity of the ball just after the impact 


where, v 
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Qu 


Sol 


Sol 


A stationary body explodes into four identical fragments such that three of them fly off mutually 
perpendicular to each other each with same kinetic energy (E,). Find the energy of explosion. 
Let three of the fragments move along X, Y & Z axes. Therefore their velocities can be given as 


¥, = vi, V, = vj & ¥,—vk where v=speed of each of the three fragments. Let the velocity of 


nci 


the fourth fragment be s. Since, in explosion no net external force is involved, the net momentum of the 


system remains conserved just before and after the explosion. 
(), = (P). 

mj, e my, «mS, «mS, =0 (P,- 0 because the body was stationary), putting the values of 
9,9, &¥,,weobtain, 


Pd) 


Therefore, v, 7 /3v 

The energy of explosion (AKE) system 

=  E=KE,-KE 
1 1 1 13) 
(jmi + mi «zm «5 mvi |-0) 


Putting v, v, 7 v,7 v v, 3v 


1 1 1 1 
E-|5mv + mv? «mv «ma 3)! |-(0) 
E-3mv “i 

question that kinetic energy of three are equal and equal to E, 


As we know fra 


1 
5 MV? = E,, Putting this value in equation (i) 


we obtain, E= 6E, 


A man of mass m climbs a rope of length L suspended below a balloon of mass M. The balloon is 

stationary with respect to ground. If the man begins to climb up the rope at a speed v (relative to rope) 

in what direction and with speed (relative to ground) will the balloon move ? 

Balloon is stationary 

> No net external fo 
The conservation of linear momentum of the system (balloon + man) is valid 


'e acts on it. 


200 Mm, =O 
where 7 E 
balloon 
> MS emus] 


where v,,, velocity of man relative to the balloon (rope) 
m$, 
M+m 
my 
Mem 


Where v,,,=V=> V, = and directed opposite to that of the man. 
nb " 


Copied to clipboard. 
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shown in the figure. If 


id the 


Q.13 A particle of mass m strikes elastically with a disc of radius R, with a velocity v 


the mass of the disc is equal to that of the particle and the surface of the contact is smooth, f 


velocity of the disc just after the collision. 


their 


Sol, We see that impact takes place along the normal. Therefore, the particle and the disc chang 


momentum along that line. However, no external force acts on the system along the normal line. Hence 
we can conserve the linear momentum of the system (disc + particle) along the normal. Since the masses 


of the disc and particle are equal, so the exchange of momentum takes place along the normal. That 


means, the particle completely delivers the part (component) of its momentum (m v cos 0) along the 


normal 


cos 0 = cos 30° 


Velocity of the disc, v, 7 (v cos0) j where, 


x. The inclination of the wedge is a. A ball of mass m moving 
ly and after hitting slides up the 
lectany friction 


Q.14 Awedgeof massm rest on horizontal surf 
horizontal with speed u hits the inclined face of the wedge inelast 
inclined face of the wedge. Find the velocity of the wedge just after collision, Neg 


Sol Let velocity of the ball after collision is v. (w.r. to wedge) in directions as shown in the figure. Conserv- 


ing momentum along horizontal, we get 


mu-m[v 


=> mu- mv, cos a + (M «m)v, i) 


cos a+ v] - Mv 


Since common normal is along y’, therefore momentum of ball remains constant along the incline 


along’ «> E,-0) 
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Sol. 


>  ucosa=v, +v, cosa (ii) 
from equation (i) and (i), we get : 


mu- mu cos? a - mv, cos? a+(M+m)v 


musin^ a. 


M-msin'a 


A missile of mass M moving with velocity v= 200 m/s explodes in midair breaking into two parts of mass. 
MA & 3M/4. If the smaller piece flies off at an angle of 60° with respect to the original direction of 
motion with an initial speed of 400 m/s, what is the magnitude and direction of the initial velocity of the 
other piec 


by COLM along x axis 
M A 

200M = 400 x cos 60° + V cos 0 
4 4 


7 0 =150 60-200 
J ¥cos0 = 15 > vcos 0=2 (i) 
by COLM along y axis 


M 3M 
0-400 7 sin60°- = V sind 


3vsing- 20093 
200 
3 i) 
(ie 
1 
tan = 5 
=> 8-3" 
400 
v=“ ms 


1 

——— Circular Motion n 

D 

Introduction x 
‘Acar rounds a curve. A staellite circles Earth, Eleetrons revolve around the nucleus. Since they are not 
insight lincs their velocities ane changing either with direction or magnitude o with bth they are 


accelerated. Newion's Laws tellus that force acis on each, Which is this foree and how it does so, will 
be discussed in this chapter. 


Angular Variables 
Angular displacement 


Angle substended by a moving particle on a fixed point is called angular displacement about the fixed 
point. Thus in above discussion angular displacement about O, is 0, & about O, is B, Itis dimensionless 
quantity and its unit is radian. It should not be used in degree. 

Angular displacemem depends on reference frame , but angular 
displacement is different for different observers in the same frame). (The 
linear displacement is same for two observers at differen positions in 
‘same frame)e.g. O, & O, will observe same lincar displacement but 
different angular displacement although both points are in the same 
ground frame. 

Iis a scalar quantity. For small angles it canbe treated as a vector. 
Although angular displacement is a salar quantity, but ifa body is rotating in a plane, then we treat itas 
avector Generally, anticlockwise is taken as positive and clockwise is taken as negative 
Directionofangular displacement vector is decided by right hand lei c. move your right hand fingers in 
‘sense of motion and direction of your thumb will be the direction of angular displacement. 


eo 


Rate ofehange of angular displacement is called angular velocity lis 
unitis rad se. 


Suppose panicle moving in circular path of radius “Y” moves from Pio 
P'so that is angular position changes from 0 o (0 + AO) as shown. 


r3 
> e-i 


w2) 

7097 ua) à 
m€—————A————^— 
tm th py 

pes hy er 
fat i pie ceils mpi —— 
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can be determined from circular motion right hand rulc. Curl your fingers of right hand in the sense of 
‘evolution of parüclethen the extended thumb points in the diction of à; 


Ah 


Here the angle Dis measured fom the x-axis. 


‘Suppose a particle is completing" f" revolution per second (called frequency). In cach revolution, 2r 
radians are covered. So number of radians covered per second, «= 2r f. rad/s 


Time period i.c. time taken to complete one revolution is T- a 


r 
2a» 
2 «T 
E 2nn 
Ifpaniclerevolueswihnrpm.,f= c eyes — — @= Tt mds 


Relation between linear velocity (v) and angular velocity (w) 


Fora particle undergoing circular motion, 


n ve( ur ve( $2) 
SA Orr a ae 
Thus diffrent pointsof scond’s hand ofa clock are rotating with same angular velocity but with different 
speeds and its tip has greatest sped. 
For any curvilinear motion flike the motion of particle Pas shown below) 


‘Ifthe particle has only velocity componant v cos (along 7) Ifthe particle has only velocity componant 
weosb (along 7). the observer need not tum his head to always look at the particle i.e. this componant 
docs not contribute inangular motion. Thus only the componant v sinis responsible for changing the 
angular displacment. 


vsiné. 


Scanned by CamScanner 


[— 


velocity componant perpendicular to the line joning the particle and the observer. 
distance between the particle and observer E 


In general, 


Port 


Hiustratio 
A particle is launched from horizontai plane with speed w and angle of projection & Find angnlar 
velocity as observed from the point of projection of the particle at the time of landing 


m" = 
SL wrt. Ne 
vd 


Hiustratio 


A spotlight S rates in a horizontal plane with a constant angular velocity of 0.1 radisee. The 
spot of ight P moves atong the floor at a distance of 3m. Find the 
velocity of the spot P when O= 45° 


weost 
S4 a=“ 
cos C 
m y PT 
0 
= oso 
At the insiant shown, 8.7 45° iina 
a fy 
[=F 


atthe istant shown 
CETT 
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Practice Exercise. 
Qu — Findihclincarspecd of tip of second's hand of length 10 cm ofa clock. 


Q2 Aparticleis moving along a stright line y = d with speed. Find its angular speed v.c origin at the 
instant itmakes angle $ with y-axis as shown. 
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Hilustration + 


Sol. 


Unit vectors along Radial direction (i) and tangential 


— PEE 
speed (b) It now retards at the contant rate of Sx rad/s’. Find the number of revolutions com- 
any hon te nan nutes bp nae 


2 


pt 1200 = 40 a= 20 arabs 


fa) 


EET 
©) when it stops œ= 0 
w= 0 +2a(49=0 
20n)'+2(- Smat ^0 
— 
Also numberof revolutions is N then 


ve 3-20 


rection (5) 


Suppose a particle moving in a cirular path of radius in x y plane with origin as cenre and makes angle 
(0 with x-axis as shown, at any instant. ls position vector at this instantean be given by 


reos Qi e rsin 8] H 


= cos OF sina] 


vsin9i «vcos8] 


intl censo] 


Uniform circular motion 


Whena particle is moving with constant speed ina circular path, its motion sealed uniftom circular 
motion. Although magnitude of velocity is constant but its direction changes continusly. I means itis 
 continuonsly having some acceleration. This accelertion is always directing towards the contre. This is 
‘called radial acceleration (a) or centripetal acceleration a). 


As we have discussed in the previous topic 


reowsBi+sina j) 
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and V--vsinBi e vcos]- v(-sin8i e cos0]) 


PEINE 
aa o sfoooi-sinoj{ S]e vinti cop 


-vo (cosQi «sing ]) 


Mew d =- (ob esno) =- F 
Thus direction ofthis acceleration is opposite to ie. radially inwards. 
Alo 


LET b v=ro] 


‘Magnitude of this acceleration is constant but direction changes 


p("—— — / LAY 
rena P 


Non-uniform circular motion 
Fora particle moving in non-uniform cicular motion both direction as well as magnitude of velocity 


v[-sinei «cose ;] 


icon) 9 X (-sindi-+cos} 
ces or + sin 


Copied to clipboard. — | 
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eS 


T 


A E EEE 


acodoriion. F 
Thus inthis ease acceleration has two componants one along velocity z 
ie. tangential acceleration and another normal to velocity ic. radial 

acceleration as shown. 


net acceleration (à) makes angle with tangential direction, we may write 


ana Ta 


lal ofr «(ra 
CRRI 
ÁO Studenisneadnot tobe consed wit | and TTL 9 comans both magnitude and dition. Thus 
& ens, ie Fl- 
E sensi, ie S 


Also | 9| means magnitude af velocity only which changes because of tangential acceleration. 


Hlustration : 


A particle is vevoluting a circular path of radius 0.2m with angular velocity 
tis in seconds. Find its acceleration at t= 0.5 sec. 


- 20r rad where 


Sol. 
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= 


mm 
Pt) 
w— al of N 


Sob Since its speed is decreasing so its tangental acce 


ion is opposite to v. When i is is atA. 


so (D) is correer 
Hllusration : 
A particle is moving in a circular path of radius R with speed u, when it begins to speed up at a 
constant rate. After that when it completes one fourth revolution, change in its velocity vector 
has magnitude 2u. At that moment, find 
i) radial acceleration 
fü) angle it makes with its velocity vector. 
Sol. Suppose initially it was at point A with speed wand now itis at point B as shown with speed v. 


Now 


[7] 
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Radius of curvature 


Ia body ismoving in any curvilinear path, hen at different locations, the curvature would be diferent, a) 
thus the radius would be diferem. 


For general curvilinear motion, when the particle crosses a point A, t is satisfying condition ofmovingon 


animaginary circle. At this instat, io, = (uere R, ismmdius of eurvanre attis instant ) 


(spend 
Tomp of acceleration perpendicidar tovelociy 


Mlustration : 


Sol. 


An object is projected with speed 50 m/s at an angle 83° with the horizontal from ground. Find 
radius of its trajectory fi) at the instant it is at helghest point fii) at t = I sec. after projection. 


(9 At any instant acceleration of ihe projectile is dowrwanl At the heighest point velcoity has 
magnitude = 50 cos 53°= 30 m/s and is in horizontal direction. Thus acceleration perpendicular 


to velocity is `g itself 
"T VET 


¥ _ Gor 

> R a Pn 

8) mi ¥,= S0cos $5°= 30m 2 
and V, = sin 53" (I) = 30 ms 


VATI = 30,3 mle 


e Sis at angle 45° with the horizontal 


H 
a, = componant of g perpendicular 1o velocity = 3 
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Dynamics of circular motion 


Here we deal with the forces which are responsible for keeping on abject in circular path. 


 Centripetal force 


Force or combination of forces which provide contepetal acceleration necessary for the revolution of a 
particle is called centripetal force or radial foree. For example 


(a) For objected to a string and is revolving on a smooth horizontal surface, tension is centripetal force. 


(6) To revolve satellite around the Earth, gravitational force provides centripetal acceleration, so 
gravitational force is centripetal force. 


(c) For motion of electron around nucleus, the electrostatic force on electron is centripetal force on. 
d) For an object placed ona rough rotating table, friction on the object dwe to table is centripetal force. 


Problem solving strategy 


Identify the planc ofcircular motion, 


Á 

HEU sc nisu or. 

S. Mie 

Meise ENT ig SPEM 

D e eiaei e Sapa 

mv? 

Seen ib (fa eps eri as WS fe Ne 
‘reaction, Friction ect. In fact anyone of these or their combination may play a role of centripetal 
me 

sewers 
rape nxn gpa 
Renuncia 
masses revolve about a central fixed point with con- M: 
oai pane. Find he ratio rte 
PIENE i 

Sio pt ptt E ai T 


radial directin can be tensions only. 
ForM, 
Fa- T, -M,a 


> 0 n-MR o 
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a 


Hlustration + 


Sol. 


ForM, 


T,-T,=m,a, 


T,=M,a, +T, 


T, =M, o R, + M, R, i 


Dividing equation (i) from (), we get 


A rough horizontal table can rotate about its axes 1 
‘as shown. A small block is placed atr = 20 cm from eo 

its ais. The coefficient of friction Between them is 

1.5. Find the maximum angular speed that can be 

given io the block sable sysiem so that the block 

does not lip. 

on the table. H 

The force acting om the block are as shown below 

Nand mg are in vertical direction, so the only force that cun provide q, N 


necessary centrepetal acceleration in horizontal plane is frietton. 
Ir makes the block o revolve with the table without slipping. 


but 


(F), = 0N = mg 
(FL), = ma. ms 
S= mair 

Ssun 


oir Sum = eu 


_ pasen 
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Mastration 


Ina rotor. a hollow vertical cylindrical structure rotates about its axis and 
person rests against the inner wall. At a particular speed ofthe rotor, the 
floor helaw the person is removed and the person hangs resting against 
the wall without any floor. I the radius of the rotor is 2m and the coefficient 
of static friction between the wall and the person is 0.2, find the minimum 
speed ar which the floor may be removed. Take g= 10 mi. 


Here friction (f is upward and opposes tendency o move down. Abo normal force is radially 
towards the centre to provide centripetal acceleration. 


my? t 
[ox E 
s 
PEL A 
Also as man doesnot fall down, 
f*mgpsuN 


A block of mass 25 Kg rests on a horizontal floor (p = 0.2) M is attached by a Sm long horizontal 
rope 10 a peg fixed on floor. The block is pushed along the ground with an initial velocity of 
10 ms so that it moves tn a irete around the peg. Find 


Tangential acceleration of the block 
Speed of the block at me t. 

Time when tension in rope becomes zero. 
The block is pushed on a horizontal stationary rough surface. the friction here is Kinetic and îs 
always opposite to velocity Le. itis langenial force and is in horizontal plane. 


“bo Normal rea arte recon balance me mae 
te No mg 2508 J 
7 
E leet sere rdi 
2 e 
aM uaa jara 
LE pes! 


> r-nm-omn 
> v-m-» 
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(o)Tension T 
T=OwhenV=0 
ie 10- 


> ti-su 


Mluseration : 


Sol. 


Find tension in OA before and just affer AB is cut. The mass of the particle is m. 


Je 


Before AB is cut, the particule is in static equilibrium Le a =0. TS 


Resolving in vertical and horizontal direction, 
Toy cos O= mg 
P 
cos 
After AB is cut, the particles moves in a circular path around 
O. with radius equat to the length of the string OA. 
Now the acceleration cannot be directly taken zero, rather. 
we have to consider acceleration in radial and tangential LM 
direction 
Resolving the force in radial and tangential direction. ne 
T- mg evs 8 


a Tos 


dui just afier the string AB is cut, speed of the particle is zero =a, 


T- mgeos0-0 
> T-mgeosð 


Mlustration : 


Sol. 


A hallow hemispherical bawi having radius of inner smooth 
surface R = 80 em is rotated with angular velocity 
= 5 radi, A small object is placed at rest wr. the bowl at 


‘position as shown. Find angle 8. 
While the bowl is rotating, the plane ofeircular path ofthe particle is horizontal and its radius is 
ras shown. 


N cost = mg. 
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D UE 
Conical Pendulum. 


consists ofa small sphare (bob) connected to a light string. 
“The bob is given some speed such that it revolve in a horizontal 
circular path while the string makes constant angle (say O) with 
he verticalas shown. 

‘Resolving in horizontal (radial) direction and vertical direction, 
(E702 Teos®=mg 


LES 
woe 7 
Mot) =ma = Tang- 2 r 
jno- 


(reos 


Time perio ()- 24 
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Banking of road 
Whena vehicle is taking on horizontal circular tum, fiction on tyres due tothe road provides centripetal 
acceleration. Many times the ction not sufficient enough, frcuample when peed ito large othe 
tum is tao narrow. In such cases. instam of keeping the rood horizontal. itis made led with the outer 
sides higher side. This is called banking of roadand the angle wih which the road is kept inclined is 
<alled angle of banking, This cnabies the normal forse to provid a horizontal component io help fiction 
To provide cenipea acceleration. This can be explained below mathematically. 


(F,)=0= Neos 0~fsind=mg 
‘Under limithing condition, i.e. when the car is about to skid, f = p N 
= Neos +N sind=mg 


m 
N= cosü suain Nen 
Abo 
fun 
— ï 
mv? an 
20 Nenosuest)- "y Tena sind 
substituting value of N found in equation (i), we get me 
mísin&-ncosb) _ mV? 
cwürusnü R 
= v CTS 


(eost + psin0) 
“Thisisthe spoed at which friction achieves s maximum value i. itis the maximum speed with which the 
vehicle can take um safely on banked road. 

Special cases : 
1 Gffiction is neglectedi e. u is taken zero. 


v= JeRiand 
TO ftankings not proved i. = 
V= Veer 
Centrifugal force 


‘This the pseudo force which has to be taken under account when the frame of reference is rotating 


Copied to clipboard. 
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‘object itself, since the revolving object is accelerated ic. non-inertial frame of refemce. The magnitude 


[—1 


ee er M 
radially outwards. 
"—— 


Mtustration : 
A small block is placed on a rough iraingular shaped wedge which is revolving as shown such 
tha the block undergoes circular path of radius R. The coefficiem of friction between the block 
and the wedge is y Find the range of angular speed «so that the block does nor slip with respect 
to the wedge. 


Sol If we select the frame of reference as the point at which the small block is placed. We rake 
centrifugal force mai R oumwand. 

Ù Maximum angular speed (o) 
More is x more is centrifugal force to balance which more horizontal force is required radially 
inwards The friction force acts down the incline as shown so that its horizontal componant helps 
Horizontal componant of Normal force t balance cena fore 


Me 
(Fj, = 0 N cos O-fsin= mg = 0 

Under limiting condition ie. when the Block is about to slip, f = uN 
N (cosy sind) = mg 


oom o 
> N- cosd- sind 
(EJ,=0 =N 5in0 + (uNjcos0-moz, R=0 


= N6sin8 + pco) = mo 


(tun 
Sme et)“ 
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fü) For minimum angular speed (0,,) 


Lesser is a lesser is centri force thus friction now acts up the incline so as fo provide horizontal 
componant along centifugal force to balance horizontal componant of Normal force. 

(FL), 7 05 Neos 0+ fsin Omg = 0 
Micon + p sind) = mg pd 


M __ RN 
N5 coats sinh foret 


(F0 o Nsinü-fensü-mo2, R= 0 he 
Nin -pcos Y= mai, R 


imal sind - cost) 
> (eost + sind) 


New 
Marce 
= A Rlcos0 psd) mak fee | Nea 
m 
— 
[atsind - pcos) aint cost) 
Ricos + sind) "5 \ reos - sind) 


Tension in rotating ring 
Diagram shown top view of a uniforming of mass m roating in horizontal plane. 


Here tension inside the ring is an intemal force for the ring- Soo find it, we take a very small part of the 
ring which subtends angle dO as shown. 


f NS 


we take y-axis towards the centre and x axis in tangential direction and origin as the mid-point ofthe 


denen 
(E), - (dm) oR 
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E] 
2 (s: dis very small) 


‘Also dm = (Mass per unit length ofring) length of'element 
m-( 1em- (M) 
ERT 
n(2)« (ior 


T E] 
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xami 


Q.1 The magnitud: of displacement of a particle moving in a circle of radius a with constan! angular speed w 
aer itine tae 
(Pines (Eh (Qnens Das 
Si Intime t tthe ponielemovet od Ato Badri pe as 


Ax 2 
Be ^is. FON 
M. aby 

Magnitude of displacement 

s- -an 


= saon 
sasaaa (1) 
m————— 


acceleration (in ns) ofthe object. [Take x= 25/8] 
Sol — Letthe particle rotates by angle O (= nthe given time interval 


Im | -V andaka [| - V 


V7 WESTIN 6088 
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Q3 Twostrings of length /= 0.5 m cach are connected to a block of mass 
m= 2kg atone end andtheir ends are anached tothe point A and B 0.5m. " 
apart on a vertical pole which rotates with a constant angular velocity 7 


P 
radios Find hero 7 ofesion inte os 
sc. Fin T fienioninibourpersting(T) S 
and he lower sring (T,). [Use g= 9.8 m/s?) ^ 
025 x 
Sol. sino- 555 EXE 
x3 34 
r-05Cot-o5[ 2 J- 2 
(E), 05 T, sind ~T, sin ~mg=0 
(T,- T, sin = mg. © 
,), =mo'r 
(T, + T)cosbo ma? r a 


Dividing equation Gi) by G) 
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Sol 


Qs 


Sol 


‘A long horizontal rod has a bead which can slide along its length, and initially placed ata distance L from, 
‘one end of Ac the rod. The rod is set in angular motion about A with constant angular acceleration a. If 
the coefficient of friction between the rod and the bead is pand gravity is neglected, then the time after 
Which the bead starts slipping is 


wf wt 
Nem,-mat 

wed d-ma-mel 

bt o-0*at-at 
p 

‘Alsoat the instant of slipping, f= p N 
mol =u(ma L) 


A bead of mass m = 300gm moves in gravity free region alonga 
smooth fixed ring of radius R = 2m. The bead is attached to a 
spring having natural ength R and spring constant k= 10 N/m. The 
other end ofspring is connected oa fixed point O on the ring. 


oR 
AB "S. Line OR is diameter ofring 


Find (a) Speed of bead at A formal reaction on bead due to ring at A is zero. 
(D Tienteofeungein spa thins 
The length of the spring. when bead is at A, is. 

y (RY 
{err (4) 


O^ J(oBy - (AB 


aR 
B 


Elongation in the spring 


JA — natur length 


(m/s) 4 
Meme om = 
odaseporenor aring ne lnc T 


Scanned by CamScanner 


€ 


Qs 


Sol 


Bene Meee [n 


- 
— X — 
‘A bead of mass m isatached toone endofaspring of natural length y3 R and p 
(53) mg 


springeonsami- HEITE The otherendofthe springs fxedat point — | 


‘ona smooth fixed vertical ring of radius R assbown in the figure Whats the 
normal reaction at B just afr the bead is released? 


OO 3 


Attheinsantofrelese compression in the springis 
x- aR-(3-1}R 


aee (5 n de 


spring force. ko 


‘Also at the instant of release, speed - 


radial acceleration, a, 


Yoo 
R 

Along radial direction, F =i 
N - mg eos 30° - kx cos 60" 


B 


2 


Lm 
Neme > (eng; -™ 
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Introduction 


Figure (a) shows a skier starting from rest at the top of a uniform slope. Whar'stheskier's speed atthe 
bottom? You can solve this problem by applying Newton's second law to find the skier’s constant 
acceleration and then the speed, But what about the skier in figure (b)? Here the slope is continuously 
‘changing and so is the acceleration, Constant-accelraton equations are not applicable here, so salving 
{or the details of ihe skies motion is difficult, 


ON 


Figure (a) 
There are many cases where motion involves changing forces and accelerations. In this chapter, we 
introduce the important physical concepts of work and energy. These powerful concepts enable us to 
“shoncut” the detailed application of Newton's law to analyze these more complex situations. We begin 
with the concept of work 

Work 
In day-today life, me oflenely use the word "Work". In physics, we define the work in quite different 
‘manner than we usually use the word "Work" in daily life. Work done by a constant force F onan object 
when displaced by S is given by 

Wears 


Where p» is the component of force which isin the direction of displacement 


Tnabove figure, p» =F cos 8 
W=(Fe0s 0) S- FS cos 0 


w= 
So work may also be given as dot product of force and displacement. 

* Its unit is Newton meter (Nm or Joule J) 

+ IP =F, SE +F kand S Ax] + Ay] + Azk, then W- F+S - F, (Ax) +F, (Ay) +F, (Az) 
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* Work done forc is frame dependent as displacement i frame dependent 
+ Work can be positive or negative or ero. When a force speed up the praticle, it does postive work. 
A force acting at 90* to the mation does no work. And when a force slaw down the motion, it does 
negative work. 


woo 


© w 


eg According to equation the person pushing the carin figure (a) docs work equal to the force hc applies 
times the distance the car moves. But person pulling the suitcase in figure (b) does work equal to only the 
horizontal component ofthe force times the distance the suitcase moves. Furthermore, by our definition, 
the waiter of figure (e) does no work on the tray. Why not ? Because the foree on the tray is vertical 
while the tray's displacement is horizontal there's no component of force in the direction of the tray's 


[] [I © 


The airline passenger in above figure (b) exerts a 80 N force on his suitcase pulling at an angle 
60^ withthe horizontal, What work he does on suitcase while pulling it $0 m on the floor ? 

Sol W- (80 N) (50 m) cos 60" 

1000) = 2 KI 


Mtwstration 
A particle is moving along a straight line fram point A to point B. The position vectors for points 


A and B are (21 7] 3iym and (51-3) 6h )m respectively: One of he force acting on the 
—30j +158. Find the work done by this foree. 


particle is F = 2 
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Now W-F$ 
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“There is a misconception that the force of friction always does negative work. In reality, the work done 
by friction may be zero. postive or negative depending upon the situation as shown inthe figure. 


= IL nt 


n P 6 


t 


(a) Whena block is pulled by a forec F end the block does not move, the work done by fiction is zero. 
C) When a block is pulled by s force F on a stationary surface, the work done by the kinetie fiction is 
nega. 

{€) Block A s placed on the block B. When the block A is pulled with force F the friction force does 
negative work on block A and postive work on blok D, which is being aceelemted by a foree F. the 
displacement of A relative tothe ien the forward direction. The work done by kinetic friction on 
block B is positive. 


Work Done by Gravity 
‘Consider block of mass m which slides down a smooth inlined plane of angle @ as shown in figure. 


Let us assume the coordinate axes as shown in the figure to specify the components of tbe two vector 
although the value of work will not depend onthe orientation of he axes. 


Now, the fore of eravity, Ë, =—mg} 
andthe displacement is given by 
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Axe 
“The work donc by gviis 
mg}(axi+ay}+ Az) 


= mga) 

Since ay=y-¥, 

DES 

Ifthe block moves inthe upward direction, then the work done by gravity is negative and is given by 
W,--meh 


Important 

1.” The work done by the fore of gravity depends only on the initial and final vertical coordinates, not on 
the path taken. 

2.00 The work done by gravity is zero for path that returns to its initial point. 


Work done by a variable force 


Onten the force applied to an object varies with position. 
Important examples include electric and gravitational force which 
vary with the distance between imeracting objects. The force of 
aspringihat we encountered in previous chapter provides another 


example: as the spring stretches, the force increases, ] 
Inthiscase we have difficulty wo apply ü 
same for complete S * 


Thus, we take a very small ar dSof its paih. This displacement 
dŠis so small that in variation force may be neglected during. 
So we may write, for the work done during this displacement 
as dW = Fas 

=F AS cos 0 
“The total work done in going from A to B as shown may be calculated by summing up i.c. integrating the 
work done during is small fraction, 


feas- Jeeosons 


ntemsofretngularconponens, 
Ferien honk 
mà aS ani dye 
therfore, 
Wann [Fax+ [Rays fre 
esten + 


A force Pao N acts on a particle and the particle moves from (12) m to (534) m. Find 
work done by the force F. 
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Sol. 


and w- faw- Jason El + 4 2, 


Work done as Area under the force displacement graph 


‘Suppose of particle moving along a stmight line and a fore acting on it varies with its displacement x as 
shown, 


jeg 


Fo 


Area under F vs x graph from x 


In general, the work done by a point x, to final point, is given 
by the area under the force -displacement curve as shown in 


the figure. 
‘Area (work) above the x-axis is taken as positive, and below x-axis as negative. 


Hlastration : 
A 5 kg block moves in a straight line on @ horizontal frictionless surface under the influence of a 
force that varies with position as shown in the figure. Find the work done by this force as the 
‘lack moves from the origin to x = 8m. 


yA r7] 


Sol, The work from x 


fox = 8 m is the aroa under the curve. 


w 


012+ Lay 4-309 96-0253 
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niae 
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“Moe 
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Work Energy Theorem 


‘Closely related to work is energy - One of the most important concepts in all of physics. Here we 
introduce the energy associated with motion i.e. kinetic energy. Our goal is to relate kinetic energy and 
work. 

The net work is dane by all the forces acting on an object, so we use the net force in our expression for 
work. We'll consider one-dimensional motion with force and displacement along the same line. In that 
case, the Equation below gives the net work: 


Ww. [Fatt 


But net force can also be writen as. 


f= ma=my S 
a= m= mv 


Thus change in an object's kinetic energy is equal to the net work done or 
called Work Energy Theorm. 

Important 
6) The kinetic energy of an object is a measure of he amount of work needed i increase it speed from 
ev toagien vale, 
DI 
i Since the velocity and displacement of a particle depend on the frome of reference, the numerical 
‘values of the work and the kinetic energy also depend on the frame. 
G9) If work done by net farce is positive, kinetic energy ofthe system increases, Inet work done is 
negative KE. decreases and if net wark is zero, K.E. remains contact 


the object. This 


ic energy ofa particle is the work it can do on its surroundings in coming to rest 


Hiustration : 
A 60 gm tennis ball thrown vertically up at 24 m/s rises to a maximum height of 26 m. What was 
the work done by resistive forces? 


Sol. By Wark - Energy theorem, W, c A K E 
Hes 
WW, m 0- me) 


meh + W., 


Wu, = 0.06 x 10 x 26 rom spa? 
= 1684 
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d) 


Aforceof 31 — 1.5) N acts ona 5 kg body The body is ar a position of (21 — 3jpm and is travelling 


ar mis! The force acts on the body until it is at the position (i jpm. Assuming no other force 
does work on the body, the final speed of the body. 
Given: Mass of he body = 5 kg 


Fore É = ait. 


Displacement Gz (i + Sjj- 2i - 3)! m = (i +8ym 


From Wark Energy theorem. 


M ME 
Wo Boag = mi in) 


tal surface by a force F = 30 N acting 
‘at 53" 1o the horizontal The initial speed is 3 ms and py = 1/8. 


fa) Find the change in kinetic energy of the Mock 
fb) Find its final speed 


, 
ih — — pe 
Clearly, Wy — O and W, = 0, whereas Wp — FS cos 8. fei 
W =-=- hare N= ng- Find H 


The workenergy theorem. 
A= Wg = Wet, 
therefore, — AK =F Scos 8 m, (mg -F sin FS 


1 
-G0Qy06)- 40-2) Q) =323 


ZEE 


tej -@P ]=32 
ms 
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Hlastration + 
43phs efeprinz constant k is anrehed o the ceiling. A block of mess M is anachd oin ner gd 
end and is released suddenly. Find (i) maximum extension in the spring (i) Find is speed at the » 
instans t passes throught the equilibrium position. 


s HM © 
: 
ERI 
Wen a o 
por" 
i on 
a0 
Applying work energy theorem for eso from fa) 1o (e) 
2Mg 
maximum extension, Xu = E ^ 
(i) When the Black is equilibrium fe F0) 1 
b= Mg 
do 2E i 
din 
Applying work energy therom for motion from (a) to (b) 
To che 
aL = Lui -o 
Mes Ld = Iit 
Huren : 


A springs fired at the orto end of an incline of inclination 37° A small block is released from 
restom an incline from a point 481m away from the spring. The Block compresses the spring by 20 
em, stops momentarily and then rebounds through a distance of 1 m up the incline. Find (a) the 
Jrierion coefficient berween the plane and the block and (b) he spring constant of the spring. 
Take g = 10 mig. 
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figi tae eleme fai When torr or poer 
Appling wor ene tcore for mation fom (a 1o f) 
Vos ae Woy” A= Lm 0-0) 28 
20 $sin 37-2008 3795- $ kOZ- =0 w 
Hgphring work energy for motion fore 09 tof) 
20 P x ind? p 20 cos 379x 1- FAL (m2 [I 


Adding equation (i) and (i) 


-m6-px3 -na0~He+n=0 
> aus 
Pang this vl in equation (s ve t 

k= 1000 Nim 
Here elecy is masimum of equllrlum since before this, spring force wes less than he. 
sreght of the Bock and the Mock was accelerating and after this the spring force i greater 
than the weight thus retarding the back to zera velocity upao the lawest postion. 


Htustration : 


Acollar B of mass 2 kg ir constrained to move along a horizontal smooth and fixed circular track 
of radius $ m as shown in figure. The spring lying in the plane of the circular track and having 
spring constant 200 Nin is undeformed when the collar is at A. If the collar stris from rest from 
B, then find the normal reaction exerted by the track on the collar when it passes through A. 


D 


? 
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italy. 
Length of spring = 13 m 
undeformed lingth = 7 m Be 


Initial extention (s) = 13— 
final extension (s) = 0 


Applving work energy theorem for motion from B to A 


L E 


Ai point Along rail diction Fug = N= m 


1 
i el 
n 
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QA Infigureaspring with k= 168 N/m is in its relaxed length andis 
a helopof africtioniessinciineot ange = 37". The lower cnd 
ofthe incline isa distance D~ | m fom the end ofthe spring A 
smallbleok of mass 2 kgis pushed again the spring until the 


spring is compressed by 0.2 mand released from rest. 
(a) What isthe speed ofthe block atthe instant the spring retums 
Wits relaxed length (which is when the block loses contact with 
the spring)? (b) What is the speed ofthe block when it reaches 
the lower end ofthe incline ? 


pm 
QS A block of mass m = 20 kg is dropped from height h = 40 em onto a I 
Spring of'spring constan k = 1960 N/s. Find the maximum distance through 
which the spring is compressed. Take g= 9.8 mut 
Answers 
E 
QI 35ms — Q2üémsG)3ms — Q3 D 
Q4 (u24m&(b42m& — QS Dem 


Consevative and Non-conservertive force 


Muwe throw body up along smooth incline plane with some speed vy then it moves along the incline il 
it becomes stationary for a moment and then moves down the incline. Itis observed the, when i reaches 
the point of projection, its speed is v, again, which proves that during the joumey the net work done on 
the block is zero. Two forces act on the block during its motion. One is Normal force (N) which is 
continuously perpendicular to the block's motion, so its work for any part of the path is zero. Another 
‘ne is weight {mg} which does negative work while upward motion and positive work of same magnitude 
during downward motion, docs zero nct work when the body reaches the initially position again. 

Now we throw the same body on a rough incline plane. When it reaches the initial position, its spoed is 
essar than the speedo projection since fiction doss negative work for motion during upand as well as 
down theincline. 


Thus, here we find two categories of fore. 
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Conservative force. 


When the total work donc by a force F acting as an object moves over any closed path is zero, the force 
iseansratve Mathes. 
fFar=0 (conserve fore) 
Suppose we move anobjc!slongth stright 
path berween point Aand B showen in gie, 
Hong which a conservative frc 
workdonbylbeconsereatveforebeWay amen y 
Sine the work done over any cose pat! ia 
aro he work Wy, Sone in moving back rom \ 
BicAmustbe Whether we tim dong 
the straight path or the curved path or any other 
path, So, going fom A to B involves work W ay, 
regardless of the path taken. 
Tether words! The work done bya \ 
conservative force in moving between Ivo — 
Points ts independent of the poth later 


mathematically, ËA? depends onty on the 
‘endpoints A and B, not on the path berwcen. 


them. 
These include force due to gravity (mg) spring force electrostatic force etc. 


Non-conservative force 


‘Work done by non-conservative forces depends on path also, Least work is done for straight ine pal 
and any curved path 1t involves different work, These include frictional force, viscous force cc. 


Mlussration + 


Sol. 


A particle moves in x-y plane from (0.0) to (a aj and is acted upon by a foree P My! Lex JN. 
where k is a constant and x and y are coordinates in meter Find work done by this force, i the 
article mones along 
{i Two straight Hes frt from (0.0) to fa) and em from fa) to ca 
{ty Asingte straight line. 

aw- Fas Ay en Deae p 

hy de + at dr 
(0) when it moves from (0.0) (a0) 


dir, =k (0) de le! (0) 


n 

=> om fawo 

When it moves from (a) 10 (2.0) 

r-cmum-a => d=0 

‘and y changes from 01a 0 aor 
dW, = hy? 0) € hy = ha dy 


Copied to clipboard. 
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mm 4 
m 
(4) When moves from (0) to (aa) as shown in above figure, along parh €which isastraigh ine 
for which y = x 


> ded 
dW ke det het 


in above illustration, the work done by the force is different for different paths for different 
paths token, soit provides an example of non-conservative force. 


Potential Energy 
When we move an object upto some height against gravity and release, it gains kinetic energy while 
moving down. Itmeans work done against s conservative fre ike gravity s somehow stored, in the 
Sense that we can petit back again in the frm of kinetic energy. We can consider the “stored work as 
motel ney U. 

The change AU ain potential energy associated with a conservmsive force isthe negative ofthe work 
done by tht force as ats over any path from point Ato point B: 


ma 
Ifa conservative force does positive work {as does gravity on a falling object). then potential energy 
piri tireis ie aee keie aarme 
petens Deer ieee nd an Eee ere 
xui cii ine cesar ana 
Bega eae marae eal aa 


is defined 1o be zero. When we say “the potential energy U, We really mean the potential energy difference 
AU between the point ws re considering and the reference point. 


Gravitational Potential Energy (Near the Earth's Surface) 
The work donc by gravity ona particle of mass m whose vertical coordinate changes from y, to y is 


E 


mis) 

From equation, we have W, 7 - AU, -(U,-U,) 

Thus gravitational potent energy tthe point B earth surface ofthe Earths gin by 
Up= U, eh 
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Iwe assume potential energy atthe point A to be zero, then potential energy atthe point B is given by 
Up 0t mih mph 


‘epee une 


por 


tear 
Nu 


Elastic Potential Energy 
When you stretch or compress a spring. you do work against the spring force, and that work gets stored 
as clastic potential energy Foran ideal spring. the foree is F =— kx, where x is the distance the spring is 
_sreiched from equilibrium, and the minus sgn shows that the force opposes the stretching or compression. 


i 
[E 


"m 


where x, and x, are the initial and final values ofthe etch. Ifwe take U =0 when x =0 -that is, when 
the spring is neither stretched nor compressed -then we can use this result to write the potential energy 


Ti 
y5 U atan arbitrary stretch (or compression) x, =x, U= kx 


Potamial energy U 


X70 m 
compresion uli Sitch 
Mastration : 
A uniform rod of mass M and length L is held vertically upright on 
a horizontal surface as shown in the figure. Find the potential energy ayi 
Of the rod ifthe zero potential energy tevel is assumed at the 


horional energy level is assumed atthe horizontal surface. © 
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Sob Since the parts of he rod are at different level with respect to the horizontal surface, therefore, we 
fave to use the integration te find t potential energy. Consider a small element of lengh vata — ai 
height v from the horizontal, » 


Mass of the clement is 
a 
in = My 
in = ha 
s penta energy i given by 
dU = (diss 
TL" 
wo ars M NN 
On integration, we get ; 
LM GR 
v- pa 
~ v 
~ v 


Note tha the potential energy of the rod is equal to the produet of Mg and height ofthe center of 


) fem the surface. 


Htustration : 
Aunifrom chain of mass Mand length L lies on a table with 
12 pari of it hanging off the tabte. Find the work required 


to slowly pull the hanging part up tothe table. 
Sob Here work is done agains the granity 
W-AU-Uj-U, 
Taking table as reference level t. Up 
[omgheu] 


Mee 
M 
here mass of hanging partis m = "> 


and its centre of mass is h y, hight below the table 
(in) i 


Scanned by CamScanner 


Conservation of Mechanical Energy 


The work-energy theorem, shows that the change AKE ina body's kinetic energy is equal to the net 
work done on it: 


AKE- Wyn 
‘Consider separately the work W, done by conservative force and the work W, done by nonconservalive 
forces. Then 

AKE = W, + Wy 
We've defined te change in potential energy AU as the negative of the work done by conservative 
forces. Sowecan write 

AKE =- AU + Wys 
E AKE +AU = Wye 
We define the sum othe kinetic and potential energy as the mechanical energy. Then Equation shown 
that the chang in mechanical energy is equal to the work down by non-conservative forces. 
ie AE=Wy 

AE=0 if W,,=0 
“Thusif work done by non-conservative fores is zero the mechanical energy ofthe system is unchanged. 
This called law of conservation of mechanical energy. It may alo be writen as 


AUTAKE=0 
E AU- -AKE 

o U+KE=constant 

E V, + KETU KE, 


The surfaces shown in the figure are frictionless and horizontal surface is taken as reference level 


Final state Ung 
[6 


By conservation of mechanical energy 


Ls 50-0 mi mate 
Jinis o=o comitio 
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Tllestration 
Two block with masses m, = 3g and m; = $ kg are P, 
connected by a light string that slides over a » 


fricnonless pulley as shown tn figure. Initially, m; ts 
held 5 m off the floor while m, is on the floor. The 
system is then released. At what speed does m, hit 
the floor ? m 


Sol. The inital and final configurations are shown inthe 
iure. is convenient to set U, = 0) at the floor. 
Initial only m, has potential energy. s it falls, it loses potential energy and gains kinetic nergy: 
Ai the same time, m, gains potential energy and kinetic energy Just before m, lands, it has only 
kinetic energy. Let v the final speed of each mass. Then, 
using the law of conservation of mechanical energy. 


Tita! Final Uus before m. strikes the oor) 


KUK eu, 
Lu 2 
Lon mé mg mah 
2m, mi 
Pup mci Shes h=S mand p= Dni 
ys) 
"t $43 
ie vin 
usraton 


A chain of length £ = 80 cm and mass m = 2 kg is hanging 


Pim the end of plane so oth lengik of He vertici 

segment i 30 em as shonn in he figure. Te other end of — 
Ale chanced by a. 4t a certam tat, We na 2a 

pushed out, what is the velocity of the chain at the moment 
it completely slides off the plane ? Neglect the jriction. 
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We assume the zero potential energy level atthe horizontal plane. The initial and final configuration 
ofthe chain are shown in the figure. Initially. KE, = 0 


Note har ihe part of chain lying over the 
table has zero potential energy r 


Finally, KE, = Lm | 
Whore v is the final velocity ofthe chain 


1 
and U,=-mg 3 


Using the law of energy conservation 


Puing 1 = OBT ly = 0.5m; g = ID mi, we ger 
v7 EL mis 
E 2.23 mis 


Types of equilibrium on the basis of stability 


aw 


e 


AT 


Sape llis lad on soo rack under ies fret situations 2s shown nig), 
(5)& (e) Inal the three situation, the ball isin equilibrium 
In figure (a). when the ball is slightly displaced from its equilibrium post 
Position again, such type of equilibrium is called stable equilibrium. 
Here potential energy in equilibrium position is minimum as compares to its neighbouring points i.e. under 
stable equilibrium, potential energy is minimum. 
au gu 

ie Goma So >a 
In figure (b) when the balls lightly displaced from its equilibrium position it tendis to move farther form 
the shown equilibrium position. Such type of equilibrium is called unstable equilibrium. 
Here potential energy in equilibrium is maximum as compared to its near by points 


Uoma EU 


jes to ansin the shown 


<0 
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AC) In figure (e), when the ball is displaced, it accept the new positon as equilibrium position, such type of 
equilibrium is called neutral equilibrium. 


Here potential energy remains uniform forthe equilibrium position. 


dr 
Although, the above discussion is under the effect of gravity but the results observed is applicable in 
other situations also where u partiele ean move under the effect of the conservative foree only 
Theabove result ean also be studied withthe help ofthe following graphs. 
Fora particle whose position (r) varies along a straight linc, the graphs below 
‘Show variation of U vsr and F vsr: 

U ismon 


position is also equilibrium. Thus point, A shown is the position af neural equilibrium. 


APoimB  P=0; DD = 0, Now whenitissighy displaced wands left of B, force is positive ie. towards 


Tight and when is slightly displaced towards right of B, force is negative ie. towards right. Thus force 
tries to bring the particle towards B again. This type of force is called restoring force and the point B is 
‘the position of stable equilibrium. 


MPoime peo E 
si = 
that direction only i. to move he partiele away fom C. Thus point C is the position of unstable 


equum. 


burwhen particle is displaced tightly form ittowards any direction, force nct in 
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‘Mlussratto 
The potential energy of a conservative system is given by 
U- ast be 
Where a and b are pasitive consume, Find the equilibrium position and discuss whether the 
equilibrium is stable unstable or neutral. 
Sol Ina conservative field 


dU d 


F de cog ex ~ ba) = ~ ax) 
Foreman Fo 
z Vat 


—— RP 


Therefore, 
Power 


b 
au the stable equilibrium position. 


am 


Powers the work done per unit time. If AW a work done in time At the average power is P, = ^ 
Average power becomes intantanoous power as At approches to zero. 


a) 


InstnincousPower P= Li 


^r 
aw 

= Les 

Dueto a particular foree on a partiele 


: (where © is velocity) 
Centripetal force is always perpendicular to velocity, sa power due to it is zero. 


ractice ise 


QU Achain of length Land mass M is arranged as shown in following four eases. Arrange the potential 
‘energy (assumed zero at horizontal surface ) in decreasing order. 


" G z 
7 w u 
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m 
Q2 A particle is constrained to move in the region x 2 O and its potential energy i given by 


Usa- M (where xisinm) 
For what values of x the particle is under 
)Stable equilibrium. Gi) Unstable equilibrium 


Q5 ktyi xj) (where K isa positive constani) acts on a particle moving in the X-Y 
plane. Starting from the origin, the particle is taken along the positive x-axis to the point (a, 0) and then 


Parallel to the y-axis o the point (a.a). Find the total work done by the force F on the 


Q4 Ablock stans from rest at point A, slides down a frictionless incline that terminates ina ramp pointing 
upat 45" angle, as shown in figure. Find an expression forthe horizomtani range x shown in the figure as 
a function ofthe heights h, and hy- 


Q5 A horse pulls a cart upto 200m in 5 minutes, exerting a force of 750N along the displacement ofthe cart. 
Find its power output measured in watis and in horsepower. 


Answers 
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Where work done by tension. Wy =O (since tension is continuously perpendicular to motion) 
and work done by gravity W, == mgh 
mR (1-0058) 


1 
~mg R (1 -cos0)= 3 m (= u) 


aR (1 -cos 0) E 
from equation (i) and (i 


T=mgcos0+ R 


[u?-2gR (1 -cos 0)) 


*3mpcob-2mg — di) 


Thus Tis maximum when B= 0 i.e. at the lower most posi 


armet R 


‘Also Tis minimum when 0 = 180° ie. at the top most point B 


Tct Ro -Sme 


Thus: Tyas 


circular path) 
From equations (i) and (iii), following results are obtained 


T, = 6mi independent of intl speed provided the ponicle is able to complete the 


Casel 
Ifu= J3gR , V becomes zero exactly at point C 


Also when it ist point C tension, T=m 


Now it oscillates between points Cand D. 
Case r 


1fu< JRR , V becomes zero 


—— 
Aussi 


CIEN 


amd 


= T-mgexs840 
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[7717] 
Mu- [Sg then at the top most point B where = 180°, the speed of he particle is 
v7 (5gR=2gR(-(-D) ~ /SgR -4gR ~ VBR 
mfg y 
R 


Aubspim, mpeT- 

> 1-0 

‘Le, string is just stacked, but it still continues to move in circuler path, since it has got speed. 
Case tv 

If u> SgR and T» 0 even at the topmost point (B) and particle completes circular path 
Cue v 

If Sg >u> JIR 


T becomes zero at some point between Cand B ie. for 5 << x, And that instant is non zero [see 


equation (i)] and thus particle move in parabolic path after that duc to gravity only 


Motion ofa paria the inner surface ofa vertical circular track 
Same resus as above are obtained when a body is given some speed u at the Q 
Boorn mos point inside a xed circular oop as shown. Here instead of tension 
momma force dae to inor surface af ihe loop comes maton. 


Itustrarion ^ 
Figure shows a an incline which ends tmo a circlarirackof radius 
R. What should be the minimum value of height (h), so that the 
small object shown afler release, is able to complete the loo. & 
Neglect friction. 

Sol. u completes the lop. (f us speed is auleast JgR at B and J5gR a 4. Applying work energy 
theorem. for moion from starting point to the point B. 


meh = Lm {(5eR} -o] 
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Hlastration : 
The bob of simple pendulum of length t is given a sharp hit to impart t E 4 
‘sharin speed of Sg. When twas ats lowermost position. Find i 
(0 angle a siwan of the string from upside of vertical and speed of the Y 


Sol. 


‘particle when the string becomes slack. (i maximum height (from the 
fto) DT 
(Since Jigh <u « gl. the ring slacks somewhere Pas 


Between horizontal paint and the topmost point. 
Let string slock at P. where speed is say v. 


At point P. vy 


> T+ mg cosa = "O 


As the string slacks, T= 


> mosa- 


> v- [gma E 
Applying work energy theorem for motion from A io P 
1 
-mgh = mo- u) 
from equation () 


1 


-met 15 cosa) = 5 m [e (t cos a)- Jg] 


> o 


tinta [E 
(Nw afler slackening hes he maton hab ts anergy jo wh he 
tas hon 
sima 
E] 


amie É ossi mda (1) =f 
eni É maian (1) -2 
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nose 
maximum height fem Ais =h, +hy=0( 145) S 


A particle slides on the surface of «fixed smooth sphese starting from the topmost point. Find the 
‘angle rotated by radius through the particle, where it leaves contact with the sphere. Also find 
speed at that instant 

Sol. Letit rotates by angle a. 


mgcosa-N= 


Ls mg sina 
pn 
Inlooses contact ie. N= 0 
= mgcasa= ™ 
= = Rena n 
Also applying work energy theorem 
Bag 
mgh- mi-o) 
1 
mg R(t cene) = Lm Reose- 0) 
es «i ^ 
cual 
om 
-eart (E 
> a-r 


Also from equation (). 
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Practice Exercise 


QA — An 900kg roller-coaster car is launched fom a pant spring of 
‘constant k— 31 kN‘m into a frietionless loap-the-loop track of 
radius 6.2 mas shown in Figure. Whats the minimum amount 
that the spring must be compressed ifthe caris to stay onthe 
wrack? 


Q2 Asmallioycarofmassmslides with negligible friction 
‘on loop; the loop rack as shown in figure. The toy car 
sans from restat point A whichis height H - 2 R above 
level ofthe lowest point ofthe rack 
6) What normal force is exerted by the 

track on the toy ear at point B? 
i) What are the speed and norma! 
force at point C? 


(i Atwhat height will heb leave the track and o what maximum height wilt riseaflerwards ? 


Q3 Apatideatahadtoavatica stingol length 1 misprojecdhoretalywitavdocilyof s 7 ms. 
(0) What is maximum height reached by the particle from the lowermost point ofits trajectory. 
CO) Ifthe sring breaks when it makes an angle of60P with downward vertieal, find maximum height 
reached by the particle from the lowermost point of its trajectory. 
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Qi Two blocks A and B, each having a mass of 320 g 
‘connected by alight string passing overa smooth light 
pulley. The block A is attached to a spring of spring 
constan 40 N/m whose other end is fixed toa support 


40cm above the horizontal surface as shown. Initially, 4a 
the spring is vertical and ustreteied when the system is aus i 
released to move. Find the velocity ofthe block Aat 


the instant it breaks off 
the surface below it. Take g= 10 mis? nc 
Sol — At the instant of break-off.N =0 
= kxcos0=mg by, 
‘Where extension inthe spring 
04 


-04 
cost "PT EE 


m 
5-)na see 


k(0.4)(1 ~cosd)=mg 


d=040n@=0.3m 


W, +W,- AKE 


= 03:103 
= v-lsims 
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Q2 Asmallbody suns siding from the height H with zero velocity down a smoot hill which has horizontal 
portion as shown. What must be the height of the horizontal portion to ensure the maximum distance 
"s covered by the body? What is the maximum value of's"? 
A 


Applying work energy theorem for motion from A 10B 
1 neve 
img (Hh) = 5 m(V2-0) 
V 3H- 
Iftime taken by the disc to move from point B tothe point C on ground ist, then 


E] 


{ors tobe maximum (Hh- h?) is maximum. 


a : 
ie amen 


H 
0 > h 


[ET z 


Putting this value ofh in equation (i) 
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Q3 


Sol. 


Q4 


Sol 


A constant horizontal forc F of magnitude equal 1o "S* begins oat onthe 

bobof pendulum shown when the bab was at rest. What maximum angle the 

string makes with the vertical? wr 
Letthe string makes angle O with the vertical when it comes to rest (momentarily) as shown 
xe tind 

ado h=/-Fc0s0= (1 ~c0s 0) 

Here work done by gravity W, =- mgh = -mg ¢(I-c0s 8) 

Work done by tension, W,= 017 Le] 

Work done by force F, Wy =F «(displacement in the direction of F)= Fx 


ME pi 
2 (sino 


Applying work-energy theorem 


WtW, +W, aK E= 


D 
sin = |-cos 0 


ee () 


‘A small body is placed at rest at the bottom B ofa smooth hemispherical surface of wedge as shown. I 
the wedge is shifled horizontally towards right with acceleration ay — 3p id speed ofthe body wt the 
wedge at the instant the body reaches points A. 

Here we need calculation ws tihe wedge which is accelerated i.e. non-inential frame of reference, So we 
have to consider Pseudo froce (F;) and work done by the Pseudo force (W) also. 

Where Fp =ma,= 3mg and is towards left i.e. apposite toa, 
By work energy theorem for motion from B 10A 


1 


F,R-mpR- > m(v?-0) 


1 
= 3imgR-mgR= Sm? 


vnde 
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A parce is suspended veically from a point O byan inexensible massless 
string of length L.A vertical line AB isto distance L/8 from O as shown. 


“Theebjccrprenaborzoni veciyuAtmeponwmetonemcr — 7f 
wheel eb xt AB ABS o 


instant of erosing AB, its velocity is horizontal. Find. 


Let the string slacks when the particle is at point P as shown 
Ay 


AtpointP, T+ mgcos 


where T= O(asstring slacks) 


m 

meeu- io 
a Vies 
Mflrisiundergespaibol path, When pases rough ine AB i velocity is orna which 
implies tu (Lsin c- Ulf oczoal range 


iar pui 
Faye 
| 
Also by applying work energy theorem. 


1 r 
= mg L(1 +605 0) => mV) 
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Rotational Mechanics 


Introduction 


The previous chapter we are studied only the translational motion of objects. The most general motion of 


a rigid body includes rotational as well as translational motions, Thus to study this general motion appro- 


priate kinematics as well as dynamics must be studied in detail. Any body in general interacts with its 


surroundings through four basic interactions strong, electromagnetic, weak and gravitational, Not all 


and its position and 


forces produce rotational motion in the body. It is only certain conditions on force 
orientation that can produce rotational effects. The rotational variables have a definite relation with 


corresponding linear variables, This is studied under rotational kinematics. The causes of rotational 


motion and the factors governing changes in rotational state of motion are subject matter of rotational 


dynamics, The subject 


matter of this chapter includes kinematics and dynamics of rotational motion. 


‘There can be pure rotation of a body or can be rotation with translation. We begin with pure rotational 


case 


goon developing the basics of rotational motion and subsequently deal with rolling motion which 


isa combination of rotational as well as translational motion. 


Rotational kinematics 


Rigid body 


Rigid body is defined as system of particles in which distance 
between each pair of partices remain constant (with respect to 
ti 


1e) that means the shape and size do not change, during the 
motion Eg : Fan, Pen, Table, stone and so on. 


nota rigid body, two blocks with a spring attached 


s also not a rigid body 


For every pair of particles in a rigid body, there is no velocity of 


seperation or approach between the particles. In the figure shown Yna; ^ 
A 
velocities of A and B with respect ground re V , and V, respec- V, cos 
tively A B 
Ifthe above body is rigid vain A o, Vr 


V, cos 0, = V, cos 0. 
relative velcoity of B with respect to A. 


Types of Motion of rigid body 


Pure Translational Pure Rotational mbined Translational and 
Motion ‘Motion Rotational Motion 


2 


Pure Translation Motion : 4) 
A body is said to be in pure tras 


lational motion ifthe displacment of each particle is same during any time 


interval howsoever small or large. In this motion all the particle have same S, Vy & à atan instant. 


Ex: A box is being pushed on a horizontal surface. 
dii 
PON prd 
of anyparticle m 
fig, = Gof any particle 


AS. = ASof any partic 


Pure Rotational Motion : 


A body is said to be in pure rotational motion if the perpendicular distan 


e of each particle remains 


constat from a fixed line or po 


and do not move parallel to the line, and that ine is known as axis of 
rotation. In this motion all the particles have same 6,5 & @ atan instant, Eg : -a rotating ceiling fan, 


arms of a clock 


For pure rotation motion - 


t7 Where 0 = angle rotated by the particle 
s= length of arc traced by the particle. 
r= distance of particle from the axis of rotation 
E 
[n Where w= angular speed of the body 
do 
a Where a = angular acceleration of the body. 
dt 


All the paramenters 0, oand a are same forall the particles. Axis of rotation is perpendicular to the plane 
of rotation of particles. 


Ifa = constant, 


at Where o, = initial angular speed 


O=o,t+ 5 att=time interval 


oF =@,2+ 200 


Practice Exercise 


QI — Themotor of an engine is rotation about its axis with an angular velocity of 100 rev/minute. It comes to 
rest in 15s, after being switched off. Assuming cosntant angular decelaration, calculate the number of 
revolutions made by it before coming to rest 


Q.2 Starting from rest, a fan takes five seconds to attain the maximum speed of 400 rpm (revolutions per 
minute). Assuming constant accelerat 


on, find the time taken by the fan in attaining half the maximum 
speed. 


Answers 


Kinetic Energy of Rotating Body 


The rotating blade of a fan has some kinetic energy duc to rotational motion which can not be expressed 


1 
directly as K.E= | mv’ since all the points do not have same speed. 


To find rotational K.E. we take the fan's blade as a collection of different very small particles called 


elements. One such element has mass dm and is at distance r from the rotational axis as shown. Its 


kinetic energy can be given as 


dE) 3 (im)? = + (dm)(ro) A 


L (dm) 


The rotational kinetic 


nergy ofthe body is given by summing 


i.e. intergrating the kinetic energy of all the elements of the body. 
1 
K.E. = fa(K.E) = f (dm) o 


Since «is same for every element of a rigid body so we take o outside the integral. 


KE Lor dm 


te KE. - to? 
wemay write K.E. = > 
where I= (r^dm called Moment of Inertia. 


1 
The above equation is analogous to the K.E.= MV" i.e. Kinetic energy ofa body having translational 


motion. Here « is analogous to v. Also I is analogous to mass m i.e. I plays the same role in rotational 


motion as that of mass in translational motion. In other words as the inertia to the translational motion is 


due to the ma: 


inertia to the rotational motion is due to the quantity Moment of Inertia. 


" 


Moment of Inertia 


Definition. 
Itis the property ofa rigid body by virtue of which it opposes change in its rotational motion. 
* This is always taken w.r.t. a axis of rotation. 
* This plays same role in rotational motion as mass plays in translational motion. 
* Difference between mass & M.I. (Moment of Inertia) is that mass is property of body & is indepen- 
dent of any reference axis choosen but MI depends on the mass as well as its distribution about the given 
axis of rotation. In other words it depends on 
(i) axis of rotation 
(ii) shape of the body 
(iii) size of the body 


(iv) density of the material of the body | mass depends only on these two things. 


MI of a point mass : 


ris perpendicular distance from mass to axis of rotation yy 


Illustration : 


Two particles of masses 2 kg and 3 kg are separated by 4 m as 


shown, Find MI. of the system of particle about axis. 


(A) AA (B) BB'(C) CC (D)DD A B C 
Sol, (A) L= 200? + 34 = 48kgn? (2 kg lies on the axis only) 
D D 
" e| take 
(B) [yy = 22? +302)? = 20 kgm 
A Be C 


(©) Ioc = 268} + HOP = 18 kgm 


(D) lpn: =2 (OF +30} =0 (as both lies on the axis) 


Illustratios 


Find M.L of a system of three particles lying on an equilateral triangle as shown about the axis 


(A) Which is 1 to AB and passes through its centre. Ca 
(B) Passing through the side AC 
(C) Passing through centroid and L to the plane of ABC. 
Sol (A)I=1,+1, +1, 
H , m, m 
m (L/2} + m (L2 + m*0 ^ B 


mL 
(B) lp, 0+0+mh [ly 91s 20] 
3nL 
4 
(C)1 7 3 * mr 
(Ly 
3m| 7} 
Ww 
m 
m 
1 
mL E 
d 
Mlustration: 


Find the moment of inertia about C.O.M. system of two particles of mass m & M. separated by 
distance l. 
Sol. Position C.O.M. from m is 
—om())* Ml) — MI 
" m+M m+M 
ml 


wm M is, r,=1—r, = 
from M is, r mea, 


[= mij + Mr 


M.I of continuous rigid body 
As we have discussed in previous topic fora continuous rigid body, 1= f r°dm 


To solve for above equation, we take dm in terms of variable r/dr or both rand dm in terms of another 
variable. 
To substitute dm, we take linear, areal and volume mass densities as we had taken in previous chapter. 


ofaring 
Let mass of the ring is M and radius is R. 
MLL of small element of mass dm is dl — (dm)R 


I= ff (m) dui 


but here distance of each element from the axis is same 


(7 R) and so can be taken out of integral 
1=R? fdm 
I7 MR 


1. of uniform rod 
(i) About one of its end 
MLL of the element which is at distance r from the end is 


I= fat- fim) 


Where, mass of the dement, dm = (mass per unit length)*(I 


ygth of the element) 


G5 i 
dm- [1 Jar pad 
7 
t (M) M M[r] e—a 
-fr làm- M frar- 
1- fe (pam = Ff "HH 
ML 
im 
3 
(ii) About its COM 
a 


di- .M 
(dm) = P dr 


here M.L. can be fround out by integrating the above from left end to rigth end 


a tale 
ML 

m 
12 


Note: Here we can observe M.I. about the axis passing through C.O.M is less then that about end. In fact for 
various axis which are parallel to each other M.I. is minimum about the axis which passes through 


C.O.M. This is also proved later on in this chapter only 


MLL. of a uniform disc. 


Mass — M, Radius R. Lets taken an elementary ring of radius rand thickness dr. 
dI - (dm)r (for ring) 


Also dm = (mass per unit area) * (area of alimentary ring) 


Where area of elementary ring, dA = x [(r + dr) —r] 


2 rdr + (dr'] 


dA -2nrdr {neglecting (dr} being a ring small quantity] 
M 2M 
dm= gr *2ardr= per dr 
2M 


1| (dm) - EF r dr 
di-(dmr- 2 


Mja 


of solid sphere (Mass-M, Radius - R) 


Let taken n elemntary disc of radius r and at distance from the centre. Let its thikness is dy. 


M 
dm= LM xardy 
E 
3M 
rdy 
AR 
M.Lofel disc is dl d M rg 
of elementary disc is d r'dy 
mentary disc is dl = > (dm)? = 5 
Abo P=R?-y'=>r'=(R?-y"y y'-2R y 


Copied to clipboard. 


MLL of the sphere is 


i- fas fe frasco IE dy| 


M.I. of thin hollow sphere (mass - M; Radius - R) 
Here we take an elementary ring of radius r and thickness = RdO 


Mass of elementary ring, dm 7 c dA 
im= -M «(o xr) Rao 

dm= Lgs C OnDRd 

-M qao 

“oR 


di= (dm)? = jy r'dà 


Ask p= at= M sinodo 
Aslo sind => sin'0d 
lo r-sinü-sdl- > 


M 
ordi = jx (1-cos0) sind d0 [Taking sin'0 = 1 — cos'0] 


dx 
Letcosü =x => sin => sin0 dO =~ dx 
de 


i=% a i)» M Dd 
di= zg (1-X) C dx) 5p OP = I) dx 


Also When 0 varies from 0 to x ; x i.e. cosÓ varies from 1 to— 1 


MI 
t= Mf? -pdx =F] ox 


of some common bodies. 


Uniform ring 
(about an axis passing through centre and perpendicular to the plane.) 


Dise 


(about axis passing through centre and perpendicular to plane of disc). 


CR 
Hollow cylinder (about yy axis) 
Note : Independent of length of cylinder of same mass. e 


Solid cylinder (about yy' axis) 


Hollow sphere (about a diameter) 


Solid sphere (about a diameter) 


Uniform rod mass M length 


(about axis passing through one end & perpendicular). 


nd perpendicular) 


uniform rod (about an axis passingat 7 from one end 


uniform rod (about axis passing through rod) 


MR? 


3 


MR? 


EKI 


Illustration : 


Find M.L. of a unifrom rod of mass M and langth L about an axis which is at angle 0 to it as 


shown 
Sol. M.I. of the element 
^ 
M 
di = (dm) | al | 
L IY 
Also, r-lsinü A 
(M 
dl - | 7-89 Jp ar ^ 


M [m 
pep sn JEA — [since Ois common to all points, sinO comes out of the integral ] 


1 sio £ sin'à 


Illustration : 
A rod AB of length L has linear mass density (A) varying with distance (x) from the end A as 1 
ax? where a is a constant. Find M.l. of the rod about the end A. 
Sol. dm 7 | dx 
ax dx 


dl = dmx? = ax! de. 


pjar-afde o 2% 


Illustration : 


Find M.L. of a uniform traingular plate of mass M about its base as shown. 


A 


[ 


Sol. © (mass per unit Area) * (Area of the element) 
= (à) (x dy) 
Since each point of the dementary strip is at distance 


(H — y) from the axis 


H 
dl = (dm) (H —yF = (a xdy) (IP + y? — 2Hy) 
x A 5), 

Also s^n^*"lu) 


Copied to clipboard. 
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di- e (H°y+ y’ -28y)dy 


bfer fraj dy-2H |y dv| 


b|H' H' 2H* 
""H2 4 3| 


bH A 


12 
Hn 
Total mass M _2M 
Also = 5 
Total area { m ) 2H 


MH? _M[b (0| 
6 612 \2)J 


Parallel axis Theorem 


Used to find moment of inertia about an axis which parallel to the axis passing through C.M. 


JL. CM. isatorigin 


Teu —> Mlof the rigid body about an axis through CM 
1, MI of the rigid body about an axis which is parallel to the above axis through CM & is at distance 
d from the axis through CM 


Iu- Emh? + 


z coordinates are not involved 
so m, can be replaced by sum of mass 
1 of all particles placed on 


Ym kx, ay + (y,-b)* 


z-axis with co-ordinate (x, y) 


= Em (x? + y?) + Em, (a+b?) - E 2amx, - 2bmy 


qu, + (a? +b?) Em - 2a Zmx, -2b2my 
*Mh 


1 
IfM.I. of a body of mass M about an axis passing through its C.O.M. is I, them M.L of another axis 
which is parallel to the above central axis and is parallel to itis given by I, , =I, + Mh? 


=I, 
p= leu 
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Illustration : 


Find M.I. of a uniform body of mass M and radius R about an axis passing 
through a point p on its periphery and is perpendicular to its plane. Take 
the body as 
(a)Ring (b) Disc 
Sol. 1,=1,+ MR 
(a) for ring, 1, = MR? + M(RY 
-2MR 


MR. 3 
(b) for disc, I, = —— + M(RP = SMR 


pé 


rg 


Illustration : 


ML 
Find I, of the uniform rod of mass M shown, knowing that M.I. about an end is 
T L 
— | 
niepo 
Sol. [ayo Mh 
Lu- Mir 
1 ML 
where h- 5 andl, 
2 wq 
MÈ yf ME 
3 (2) 12 


Mlustration : 
Find M.L of thin semicircular wire of mass m about axis passing through point A and is perpen- 


dicular to its plane as shown 


Sol. I, = mR 
By parallel axis theorem 
1, =1,+ mr, > [,=1,-mr, 


Where ris distance of C.O.M. of the helf ring from its base 


14 


*mn(R-r) 
mR? +m) | sm (n-28) 
x) | = 
1,7 2m | 1-5] 
E 


Perpendicular axis theorem 


This theorem is applicable only for the laminar bodies (i.c. plane bodies). (e.g. ring, disc, not sphere) 


1, & I, are MI of body about a common pt. O in two mutually 1. directions in the plane of body 


I, is MI of body about an axis L to X & Y axis & passing through pt. O 


z y 
RL Y) 
X974 7 —* 
1,=Em,y; 
1,= Emx; 
1=Em (x2 +2) Les 
The point of intersection of the three axis need not be centre of mass, it can be any point in the plane of 


body which lie on the body or even outside it. For relation from perpendicular axis theorem, 1,=1, +1, 
axis (3) must be perpendicular the plane of the body and axis (1) and axis (2) must be in the plane of the 
body 


Mlustration : 
Find ML of a uniform rectangular plate of sides | and b shown, obout the axes passing through 
(i) Point 1 ie, corener 


(ii) Point 2 i.e. centre L 


Mb’ MI 
Sd (d = i= 
s53 3 


By perpendicular axis theorem 


LL, 


— 
a 2 
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j- MÈ Me y 
d 1 12 
1 1 M +b z x 
= per) 


In this question, for squese plate of side b = I 


M 2MI 
Le (FE 


M MI 
& b= +h 
2 6 
Mlustation 
Find M.I. of the ring and the disc about the axis passing through their diameters. | Y 


Sol By perpendicular axis theorem FN 
helt, WW x 


Also, since mass distrioution of the body about x and y axis are similar 1 


L=1, > L-L-I 
MR 
(i) For ring, l, =MÈ => — h=1,= —5 
MR MR 
(ii) For disc, 1, > L8, 
2 4 
Note @ (7) Q 


We can observe mass distrbution about the diamenteral axis shown in (i), (ii) and (iii) are similar 


1y = ly =I, 


MF 
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Illustration : 


A hole of rats © is made in a wniform ciruclar plateofrodius R. The mass of remaining portion 
shaded is m. Find M-I. of this body about point O. 
Sol To solve this, we use the concept. M.L of the remaining postion 
= MLL of the complete body before removed ~ MI. of the removed part. 
(A) Let 'm'be the mass of reamining disc 


Area of original disc 


Area of removed part = x(r /2) 


Therefore area of the remaining disc = mr— nfr / 2} = (3/4)ar° 


m 4m 


Mass per unit area = 87 7$, 8 7 3 ar 


em Ky 
lass of the removed part = ra =m 


4 2 
Moment of inertia of the complete disc (1) = -,* , mr = mr 

1 m(rY mfr 
Moment of inertia of the removed part (1) = 5* 3| 5| * 3| 


8 


Therefore the moment of inertia of the remaining disc 


Illustration : 


Anon-uniform bar AB of mass m has linear mass density 2 (vis calculated from one end). 


Find the (a) Mass of the rod (b) Moment of inertia of the rod aobut the end A. eem 


(c) Momemt of inertia about centre of mass 


47 


Sol. 


(b) About A, dI = (dm)x PR 


À 3 AL 
n= jars jac 


(c) Position of C.O.M from end A is 


[ii f fra 


“e5 fam (4L) 


2[r] zc 
vc" pa] 3 


By paraell axis theorem, 1, = 1, M x, 


L2 Me AU (AL) (25) 
le =l,- Mx rn E) 


Radius of gyration (K) 


If M.I. aobut an axis ofa system of mass M is I, then we may write, [7 MK? where k is called radius of 
1 
M 


In other words M.I. aobut an axis of system is same as M.I. of a particle of same mass placed t the 


gyration ofthe body about that axis = V 


distance equal to K from the axis of a uniform disc of radius R, radius of gyration about an axis passing 
through its centre & isto its plane is 


Ej. 


K-| M = 3 be thedise will same rotational inertia as that of a particle of same mass placed 


at distance -77 from the axis 
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Sol. 
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L2 Me AU (AL) (25) 
le =l,- Mx rn E) 
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If M.I. aobut an axis ofa system of mass M is I, then we may write, [7 MK? where k is called radius of 
1 
M 


In other words M.I. aobut an axis of system is same as M.I. of a particle of same mass placed t the 


gyration ofthe body about that axis = V 


distance equal to K from the axis of a uniform disc of radius R, radius of gyration about an axis passing 
through its centre & isto its plane is 


Ej. 


K-| M = 3 be thedise will same rotational inertia as that of a particle of same mass placed 


at distance -77 from the axis 
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Note: In case of system of combitionation of various bodies k= YM = 


Ilustration 
Each wheels has an outer ring having radius R and mass m. Other than outer ring the wheels 


comprise of some uniform rods (each of mass m and length R). 
Calculate radius of gyration about centre and perpendicular to plane. / \ 
(v) 
( mR \ f 
Sho, = mR) +3 | |- \ 
do M,.=4m 
ETE: 
YA ~ V2 


Illustration : 
ind the MI of a ring about the chord which is parallel to the diameter of the ring at a distance R/2 


from the diameter 


MI of Plate: 


1 Jaana ama 


D smb 


L mfa eb) 


What would have happened if it was a square plate? 
Prove that MI of square plate of mass m and side a about any axis passing through COM 


along the surface of plate is ma? /12 


Mlustration: 
Find the moment of inertia of a Square plate about an edge in the plane 


ma 


ma 


(a) _ ma 
*m;|- 
2 12 4 3 
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Practice Exercise 


Q.1. Find the moment of inertia ofa pair of spheres, each having a mass m and radius r, kept in contact about 
the tangent passing through the point of contact. 

Q.2 The moment of inertia of a uniform rod of mass m=0.50 kg and length /= 1 mis 1=0.10 kg -m' about 
aline perpendicular to the rod. Find the distance of this line from the middle point of the rod. 

Q3  Findthe moment of inertia ofa uniform square plate of mass m and edge a about onc of its diagonals, 

Q4 — Theradius of gyration of a uniform disc about a line perpendicular to the disc equals its radius. Find the 
distance of the line form the centre. 

Q.5 — Calculate the moment of inertia of a uniform rod of mass m & length / about an axis passing through one 
end & making angle 0= 45° with its length. 

Q.6 — Thesurface density (massarea) ofa disc of radius a depends on the distance from the centre of 
p(t) =A + Br. Find its moment of inertia about the line perpendicular to the plane of the disc through its 
centre, 

Answers 
QU. l4mr o2 Jii |= J2-034m Q3 men Q4 r 
^ yx 2] Yoo T dini 7 
as Y Qi ) 
6 
4. Torque 


The quantitative measure of the tendency ofa force to cause or change the rotational motion ofa body 


is called torque. Consider an example to understand this. 


Inthe figure below, the wrench is trying to open the nut. Now the ability of wremch to open the nut will 
depend not only on the applied force, but the distance at which force is applied. This gives birth to new 
physical quantity called torque. 


o Fcosó 


Line of 
action 
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Ifonly radial force F, were present, the nut could not be turned. Thus the force causing the rotation is P| 


tangential force F, only. The magnitude of the torque about an axis due to a force is given by 


= (Force causing the rotation) (distance of point of application of force from the axis) 


ie. =(Fsinġ)r 


we may also write t= F (r sing) =F (r, ) 


rFsing =(rsing) F 
rF,=r,F 


r. (d): moment arm, lever arm 


F=FxF Direction of torque is found by slidi 


the axis of rotation and using right hand thumb rule. 
Torque also follows superposition principle. 7 =F, +7, 4... 7, 


OA = F =P.V. of pt. of application of force wrt fixed axis (centre of rotation) 


Note 

1 Torque & force are entirely diff. quantities. As torque is always defined with reference to point about 
which body is rotating, while force does not depend on it. Like torque of F, about O is zero, while about 
A or B is not zero, 

2, — Whenequal & opposite force acts on a body having different line of action is called couple. 


F 


Copied to clipboard. 
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Illustration : 


A particle is falling freely along line y = d. Find torque on this particle due to gravity, about origin 
when it 
(i) Crosses x axis (iisaty=d 


Mlustration : 
Find torque due to gravity at any time t about pt. of projection, if a body is projected with velocity 
u at an angle 0. 


Sol. 


Illustration : 


Find out the torque about point A, O and B for fig (i) & about 'O' for fig. (i). 


„10N 
(0.5) GS) yg. iN LC 
Ss i 
^o No: 
o i 20N 
6.0) — 
d) w 
Sol. 
5 = 50 Nem 
50N-m 


Torque about O 


1 =—10%2—20 sin 30° x 2 + 30 x2 = 20 N-m 
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Relationship between torque and angular acceleration 
Rotational analog of Newton 5 second law 

Consider a particle of mass m rotating in a circle of radius r under the 
influence ofa tangential force F; and a radial force F,, as shown in 


figure. 
Roma, 
Magnitude of torque about the center of circle is 
t-Rr-mar-m(aryr =a(mr°)=1a 

tesla 
That is, the torque acting on the particle is proportional to its angular 
acceleration 


We can also understand that since torque is written about O, we should write '/ also about O, 


‘Torque on rigid body: 
Proof: Consider a rigid body shown, 
Torque acting on ith particle will be: 


(mela 1.-X5-Xh». 


= 1d =FxF : Thisisth in this chapter, 


ion that we are going to us 


Note 
a) Torque due to internal forces is alwys zero. 
b) Torque due to gravity is found by showing the gravitational force at the COM of the rigid body. 


Proof (a): Consider two particles as shown in figure. From Newton’s third law, the forces exerted by these 


particles are equal and opposite. 


The sum of torques of these forces about origin O is 


athi R+ 
-ixÉ enxCh 
=G-})xĒ, 


The vector $; — ij is along the line joining the two particles, so F, is either parallel or antiparallel to 


$) thus 


G 
(n-5)xF,,-0 


So the internal forces (torques) cancel in pairs. 
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Proof (b): 
t= torque of gravity about O 


t= i xmg+i xm, i xm, = (mj «mi «mj 
(mj +m, «mj mg) 

= m, Mg 

ii (m, +m, +m, +... +m) (Mg) 


fom * (MB) 
Where r,,, is PV of C.M. wrt, point O. 


Practice Exercise 


Q.1 A foree F= Ai + Bj isapplied to a point whose radius vector relative to the origin of coordinates O is 


equal to r = ai +bj , where a, b & A, B are constants, and į , j are the unit vectors of the x and y axes. 


Find the Torque due to force. 


Answers 


QI Z=(aB-bA) x 


Rotational Equilibrium 


Ifnet external torque acting on the body is zero, then 


the body is said to be in ro 


tional equilibrium. : 


The centre of mass of a body remains in equilibrium if 
the total external force acting on the body is zero. Simi- 
larly, a body remains in rotational equilibrium ifthe total 


extemal torque acting on the body is zero, 
For translational equilibrium. F 


(i) 


and 
IF,=0 F 
The condition of rotational equilibrium is 


XZ,-0 


The equilibrium of a body is 
slightly displaced and released. It is called unstable if it gets further displaced after being slightly dis- 


led stable if the body tries to regain its equilibrium position after being 
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placed and released. If it can say in equilibrium even after being slightly displaced and released, it is said 
to be is neutral equilibrium. 


Mlustration : 
A uniform stick of mass M & length L is suspended from the ceiling through two vertical strings of equal 
lengths fixed at the ends. A small object of mass m is placed on the stick ata distance of x from the left 
end. Find the tensions in the two strings. 


> Tia 


By torque balancing about end's 


Tx-mg(L-x)*Mgx 


T, = mgx + Mg (i) 


Mlustration : 
4 uniform rod of length Land mass m is hung from two strings of equal length from a ceiling as 


shown, Determine the tension in the string. 


T 
3//4—. 
EET 
Mg 
Sol. — Balancing Torque about its left end 
3L L 
T, mg 


mg 2mg 


a 3 
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Illustration : 


Sol. 


Qs 


Sol. 


Calculate hinge force in the following diagram. wa 
<a> ej 
By balancing torque about point where string is connected 
E 
n "e. 


When a mass M hangs from a spring of length |, it stretches the 


spring by a distance x . Now the spring is cut in tow parts of lengths 


1/3 and 21/3, and the two springs thus formed are connected to a 
straight rod of mass M which is horizontal in the configuration 


shown in figure. Find the stretch in each of the spring. 


As it is given that the mass M stretches the original spring by a distance x, we have 


kx = Mg 
Mg 
Tk 
The new force constants of the two springs can be given by using equation 
3k 
k,=3k and k 


Let we take the stretch in the two springs be x, and x, we have for the equilibrium of the rod 
kx, + kx, = Mg 


3k 


3kx, + Sx, = Mg 
From equation, we have 
x, x 
2 3 


x 


As the rod is horizontal and in static equilibrium, we have net torque acting on the rod about any 


point on it must be zero. Thus we have torque on it about end A are. 


L 
kx,L 7 Mg 5 
Mg 
2k. 
Using this value of x, in equation, w 
x 
i 6 


This can also be directly obtained by using torque zero about point B on the rod as 
L 
kx, L = Mg 


Mg Mg x 
m š 
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Mlustration : 
A uniform ladder of length / rests against a smooth, vertical wall (figure). If the mass of the q 
ladder is m and the coefficient of static friction between the ladder and the ground is p, = 0.375 
and the minimum angle 0,,, at which the ladder does not slip. 


A uniform ladder at rest, leaning against a smooth wall. The ground is rough. 
N 
N 
Sol. 
KK 
i 
N, = mg 
N, =f = uN, = umg 
By rotational equilibrium 
t 
mg 26080 =N, ¢sind 
cot 
=~ = cot = 0.75 
Illustration : 


Two small kids weighting 10 kg and 15 kg are trying to balance a see saw of total length 5.0m 
with the fulcrum at the centre. If one of the kids is sitting at an end, where should the other sit? 


Sol. By rotational equilibrium 


5 
15x = 10 * > 
x= im 
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Illustration : 
4 black of height h is projected along a rough surface of coefficient of friction p. Find the point 


of application of the normal force on the block for u, = 0.5. 
h — 
Sol. HN S -N m 
j uN] bf 
Ligh [I7 
ey 
h 
a) 
Illustration : 
A cubical block of mass m and edge a slides down a rough 
inclined plane of inclination with a uniform speed. Find the 
torque of the normal force acting on the block about its centre 
Sol f= mg sinð mg sin 
mi cost Y 


Torque due to friction = mg sin a/2 


0.5 mga sin Q 
Toppling 


Mustration : 
A uniform cube of side ‘a’ and mass m rests on a rough horizontal table. A horizontal force F is 
applied normal to one of the faces at a point directly above the centre of the face, at a height 3a 


4 above the base. What is the minimum value of F for which the cube begins to tip about an edge? 


Sol. ji fs 


Normal shift upto extreme Right then balancing toqure about that point 
2mg 
3 


N x 3a/4 = mg * a/2 then N 


Illustration : 
A uniform cylinder of height h and 
radius r is placed with its circular 
face on a rough inclined plane and 
the inclination of the plane to the 
horizontal is gradually increased. If 

u is the coefficient of friction, 
then under what conditions the 
cylinder will slide before topping 

h 


h 
So f2<Nr = pNo<Nr 
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ractice Exercise 


Q.1 — Assuming frictionless contacts, determine the magnitude of extemal 
horizontal force P applied at the lower end of equilibrium of the 


rod. The rod is uniform and its mass ‘m’ 


Q.2 A uniform metre stick of mass 200 g is suspended from the ceiling through two vertical strings of equal 
lengths fixed at the ends. A small object of mass 20 g is placed on the stick ata distance of 70 cm from 
the left end, Find the tensions in the two string: 

Answers 
po W , mg 
QI P-—cot0 or P= "cotó Q2  LO4Ninthe left string and 1.12 N in the right. 
Rotation about fixed axis 


Since torque is a rotational analong of force, therefore, Newton's second law for rotational motion is 
givenby 
"2 [D] 
Note that the above equation (i) is nota vector equation. 
Itis valid in two situation 
(i) The axis is fixed in position and direction. 


(ii) The axis passes through the center of mass and is fixed in direc 


nonly the equation 


DET (i) 


is valid even if the center of mass is accelerating 


Illustration : 


4 disc - shaped pulley has mass M = 4 kg and radius R = 0.5m. It 


rotates freely on a horizontal axis, as in figure. A block of mass 


m 


2 kg hangs by a string that is tightly wrapped around the 


pulley 
(a) What is the angular velocity of the pully 3 s afier the block is 
released ? 

(b) Find the speed of the block after it has fallen 1.6m. Assume the 


system starts at rest. 
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Sol. 


Since the sring is tangential tote pulley, the torque on i due to-the tension is = TR. Theiwo gl 
forms of Newton s second law for the block and the pulley yield 
Block (F = ma) mg-T-ma 
(1 \ 
Pulley (t = la) TR-|; MR Jo i 
Applying Newton s second Law tm 
T 
FB.D. of block 
FB.D. of ull 
MR mm 


For the disc, I 


m- e € r o 


Applying Newton s second Law on the block 
F,, = ma 
mg-T- ma (ii) 
Since the block and the rim of the pulley have the same speed (the string does not slip), we have 


v= oR. Thus, form equation (i) we find 


$ 
T- Ma (iii) 
adding (ii) and (iii) leads to 


mg 
M (iv) 
m+ 


a 


Putting m = 2 kg ; M = 4 kg: R = 0 0.5 m. 
we get a= $m 


(a) To find oo after 3 s, we use equation 


(2) 
o-0,*at-0-| = 30 rad/s 
» t 0 | p Jt = 30 radi 
(b) T find the speed of the block we use. 
v, =v, + Jay = 0 + 2 (5 m?) (1.6m) 


Thus v=4m/s 
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Mlustration P 
For the arrangement shown in the figure, the string is slightly wrapped over the pulley. Find the 


acceleration of each when released from rest. The string is not slipping over the pulley 


Sol. The free body diagrams of the pulley and the blocks shown in the figure 
Note that tension on two sides of the pulley are different. Why ? 
Applying Newton s second law on the pulley, we ge 


t=T,R-T,R=(T,-T)R 


Since t= la 


or T,-T a (i) 


mg *mg 
Applying Newton s Law on the blocks, we get 


T, mg = ma. (ii) 

mg-T,=ma, (iii) 
Since the string is tightly wrapped over the pulley, therefore, 

a,=a,=aR =a (iv) 


Solving equation (i), (ii), (iii) and (iv), we obtain 


m-m, 
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Illustration : 
A fly wheel of mass M — 2 kg and radius R ~40 cm rotates freely at 600 rpm. Its moment of inertia is 


re, Ifthe 


1 
7 MR? . A brake applies a force F = 10 N radially inward at the edge as shown in the f 


coefficient of frictions p, — 0.5, how many revolutions does the wheel make before coming to rest ? 


F 
Ex 


| 


A wheel is slowed down by 
one F 


the application 
With the chosen positive 


sense, the frictional torque 


Sol We choose the initial sense of the angular velocity as positive. The force of friction is f= pF and 


its (counterclockwise) torque is t= -fR. 


Using t = la, we have 


1 
(uF)R = |; MR |a 
2uF 
or a AE L12 5 rad/s 
“= MR i 


The angular rotation 0 of the wheel is given by 


o = o} + 2a0 


AN _ 2n(600) 
60 60 


Here @, = =20n rad/s 


0 = (20 xrad/s) + 2 (-12.5 rad/s") 


Thus 0 = 167 rad. 


The number of revolutions (16x rad) (1 rev/2x rad) = 87 revolutions. 
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Illustration 


A uniform rod of length L and mass M is pivoted freely at one end as shown in the figure. 
(a) what is the angular acceleration of the rod when it is at angle 6 to the vertical ? 


(b) What is the tangential linear acceleration of the free end when the rod is horizontal ? 


1 
The moment of inertia of the rod about one end is 5 ML 


ol 
Wain 


of the rod is produced by 


the torque due to its weight. 


Sol — Figure shown the rod at an angle 0 to the vertical. 
Net torque about the point O is 
L 

t, = Mg = sin 


Using II law of motion 


nha 

Milo MU a 

is a 
Thu A 
z 3e 
(b) When the rod is horizontal 0 = and a= 5. From equation the tangential linear accelera- 
tion is 
3 
a -aL- m 


This is greater than the acceleration of an object in free-fall ! 
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Practice Exercise 


Q.1 — Alightrodoflength 1 mis pivoted at its centre and two masses of 5 kg and 2 kg are hung from the ends 
as shown in figure 
(a) Find the initial angular acceleration of the rod assuming that it was horizontal in the beginning, 
(b) Ifthe rod has a 


nass of 1 kg distributed uniformly over its length. 


(i) Find the initial angular acceleration of the rod 
(ii) Find the tension in the supports to the blocks of mass 2 kg and 5 kg. 


Q.2 Ameter stick is held vertically with one end on a rough horizontal floor. Itis gently allowed to fall on the 
floor. Assuming that the end the floor does not slip, find the angular speed of the rod when it hits the 


oor 
Answers 
QI w p Tx) Cc sandis? 
eo im, +i T 3) 2 SArad/s*, Gj)(mg-m a 7 )-29N.(mg*ma $)-276N 


[3g 
Ve 


Q2 -54 rad/s 


Angular Monentum 


The orbital angular momentum : Irrespective of the path or trajectory of the partic! 


be ita straight 
line, curved path ora closed orbital path, the orbital angular momentum [. of the particle at any position 


wart areference point is 


L=rxP 

P 
LE psinġ { 
=r, xmv 


The rsin f'is know as the moment arm, or lever arm designated as r 


The orbital angular momentum of particle in circular motion is expressed as 


mr 


Note that direction of angular momentum vector j: is parallel to 
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angular velocit 


Figure shows the right hand thumb rule for deter- 


mining direction of angular momentum. Curl your finger in rotrational 


sense from F vector to p vector, then the thumb points in the direction 


ofangular momentum. 


The system 


Circular path 
of particle 


Spin angular momentum of a rigid body 


We consider two cases: 


(i) Axis of rotation passes through centre of mass of the body, re 


(ig 


(ii) Axis of rotation is shifted from centre of mass, but passes through the body, referred to as non 


rred to as centroidal roation. 


(according to right hand thumb rule) 


troidal rotation. 


Fornon-centroidal rotation. L=1,0 


Fornon-centroidal rotation. È = 16 


Where I, is moment of inertia about centre of mass and I is moment of inertia about rotational axis, to 
be calculated with the help of parallel axis theorem. 


Simultaneous spin and orbital motion 


Angular momentum of an inverted conical pendulum 


The total angular momentum is the vector sum of the spin and orbital angular momentum 


total = Lapin * Lagi 


Tom js + Mri Beri 


Angular momentum about O, Paice 
F=Isin i + /cosOk SA ix 
ü-(1sin0)oj ^ ft Masies 


L-rxm$ = m/? sin? 6k - m/w? sin cos Oj 
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Concept : Angular momentum vector [. is perpendicular to position vector 7 as well as momentum 


vector j.. The magnitude of Č is constant but its direction is continuously varying. As the particle 


swings, L vector sweeps out a cone. The z-component of È is constant but the horizontal component 
travels around the circle with the particle. 


Torque and Angular Momentum 


When a number of force act on a particle, the net torque about origin 0 is sum of the torques due to 
each force. 


qua m PXE HE XB +... =x EÉ 2 TXE, 


From Newton's second Law the net force is equal to rate of change of linear momentum. So we have 


=řx (i) 


As rate of change of angular momentum 


CAFE AE ‘is 
x xperx ii 
4 a P q d 
^s & iom oxmo-0 
dt 
Thus eqn. (ii) becomes. 
dL o2 dp 
ix 
d od ud 
On comparing eqns. (i) and (ii), we get 
tad (iv) 
à iv 
de 


Illustration : 
What is the angular momentum of a particle of mass m = 2 kg that is located 15 m from the origin 
in the direction 30° south of west and has a velocity v = 10 m/s in the direction 30" east of north ? 

Sol Inthe figure, the x-axis points east. We know r = 15 m; p = mv = 20kg m/s. The angle between 
rand p is 

(180* — 309 = 150' 
Thus, L= rp sin = (15)(20) sin 150° = 150kg m'/s 
We could also have used the moment arm r L = 15 sin30' 
L=r Lp =(7.5)*(20) = 150 kg m/s 


In unit vector notation, 


5cos30" i - 15sin30" jm 


pilar momentuma of esch particle 

and by using unit vector lation 

x by finding the magnitude fom tg and the 
nof be nghi - hand rule 


20sin 30" i+20cos30°j kg m/s 


gal i 5 j|kaoi+1045) 150 kg m/s 
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Illustration : 
A disc of mass M and radius R rotating at an angular velocity @about an axis perpendicular to its q 


plane at a distance R/2 from the center. as shown in the figure. What is its angular momentum ? 


The moment of inertia of a disc about the central axis is ; MR" 


Sol, The moment of inertia of the disc about the given axis may be found from the parallel axes 


theorem, equation I = 1, + Mit, where h is the distance between the given axis and a parallel 


axis through the center of mass. 


Here h=, therefore, 
1 (Ry 3 " 
- MR 
17 SMR *M|5 | " 
The angular momentum is 
3 ion at a distance 
L=lo= ZMR w R/2 from the center of the disc 
Mlustration : 
Two blocks with masses m, = 3 kg and m, = 1 m 
kg are connected by a rope that passes over a [ms J 
pulley of radius R = 0.2 m and mass M = 4 kg. 
The moment of inertia of the pulley about its cen- | 
ter ist = LMR m 
Use the concept of angular momentum to find the l 


linear acceleration of the blocks. There is no fric 

The torque due to the weight of m produces the 
tion. Assume that the c.m. of the block of mass — change in angular momentum of the system 
m, is at a distance R above the center of the pul- 


ley 


Sol, — If we take the origin at the center of the pulley, the angular momenta of the block are m,vR and 


mR and that of the pulley is Ic Therefore, the angular momentum is 


L-myR + mR + lo ( 
If the rope does not slip, then v = aR. 
MR 
L- (m, + mjvR + —-v 


The net external torque about the center of the pulley is due to the weight of m 


ta =r LF=Rimg) (ii) 
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3 dL 
pplving equation, t... = 
Ipplying eq 3 
We obtain 
MR 
Rmg=(m, +m) Ra+ =a 


mg 
or 97 m, +m, + M2 


putting m, = 3kg ; m, = I kg; M = 4 kg ; R = 02m 


GO 
a =5m/s 
3+1+4/2 


Conservation of Angular Momentum 


Ifthe next externa torque on a systme is zero, the total angular momentum is constant in magnitude and 


direction. 


Thatis, ift „=0 0 


Thus, L= constant 
For rigid body rotating about a fixed axis. 
L,7L 


or — Lolo, 


Angular Impulse 


In complete analogy with the linear momentum, a 


r impulse is defined as 


dl 
LT 
#t=AL, -L 


The net angular impulse acting on a rigid body is equal to the change in angular momentum of the body. 
This is called the impulse - momentum theorem for rotational dynamics. 
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Illustration : 


A disc of moment of inertia 4 kg m’ is spinning freely at 3 rad/s. A second disc of moment of 
inertia 2 kg m° slides down the spindle and they together. 

(a) What is the angular velocity of the combination ? 

(b) What is the change in kinetic energy of the system ? 


Sol — Since there are no external torques acting, we may apply the conservation of angular momentum. 


Lo, = Lo, 
3 
'ad/s 
(b) The kinetic energies before and after the collision are ES à 
1 
K,= Lo = 18; 
1 ( ) 
Po = 125 2» 


Disc A, initially not rotating, slip 
The change is down a spindle into disc B that 


AK = K,- K, =-6j initially rotatin 


In order for the two discs to spin together at the same rate, there had to be friction between them, 


freely 
The lost kinetic energy is converted with thermal energy 


Mlustration : 
4 man of mass m = 80 kg runs at a speed u = 4 
m/s along the tangent to disc-shaped horizontal 
platform of mass M = 160 kg and radius R 


2m. The platform is initially at rest but can rotate 
freely about an axis through its center 
1-1 MR 
Take 1=3 - 


(a) Find the angular velocity of the platform after the man jumps on it. 
(b) He then walk to the center. Find the new angular velocity. Treat the man as a point particle. 
Sol — Can we apply the conservation of linear momentum ? 
No, it con not be applied because the axle exerts an external force on the system man + platform. 
Can we apply the conservation of angular momentum ! Yes, since the axle dose not exert any 
torque, we may use the conservation of angular momentum. 
Can we apply kinetic energy for the collision between that man and the platform ? Why ? 
(a) We choose the origin at the center of platform as shown in figure. When the man runs in a 
straight line, his initial angular momentum about this origin is L = r.p. 
where in this caser L=R 
so L, = muR 
After he jump on, one must take into account his contribution mR? to the moment of inertia. The 
final angular momentum, L = los is 
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L-| ‘vr? emi lo 
When we use set L, 7 L, , we find 


mu 
7 (M/2+m)R 


Putting m = 80 kg ; M = 160 kg; u = 4 m/s 


(80)(4) 


T 
160 a6 


We get w 


(b) When the man reaches the center, his contribution to the moment of inertia is z 


=] rad/s 


R 


angular momentum of part (a) is the initial value for (b) 


L (Lun +mR? |o, 


we get o, 


Table : Analogy between Rotatic 
Quantity 
1. Inertia 


Newton’s Second Law 


3. Work 
4, Kinetic Energy 

5. — Work Energy Theorem 

6. Impulse 

7. Momentum. 

8. Impulse momentum Theorem 


9. Power 


Linear 

m 

F,,-ma 

i, dp 
dt 

w,,= [Fas 
1 

Ka= 3 

W, = AK,,. 

I= fr. at 

p-mv 


nics and Linear Dynamics. 


or 


‘0. The final 


Rotational 
S my; 


fram 


Tn =la 


K, = llo 
Wa” 4K, 
J= ftdt 
L=lo 
=al 
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Practice Exercise 


o 
° 
Q.1 A wooden long of mass M and length L is hinged by a frictionless nail atO. 
A bullet of mass m strikes with velocity vand sticks to it. Findangular velocity L 
of the system, immediately after the collision, about O. | 
m 
E 


A disc of mass M and radius r is rotating about its axis with angular velocity o» Now ifa mass m falls 


vertically on its rim and sticks to it. Then find final angular velocity of the combined system. 


Q.3 Aman of mass 100 kg stands at the rim of a turn-table of radius 2m, moment of inertia 4000 kg-m? 
mounted on a vertical frictionless shaft at its centre. The whole system is initially at rest. The man walks 


along the outer edge of the turn-table with a velocity of Im/s relative to the earth. 


otate? 


(a) With what angular velocity and in what direction does the turn-table. 
(51 
(c) Through what an; 


ial position on the turn-table? 


hrough what angle will it have rotated when the man reaches his ini 


le will it have rotated when the man reaches his initial position relative to carth? 


Q.4__ Inhorizontal smooth plane. If particle sticks after collision to the rod, find 


« 


(a) Final angular veloc 
(b) The impulse on particle 


along straight line 3x + 4y=5 with speed 8 m/s. Find angular 


Q.S — A particle having mass 2 kg is moving 


momentum of the bout origin. x and y are in meters 


Q.6 A particle having mass 2 kg is moving with velocity (21 + 3j) m/s. Find angular momentum of the particle 


about origin when itis at(1, 1,0). 


Q7  Awheelofmomentof inertia 0.500 kg-m? and radius 20.0 cm is rotating about its axis at an angular 
speed of 20.0 rad/s. It picks up a stationary particle of mass 200 g at its edge. Find the new angular 


speed of the wheel. 


Answers 
EL 
Qi " LMe3m) Q2 
1 3m mmu 
Q3 (a) ~ 35 mAs) - Fy radian(c)6,7- S radian Q4 (a) o= (ism) Č m, 43m 
Q.S l6kem/s Q6 oj kms Q7  197rad/s 


[leavent cuasses priae Lia. Gara Tower A10, Road Navi, LPIA, Rots 
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Instantaneous Axis of rotation (LAOR or ICR) 


Itis the axis about which the motion of a rigid body unde: 


oing plane motion is assumed to be pure. 


rotational motion. Itis always perpendicular to the plane of motion of rigid body and instantaneously 


remains at rest. The point of intersection of instantaneous axis of rotation with the plane of motion of the 
remai 


at rest. The point of intersection of instantaneous axis of rotation with the plane of motion of the 


rigid body is called instantaneous centre of rotation (ICR) about which all points of the rigid body are 
assumed to be going in circles of different radii equal to their respective distances from ICR with the 
same wand as that about CM of the rigid body at that instant. 

Velocity of [AR =0 iev, =0 
By finding the position of IAR, we can easily find the velocity ofany point of rigid body at that instant, 
Vp Öxi A 
We can also find the acceleration of any point P of rigid body at that instant provided the acceleration of 


IAR should be know 


üp =p, +i, 


(Kinetic energy of the rigid body is K = 1 1,o* 
(i) Angular momentum of rigid body about LAR is L, = Io 
Gi) — c, La, where t, includes the torque of pseudo force acting on the CM about IAR also. 


How to find the position of ICR 
The position of ICR can be fund out in the following 


Case-l : 


Ifthe velocity of a point ofthe body and angular velocity are give: 


Draw a line perpendicular to s;, the instantaneous centre must be 


lying on this line a distance 'r given by r= v/o 
Case I: 
Ifthe lines of action of two non-parallel velocities of two points of the rigid boy are given 


Draw the normals on the two non-parallel velocities v, and o at points P and Q, respectively. The 


point of intersection of these normals is the instantaneous centre at that instant. 


If magnitudes and direction of two parallel velocities are given. 
In figure (i), if the two velocities v, and Vg are in the opposite direction, then IC must be lying in 


between P and Q. 


a2 


Vp _ Ip 
Vo K 
d 
Vo 
te y, 
IC 
(0) (ii) 
In figure (ii), if the two velocities v, and Vo are in the same direction, the IC must be lying outside PQ 


(near P if v, < v, and near Q if v, > v,) 


Rolling Motion 


Pure rolling means no sliding. Now, the motion of any body can be divided into pure translation & pure 
rotation, And we can see rotation about any axis. So; for a wheel rolling on a horizontal surface, Im 
taking its COM as reference point to study its motion. If C is the reference point, then the wheel can be 


considered rotating about C. And the point C would be translating with velocity vc. 


Sliding refers to the condition under which two bodies in contact have relative velocity, And under pure 
rolling, the relative velocity at point of contact should be zero, 
vtoR y, 
a 


-— OR 

( cm) c=» + c) ) 
5 
pu-oR Opt OR Ap 


Now for the wheel shown, point P is in contact with the gro 


ind. The point P on the ground has zero 


velocity. Thus, the point Pon the wheel should also have zero veloci 


‘Trajectory of a point on a periphery of the wheel is a cycloid 


dr * " 
$2 2. (i cosor)i «sino -) 
oW ) )] 


F=fa 


fa 
=oR\t e 


vf[(1cosox)i +sin ox (—j) ar 


1 > 
inox |i +L coso) 
v 


{ (ot sin oxi +cos ar (j)] 
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dy 
dt 


"TES 


_ dv - A 5 
=H [I+ coset in ot i) — coser) 


à L : , 2 
= a + 7 [(coso)i+sinor(-j]) + t E 
A ai. in 
a i) +aR (3) + ccn 


Kinematics of Boby in pure Rolling 


|, — Velocity 
wrt centre wrt ground 
oR 
om 
{ Y 
on 


Illustration: 


A disc of radius r rolls without slipping on a rough horizontal floor. If velocity ofits center of mass 


is vo, then find the velocity of point P. (OP =r 


Q 


2and ZQOP=60"). 


Ans: 7vo/2 
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Mlustration: 
A disc is rolling without slipping with angular velocity «a P and Q a 
are two points equidistant from the centre C. Find the order of T cP 
magnitude of velocity ? wa ) 


Ans, > ve? Vg 


Constraint Equation: 


Written at contact points where no slipping takes place. 
[. velocity ofa contact ] _ [velocity of same contact | 


| point on 1* rigid body | | point on 2™ rigid body | 


Write contraint equation for following exmaples: 


Illustration : 


Cz jr 
3v 


Given velocity of C.M. wrt. ground is. V, and V, is velocity of platform (w.r.t. ground). 
Find o, is angular velocity of body about C.M. 
Sol. V,-oR-Y 


Friction and rolling 


To get the direction of friction in pure rolling, we set two criteria 
(a) Acceleration : Its direction should be such that vector sum all forces comply with it 


(b) Angular acceleration: Its direction should be such that vector sum all torques comply with it 


So, from above point we understand that if we show wrong direction of friction in our free body dia- 


gram, we will get a negative answer. So, direction of friction force in pure rolling should not be cause of 


concem. 


Here itis also to be noted that in case of sliding. (kinetic friction) we can not take any arbitrary direction. 
of friction and solve that question. In case of rolling static friction is unknown so after sloving, its value 
comes out negative if taken wrongly, but in case of kinetic friction its value is known beforehand (= uN), 


so there is no case of value of a known quantity coming negative after solving, 


Here are few examples wherein, one might try to guess the direction of friction force. 
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| 


Note: The friction will be kinetic in nature & its magnitude can be determined using f, = pN. Direction will be 


opposite to V... (because pt. of contact A is moving forward w.rt. ground) 


(This is how barkes stop a car) 


Case -2 Von SOR 


> ground 
oR-V oh 


(This is how a car accelerate because of friction) 


Case -3 Von =O 


Knownas pe 
Maximum problems we come across this situation 

Note: 1. The friction will be be static in nature. Its magnitude be determined, it will very from O to JN. 
2. Even its direction can not be perdicted 


3. The total work done by static friction is ze: 


». Thus mechanical cnergy of the system will remain 
conserved. 
Application of Newton’s Second Law in Rolling Motion 
1. Write F „= M a,,, forthe object as if it were a point-mass, that is, ignoring ratation. 
2. Write c-1,,, as if the object were only rotating about the centre of mass, that is ignoring translation 
3. Use of no-slip condition 
4. Solve the resulting equations simultaneously for any unknown. 
Caution 
* In general, it is not the case that f= uN 


+ Be certain that the sign convention of forces and torques are consistent. 
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Illustration 


Figure shown a shpere of mass M and radius R that rolls without slipping down an incline. Its 4 


MR’. 


moment of inertia about a central axis is 


(a) Find the linear acceleration of the center of mass 
(b) What is the minimum coefficient of friction required for the sphere to roll without slipping ? 
Sol. Since the sphere is not driven by a chain or an axle the force of friction must be directed backward, 
up the slope. 
If there is no slipping, the point of contact is simultaneously at rest and so the friction is static 
The linear acceleration a of the c.m. and the angular acceleration a are assumed as shown in the 
figure. 
Applying Newon s Second Law 


XF,- ma — Mgsinü-f- Ma (i) 


Xr-da JR = la = EMR a (ii) 


Since the sphere rolls without slipping, the speed of 
the centre is v= aR, 


By differentiating it with respect to time, we get 


a= aR. (iii) A shpere rolls down an incline. Since 


Solving equation (i), (i) & (ii) Tieton i direction vp the ling 


we ger f= 5 Ma (iv) 
and a w) 
(b) Substituting (v) into (iv) yields 

f - 5 Mg sind (vi) 


We use equation (vi) to find the minimum coefficient of friction required for the sphere to roll 
without slipping. 


By definition, f = uN where N = Mg cos. Combining this with equation (vi) we have 


m= Stand 


If the coefficient of static friction is less than this value, the sphere will slip as it rolls down the 


incline. 
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Sol — Sphere 
f 
a= Z = ug 
m 
te fR Su 
a 
1^3 ; 
mR 5 
After time t 
v= at = ugt 
5 ug 


The velocity of the point of contact is 
v= v, + oR = vgt + 5 ugt 


Planck 
f__ umg 
Retardationa = Ar = if 


umg 


Yo~ yt 


Instantaneous velocity v 


Condition of pure rolling 
7 umg 


M 


v= gue - 


or 


IHlustratioi 
A sphere of mass m and radius R is placed at rest on a plank of 
mass M which is placed on a smooth horizontal surface as shown 
in the figure. The coefficient of friction between the sphere and the. 


plank is p. At t = 0, a horizontal velocity v, is given to the plank, —-———— +>» 


Find the time after which the sphere starts rolling. 


> Het 
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Illustration : 


A uniform disc of mass m and radius R is rolling without slipping 
le 30" with the 


up a rough incline plane which makes an ang 
horizontal. If the coefficient of static and kinetic friction are each 

equal to p and the only force acting on the disc are gravitational 

and frictional, then find direction and magnitude of the frictional o 


force acting on it. 


Sol — Since disc does not slip hence frictional force is static and static 
friction can have any value between 0 and iN. Component of mg 
parallel to the plane is mg sinO which is opposite to the direction of 


motion of the centre of the disc, and hence speed of the centre of 


mass decreases. For pure rolling the relation v, „ = OR must be. i 
obeyed. Therefore comust decrease. Only frictional force can provide Tg MECO 


a torque about the centre 
Torque due to friction must be opposite to the à. There frictional 
force will act up the plane Now, for translational motion 

mg sinü— f — ma, „ © 
For rotational motion 


fR = la, where I = M-I. of the disc about centre 


4 R 
Z asa=al 
JR 
= m (i) 
- I 


For (i) and (ii) we get, 
mg sind 
/ m 
yam 
I 
Putting the value of 0 and I we get 
f= mg/ó 


Kinetic Energy of a Rolling Body 


Since the rolling motion is a combination of linear velocity of the center and rotational motion about the 


center. Therefore, the total kinetic energy of a rolling body is given by 


1 1 
K-lméelLe! O 


1 
Where 7 mv; is the translational kinetic energy and 
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Lo is the rotational kinetic energy about the center of mass 


Inpurerolling motion, v,=oR 


1 E t. 
; mR) + 5 Lo 


o K-(L*mR)o* 
Using parallel axes therem, the term I, +mR? 


cen the moment of inertia about the point of contact, 
therefore, 
1,=1, + mR’ 
1 
lo (i) 


and 


Note that equation (i) give the rotational kinetic e 


xy of the wheel aobut the point of contact. 


Mlustration 
4 solid cylinder of mass m and radius r starts rolling down an inclined plane f inclination 0. 
friction is enough to prevent slipping. Find the speed of tis centre of mass when, its centre of mass 
has fallen a height h 
Sol. — Consider the two shown positions of the cylinder. As it does not slip, total mechanical energy will 
be conserved. 


Energy at position 1 is E, = mgh 


1 1 
Energy at position 2 is E, = mv, * 51. o 
L mr 


o, and 1, = 


Illustration : 
A sphere of radius r starts rolling down an incline of inclination. Find the speed of its CM when 


it has covered a distance | 


heed 
Sol. mg Isin@ = 710° + mv 
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v=or 


By sloving we get 


v= Jioc 7 


Illustration : 
A ball of radius R and mass m is rolling without slipping on a horizontal surface with velocity of 
its centre of mass v. It then rolls without sloping up a hill to a height h before momentarily coming 
10 rets. Find h. 


1 


Mlustration: 
Figure shows a rough track, a portion of which is in the form of a cylinder of radius R. With what 
‘minimum linear speed should a sphere of radius r be set rolling on the horizontal part so that it 


completely goes round the circle on the cylindrical part? 


Sol. o 


1 1 1 1 
= mv, +— log = mg2(R -r)+ mv +— lo 


By solving we get \/27g(R —r)/7 
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Angular momentum of a rigid body in planar motion about O 


L2YmGxs) 


Yom [E 2x6, «a )] 


m [7 «(6x )] 


mG, xv, )e zx Yom (GF, )+ Y m (F, x7, )+ 


>) 
X 
Èm (Ei Emi Loma [s «Xm [28-06-25] 


M G,xV,) 03 m, 7? =M GS) leou O 


Angular momentum of a rigid body in planar motion about O: T = M (7, x Y, ) Ieoy © 


Spin and Orbital Angular Momentum 


Fora rigid body undergoing linear and rotational motion, the total angular momentum may be split into 
two pats—the orbital a 


jis the angular momentum re 


m. The orbital angular momentum 


lar momentum and the spin angular momen 


ive to the center of mass. 


The orbital term treats the system asa point particle at the center of mass, where as the spin term is the 
sum of the angular momenta of the particles relative tothe center of mass. The total angular momentum 
relative to the origin O in an inertial frame is the sum: 

L=L,+L,, 

Illustration : 

4 solid sphere of mass M and radius R rolls without slipping on a horizontal surface as shown in 
the figure. Find the total angular momentum of the sphere with respect to the origin O fixed on 
the ground. 

Sol Let us assume the clockwise sense of rotation positive 


Orbital angular momentum about O is 


Ly = MvR 
Spin angular momentum about c.m. is 

L MR © 

en. 3 o 
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The total angular momentum is 


L-L,* Lay 7 MYR + - MR" 


For pure rolling, v = œR, therefore, L = $ MvR 
Illustration : 
A wheel is held by a handle on its axle and given initial angular velocity œ, The wheel is then 
placed in contact with the ground. At first the wheel remains stationary, spraining in place. Afier 
a short time it begins to move forward and eventually reaches the point where it rolls without 
slipping. Find the final velocity of the wheel in terms of the initial angular velocity Wy 
MR 


Take I 


Sol. — We assume that wheel is initially rotating clockwise. Let the wheel starts rolling after a time t 
Then, Using Impulse — Momentum Theorem For translation 


v=0 v-oR 


L. 


(2) A spinnis ontal surface 
with zero initial velocity. The friction force acts forward. 


(b) After a time t the wheel starts rolling. 


heel is placed on a hor 


Impulse = Ap = p, — p, 
or ft-Mv-0 @ 
For rotation 


Angular Impulse = AL = L,- L 


or f Rt = lo- ley, 
Note that clockwise angular momentum is considered as positive 
MR MR 
Since 1 = ——, therefore, -fRt = —Á— (0- ay) (ii) 
condition of pure rolling 
v= oR (iii) 


Using equations (i), (ii) and (iti), we get 


>_ MR 
MwR? = (o-o) 


o w= 
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Illustration : 4 


A unifrom disc of mass m and radius r is projected horizontally with velocity v, on a routh horizotnal 


floor so that it starts off with a purely sliding motion at t = 0. At t — t, seconds it acquries a purely 


rolling motion. 


(a) Calculate the velocity of the centre of mass of the disc at t = t, 

(b) Assuming coefficient of friction to be p calculate t, 

(c) The work done by frictional force as a function of time 

(d) Total work done by the frictional over a time t much longer than t 
Sol — FB.D. of the disc 


oe 


When the disc is projected it starts sliding and hence there is relative motion between the points of 


contact. Therefore frictional force acts on the disc in the direction opposite to the motion. 


(a) Now for translational motion 
f 
a, 
m 


f= uN (as it slides) 


umg 
= a, =~ pug. negative sign indicates that a, . is opposite v 
Vy = v,- uet 
(vy) 
> h= where Von, = @ 
ng 
For rotational motion about centre 
mr 
TH ed A => umgr- "7a 
2mg 
> a= (ii) 
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Therefore c, , =0 + using @, = ©, + at 


> w= (iii) using (i) 


vjusing (iii) 


Mlustration : 
4 uniform solid cylinder of radius R =15 cm rolls over a horizontal 
plane passing into an inclined plane forming an angle a= 30" with 
the horizontal. Find the maximum value of the velocity v, which v 
still permits the cylinder to roll onto the inclined plane section 


without a jump. The sliding is assumed to be absent. 


1 
Sol Initial energy E,= 5 mv} + 71, o? + mgR 
For rolling y= © 
1 1 v 


1 
FMR pr + mgk 


Gm + Flen W + mgR cosa 


From COE (conservation of energy) 


> my = mv? + me (1-cosa) 


EB.D. of the cylinder when it is at the edge 

Centre of mass of the cylinder describes circular motion about P. 
Hence mg cosa - N = mv'/R 

>  N-mgcosa-mv /R 


4 4 
= mg +— mg cosa 


my 


= mg cosa 


R 3 
For no jumping, N 2.0 

7 4 mo TR cosa 4. 
=> jngcoa- mg 7, = ws a-g 
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Qu 


Q4 


ractice Exercise 


surface which has coeffi 


ntol 


A disc of mass and radius R is rolling withslippingonaroughhorizonal — o» 
friction u. At some instant the velocity 


of its center of mass is v and angular speed about center of 
mass is o» The torque of the frictional force about the point which is 


instantaneously at rest at this moment is ? 


A uniform circular disc of radius r placed on a rough horizontal surface Z 

has initially a velocity v, and angular velocity oy as shown in the figure. 

The disc comes to rest (neither translates nor rotates) after moving some , 
v 


distance. Then 7a is 


To, s 
A ball ofradius R = 10.0 cm rolls without slipping down an inclined plane so that 

its centre moves with constat acceleration a = 2.50 cm/s? ; t= 2.00 s after the P 
beginning of motion its position corresponds to that shown in figure. Find 


(A) the velocities of the points A, BandO; (B) the acceleration of these points 


A cylinder rolls without slipping over a horizotal plane. The radius of the cylinder is equal tor. Find the 


curvature radii of trajectories traced out by the points A and B in fig 


A sphere kept on a rough inclined plane is in equilibrium by a string wrapped over it. If the angle of 
inclination is 8, the tension in the string will be equal to 


. Find the acceleration of 


A wheel of radius R is rolling without slipping on a stationary horizontal surfa 
point of contact P at the instant shown. 


(3c 
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Q.7  Auniformcirculardisc of radius R rolls without slipping with a constant velocity 
ona stationary horizontal surface. Find the distance covered by a point P on its 


circumference in one full rotation. P 


Q.8 — Auniform cylinder rolls from rest from A down the side ofa trough whose vertical dimension y si given 
by the equation y — kx. The cylinder does not slip form A to B but the surface of trough is frictionless 
from B to C. Then height of ascent of cylinder towards C is 


Q.9 — Asphereof mass M and radius r slips on a rough horiozntal plane. At some instant it has translational 
velocity v, and rotational velocity about the center v, 2r. The rotational velocity when the sphere starts 


pure rolling is 


Q.10 A solid cylinder of mass M and radius R lying on a rough horizontal 


surface for which coefficient of friction is pis pushed by applyinga — F^. 


horizontal force P at a distance R/2 from the center as shown in figure. 


The frictional force acting at the contact is 
T 


Answers 


( 
Q1 umg|R 


Q3. (A)v,7 10 cm/s, v,=7.lem/s v, 7 0 (B) a, 7 5.6 cms", a, = 2.5 cm/s’, a, = 2.5 emis 


mgsinü 
Qs 5 Q6 


Rİ Q7 SR 


Q.10 zero 


ELASTICITY AND THERMAL, EXPANSION CALOR... P $ T 


ELASTICITY 


Elasticity 


The property of material body by virtue of which its regain its original configuration, when external force 


is removed is called elasticity 


The property of the material body by virtue of which it does not regain its original configuration when the 


external force is removed is called plasticity 
Cause of Elasticity 


Inasolid atoms and molecules are arranged in such a w: 


that each molecule is acted upon by the forces 


due to the neighbouring molecules. When no deforming force is applied on the body, each molecule of 


the solid is in its equilibrium position and the inter molecular forces of the solid are maximum. On apply 


deforming force, the molecule 


e displaced from their equilibrium position. Inter molecular fore 
changed and restoring forces are developed. Itis explained by using spring- ball model. Deforming force 
is removed, these restoring force bring the molecule to its equilibrium positions. Thus the body regains its 
original shape and size. 


íy 


* JA. T» 


cic 


Spring-ball model for the illustration of elastic behaviour of solids 


The restoring mechanism can be visualised by taking a model of spring-ball system shown above. Here 


the balls represent atoms and springs represent interatomic forces. 


Ifyout 


to displace any ball from its equilibrium position, the spring system tries to restore the ball back 
to its original position. Thus elastic behaviour of solids can be explained in terms of microscopic nature 
ofthe solid. When a body is subjected to a deforming force, a restoring force is developed in the body. 
This restoring force is equal in magnitude but opposite in direction to the applied force. 


Stress(c) 


When deforming force is applied on the body then the equal restori 
developed inside the body. The restori 


jorce in opposite direction is 


orce per unit area is called stress, 


restoring force 
Stress(c) = rae 


Areaof crosssection of the body 


Stress can be tensile or compressive as given below- 


Tensile F r-[-* F 


Compresie r—[ = 


Strain 


as FocA 


Suppose we stretch a wire by applying tensile forces of magnitude F to each end. The length of the wire 


increases from L to L + AL. The fractional length change is called the strain. It is a dimensionless 
quantity 
AL 


strain 
L 


Hooke's law for tensile and compressive force: 


Suppose we had wires of the same composition and length but different thicknesses. It would require 
one. We conclude thatthe 


tensile force required is proportional to the cross-sectional area of the wire (F « A). Thus, the same 


larger tensile forces to stretch the thicker wire the same amount as the thinner 


applied force per unit area produces the same deformation on wires of the same k 


gth and composition. 
Hooke's Law 


stress o strain 


^ L 


equation still s 


ys that the length change (AL) is proportional to the magnitude of the deforming forces 
(F). Stress and strain account for the effects of length and cross-sectional area ; the proportionality 
constant Y depends only on the inherent stiff 


ss of the material from which the obj 


is composed ; it 
ectional area. 


is independent of the length and cross-s 


AL 
‘Comparing equation F=kA .F=Y ^17 A-Y is called the elastic modulus or Young's 


modulus, Y has the same units as those of stress (Pa or N/m?) since strain is dimensionless. 

Young's modulus can be thought of as the inherent stiffness of a material ; it measures the resistance of 
the material to elongation or compression. Material that is flexible and stretches easily (for example, 
rubber) has a low Young's modulus. A stiff material (such as steel) has a high Young's modulus, It takes 
a larger stress to produce the same strain. 

Hooke's law holds up to a maximum stress called the proportional limit. For many materials, Young's 
modulus has the same value for tension and compression. Some composite materials, such as bone and 
concrete, have significantly different Young's moduli for tension and compression. The different properties 
of these two substances lead to different values of Young's modulus for tensile and compr 


sive stress. 


Mlustration : 
A light wire of length 4m is suspended to the ceiling by one of its ends. If its crossectional area 
is19.6 mm?, what is its extension under a load of 10kg. Young s modulus of steel = 2 10" Pa. 
Sol — Given quantities — original length L = 4m ; force F = 10 « 9.8 = 98 N ; and Y = 2 10" Nm? 
l=? 


Using the relation, 


longitudinal stress 


Young's modulus (Y) 


7 longitudinal strain 


We have 


F/A FL 
y E 
UL YA 
98x 4 
l= 3107 x 196 x 107 71 *10*m 
0.1 mm 


Illustration : 


Two vertical rods of equal lengths, one of steel and the other of copper, are suspended from the 
ceiling, at a distance l apart and are connected rigidly to a rigid horizontal light bar at their lower 


ends. 


Steel Copper 


If Ag and Ac. be their respective cross sectional areas, and Y, and Yọ their respective Young's 
‘modulii of elasticities, find where should a vertical force F be applied to the horizontal bar, in 
order that the bar remains horizontal. (Fig.) 


Sol. Let the force F be applied at a distance x from the steel bar, measured along the horizontal bar. 
Let F,and F ç be the loads on steel and copper rods respectively, so 
Fyt FoF ( 
Since the rigid horizontal bar remains horizontal so, the extensions produced in the two rods and 


hence strains remains same. 


ie, AY LY (ii) 


| Copied to clipboard. 


: i FAY, 
Solving (i) and (ii) F7 yy 4 y 
FAY 
a c F F 
and Fo AY, + AY Í | 
Now, taking moments about the steel bar. 
F A YA ZEE. 
Fel 7 Fx ox T XY cA, 
PACATA 
o xe 1+7 ly | 


Elastic potential energy 


Itis the potential ener 


stored inside the body due to change their configuration. If F force is applied on 
a body as shown below. 


For differential change in length dx the work done by restoring force F is dw 


(pz ^Y x) 
dw - Fdx ES dj: 
AY Ls} 
dw xdx Ror 
L x 4 
AY 
jh Jax 
AYI r(Yn (1) 
AUS -W- IE ilL) jen U,-0,U,-L 


Elastic potential energy (U)= 3 (stress) (strain) (volume) 


Elastic potential energy per unit volume 
1 


stress * strain 


The above formula holds good for any type of strain. Change in equilibrium, restoring force = external 


force F 
I( YA): 
Then U->|——} 


Illustration : 


A uniform heavy rod of weight W, cross- sectional area A and length L is hanging from a fixed 
support. Young s modulus of the material of the rod is Y. Neglect the lateral contraction. Find the 
elongation of the rod. 

Sol Consider a small length dx of tne rod at a distance x from the fixed end. The part below this small 
element has length L— x. The tension T of the rod at the element equals the weight of the rod below it 


—— 
L-31 


dx 


Elongation in the element is given by 


elongation = original length * stress / Y 


Tdx (L- x)Wdx 
AY LAY 


jt x)Wdx 
LAY 


The total elongation 


Illustration: 


A wire having a length | = 2m, and cross sectional area A = 5mm? is suspended at one of its ends 
from a ceiling. What will be its strain energy due to its own weight, if the density and Young 
modulus of the material of the wire be d = 9g/cm? and Y = 1.5 * 10"! Nm? 

Sol ^ Consider an elemental length of the wire of length dx, at a distance x from the lower end. 
Clearly, this length is acted upon by the external force equal to the weight of the portion of wire. 


below it = xAdg. In equilibrium, the restoring force f = xAdg. 
stress =“ = xdg. 
Now, elastic potential energy stored in the elemental length will be 


dU = 5 * stress * strain * volume 


1 (stress) 
Y 


x volume 


4 


04m 


015m 


10kg 


&[] 0] 
Ho 
TI ue 
1 AP à 
;^ x 
Substituting the values 
1 (9x10!) (9-87 x 5x 10* x 2 
din 15x10 
A 
346 * 107 J 
Illustration n 
ind out the shift in point B, C and D. c 
Ya 25 Nim? > 
Ype = 4* 107 N/m 
Yep = 1 107 Nim? 
4-107 m 
FA _ FL 
Su Y^ UL. AAL 
FL _ Mgl 
> ApS AY 


10x 100.1 


Shift of point B (AL) = AL 10? m= 4mm 


WU ONE 2.5x 10 
,_ 100x02 
Shift of point C (ALo)= AL, + AL = 4 * 10° + 105011 
9 * 10? m - 9mm 
" 5 2, 100x05 
Shift of point D (AL; = AL, p 79 * 1 + 355 ITO 


=9 x 103 15 x 103 — 24 mm 


Copied to clipboard. 


Illustration : 


A load of 10 KN is supported from a pulley which in turn is supported by a rope of cross-sectional q 
area I * 10 mm? and modulus of elasticity 10° N/mm’, as shown in figure. Neglecting the friction 

at the pulley determine the deflection of load. 

hr 


XmmtT 
x 2T-l0KN 


5000N 


ZZZ oxx 


Sol. longitudinal stress in the rope is 


T _ 5x10 ; 
o 5 N/mm 
A 1mm 


: Á stress 
Extension in the rope 
tension in the rope =~" 
Simm 
nm 1500 


10° N/mm 


7.5 mm 


Deflection in the load 


3.75 mm 
Stress-strain curve 


The relation between the stress and the strain for a given mat 


al under tensile stress can be found 
experimentally. The applied force is gradually increased in steps and the change in length is noted. A 
graph is plotted between the stress and the strain produced. The stress-strain curves vary from material 
to material. These curves help us to understand how a 


/en material deforms with increasing loads. 
From the graph, we can see that in the region between O to A, the curve is linear. In this region, Hooke's 


law is obeyed. The body regains its original dimensions when the applied force is removed. In this 


region, the solid behaves as an elastic body. 


Stress-strain curve for steel. 


Beyond hooke's law 


Inthe region from to B, stress and strain are not proportional. Nevertheless, the body still returns to its 
original dimension when the load is removed. The point B in the curve is known as yield point (also 
known as elastic limit) and the corresponding stress is known as yield strength (S, ) of the material. 

Ifthe tensile or compressive stress exceeds the proportional limit, the strain is no longer proportional to 
the stress. The solid still retums to its original length when the stress is removed as long as the stress does 


not exceed the elastic limit. 


Ifthe stress exceeds the elastic li 


it, the material is permanently deformed. For still larger stresses, the 
solid factures when the stress reaches the breaking point. The maximum stress that can be withstood 


without breaking is called the ultimate strength. The ultimate strength can be different for compression 


and tension ; then we refer to the compressive strength or the tensile strength of the material. A ductile 


material continues to stretch beyond its ultimate tensile strength without breaking ; the stress then de- 


creases from the ultimate strength (fig. (a) ). Examples of ductile solids are relatively soft metals, such as 


aff 


and thinner until 


gold, silver, copper, and lead, These metals can be pulled like taffy, becoming thinne 
finally reaching the breaking point. 


While as Brittle material can not stand beyond ultimate strength 


Ductile 
Tensile» Brittle 
im and breaking point 
A Baking point (Basic iit 
/feoportiona fpina imit 
- Tensile strain 
(a) (b) 


ractice Exercise 


Qi 


@ 
i) 

ii) 
(iv) 


A light rigid bar is suspended horizontally from two vertical wires, one of steel and one 
of brass, as shown inf 
0.60 mm and the length of the bar AB is 0.20 m. When a mass of 10 kg is suspended 


re. Each wire is 2.00 m long. The diameter of the steel wire is 


from the centre of AB bar remains horizontal. see [ors 
What is the tension in each wire? al in 
Calculate the extension of the steel wire and the energy stored in it. 

Calculate the diameter of the brass wire. 


If the brass wire were replaced by another brass wire of diameter 1 mm, where should the mass be 
2.0 10" Pa, the 


suspended so that AB would remain horizontal? The Young modulus for steel 
Young modulus for brass = 1.0 * 10!! Pa. 


e 


Answers 


Q.1 ()50N, (ii) 0.045 J, (iii) 8.4 104m, (iv)x -0.12m 


Shearing Stress 


A cylinder subjected to shearing (tangential) stress deforms by an angle 0. 


However, iftwo equal and opposite deforming forces are applied parallel to the cross-sectional area of 
the cylinder, as shown in fig, there is relative displacement between the opposite faces of the cylinder. 


The restorin 


force per unit area developed due to the applied tangential force is known as tangential 


or shearing str 


s. 


Asa result of applied tangential force, there isa relative displacement Ax between opposite faces of the 


linder as shown in the fig. The st 


ratio of relative displacement of the faces Ax to the length of the cylinder Z 


in so produced is known as shearing strain and itis defined as the 


Ax 
Shearing strain- ^ =tan 0 


where 0 is the angular displacement of the cylinder from the vertical (0 is very samll tan 0 — 0). 


Volume Deformation 


Since the fluid presses inward on all sides of the object (figure), the solid is compressed-its volume is 
reduced. The fluid pressure P is the force per unit surface area ; it can be through of as the volume stress 
on the solid object. Pressure has the same units as the other kinds of stress: N/m? or Pa. 


Fig. Forces on an object when submerged ina fluid 


Copied to clipboard. 
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volume 


ress = pressure = 


The resulting deformation of the object is characterized by the volume strain, which is the fractional 


change in volume 


change in volume AV 


volume strain = 


original volume ^ V 


Bulk Modulus (B) 


In fig., a solid sphere placed in the fluid under high pressure is compressed uniformly on all sides. The 


force applied by the fluid acts in perpendicular direction at each point of the surface and the body is said 


to be under hydraulic compression. This leads to decrease in its volume without any change of its geo- 


metrical shape, The body develops internal restoring forces that are equal and opposite to the forces 


applied by the fluid (the body restores its original shape and size when taken out from the fluid), The 


internal restoring force per unit area in this c tothe hydraulic pressure (applied force per unit 


area). The strain produced by a hydraulic pressure is called volume strain and is defined as the ratio of 


inal volume ( V). 
Av 


change in volume (AP) to the ori 


Volume strain 


We have seen that when a body is submer 


ed ina fluid, it undergoes a hydraulic stress (equal in magni- 


tude to the hydraulic pressure). This leads to the decrease in the volume of the body thus producing a 


strain called volume strain. 


AP--B (Hooke’s law for volume deformation) 


AY 
where V is the volume at atmospheric pressure. The negative sign. equation AP=—B 7^ allows the 


bulk modulus to be positive. The bulk moduli of liquids are generally not much less than those of solids, 
since the atoms in liquids are nearly as close together as those in solids. 


Jases are much easier to compress than solids or liquids, so their bulk moduli are much smaller. The 
bulk moduli of a few common materials are given in Table 


EKI 


minium. n 
Brass a 
Copper 10 
Gas El 
ron 100 
Noel 260 
‘Steet 160 
quis 

Water a2 
ethanol os 
Garbon disulphide 156 
Ghrerne 476 
Mercury 2 
Gases 

Ne (atsTP) 10x107 


Table: Bulk moduli (B) of some common Materials 
Compressibility (k) 


The reciprocal of the bulk modulus is called compressibility and is denoted by k. It is defined as the 


fractional change in volume per unit increase in pressure. 


1_ 1 (av) 
Keay Lap) 


Poisson's ratio 


When an elongation is produced by longitudinal stresses, a change is produced in the lateral dimensions 


of the strained substance. Thus, when a wire is stretched, its diameter diminishes ; and when the longitu- 


dinal strain is small, the lateral strain is proportional to it. The ratio of the lateral strain to the longitudinal 


strain is called Poisson’s ratio. 


- (4| 
r— 1 [2 
4 (l, l» and } are the dimentional when no strain. Ms AL, and 
l, 


Al,are the change in length of 7}, , and J, respectively) 


É 
A 

Y= A, 
h 

Al Al, Al 
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Illustration: 4 


A uniform bar of length L and cross sectional area A is subjected to a tensile load F. If Y be the 
Young s modulus of the material of the bar and & be its poisson's ratio, then determine the 


volumertic strain. 


Sol Longitudinal stress = 


Longitudinal strain = ^: = 6, (say) @ 


Now, by definition of Poisson S ratio, 


lateral strain -ór/r 
longitudinal strain OL/L 
L/L er 
o &/r-- oð > rom eqn. (i 
r oi y l qn. ()] 
Since Volumetric strain = Strain in length + Twice strain in radius. 


óL _ 285 
Volumetric strain . 
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Calorimetry 


Units of heat & Mechanical equivalent of heat (J) 


It was early 19th century when "James Prescott Joule” accidentally did an experiment which made two 


very important contribution in the scientific world. And it was Herman Von Helmholtz (a German) who 
later proved that indeed Joule was right. 


Joules contribution bridged two major gaps in the scientific world. 


Ò) Eng 


conservation principle was well grounded. 


) The missing link between heat and energy was recti 


Yes, heat was not thought to be a form of energy, rather it was known to be a fluid substance that flows. 
And that flu 


end also becomes hot as some calorie has flown to the rod. It was a very detailed mathematical theory. 


ted at one end, the other 


d was named calorie. They would say that when an iron rod is he: 


Now, lets see the problem of energy conservation, We have seen many examples where energy in the 
form of K + U = constant; but not always. We know many places where in energy doesn't seem to be 
conserved. One of the examples is a box sliding on a rough surface. The box eventually stops because of 


friction. Thus, the KE of the box is lost. Where did it go? Today we can say that it got converted into heat 


, but heat. Thus for them it was lost. And so energy 


energy, but earlier heat was not known as ene 


conservation principle doesn't hold true. 


A system is said to be isolated if no exchange or transfer of heat occurs between the system and its 
surroundings. When differ a quantity of heat 
transfers from the part at higher temperature to the part at lower temperature. The heat lost by the part 
at higher temperature is equal to the heat gained by the part at lower temperature, Calorimetry means 
measurement of heat. When a body at higher temperature is brought in contact with another body at 
lower temperature, the heat lost by the hot body is equal to the heat gained by the colder body, provided 


nt parts of an isolated system are at different temperatur 


no heat is allowed to escape to the surroundings. 


As heat is just energy in transi, its unit in SI is joule. However, another unit of heat “calorie” is in wide 


use. This unit was formulated much before it was recognised that heat is a form of energy. The old day 


definition of calorie is as follows 
‘The amount of heat needed to increas the temperature of 1g of water from 14.5°C to 15.5°C at 
a pressure of 1 atm is called 1 calorie. 


The calorie is now defined in terms of joule as 1 cal — 4.186 joule. 


Mlustation : 


Sol 


What is the kinetic energy of a 10 kg mass moving at a speed of 36 km/h in calorie ? 


KE- Laoxio =500J ~ 120 cal 
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Principle of Calorimetry 


A dev 
and stirrer of the same material like copper or aluminium. The vessel is kept i 
g materials like g 


inner vessel. There 


in which heat measurement can be made is called a calorimeter. It consists a metallic vessel 


ide a wooden jacket 


which contains heat insulating 


iss wool etc. The outer jacket acts as a heat shield and 


reduces the heat loss from th 


an opening in the outer jacket through which a 
mercury thermometer can be inserted i 


to the calorimeter. 


ayy 


From this experiment he came up with new physical quantities, 


Heat capacity (C’) o fe "dT 

specific heat capacity Q-m[sdr-ms,,AT 
E 

Molar heat Capacity c=% (n-no. of moles) 


The branch of thermodynamics which deals with the measurement of Heat is called colorimetry, 

When two bodies at different temperature are mixed, heat will be transferred from body at higher tem- 

perature to a body at lower temperature till both acquire same temperature, Principle of colorimetry 

represents the law of conservation of Heat Ene 
Heat lost = Heat gained 


Specific Heat capacity 


‘The amount of heat needed to raise the temperature of unit mass ofa material by unit degree of measurement 

is known as the specific heat capacity of that material. If Q amount of heat raises the temperature of mass 

m of a material by AT, then its specific heat capacity is given 
Q 


s= MAT > Q- msAT 


Also the amount of heat supplied per unit increase in temperature for any body is known as 


its heat capacity, 
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Latent Heat 


Heat required for the change of phase or state. No chage in temperature is involved when substance 


changes its state or phase. (Q 7 mL, L= Latent Heat) 


Latent Heat of Fusion : The Heat supplied to a substance which changes it from solid to liquid state at 
its melting point and 1 atm. pressure is called latent Heat of fusion. (Q=mL,) 
Latent 


of fusion of Ice (L,)= 80 cal/gm. 


Latent Heat of Vapourization : The Heat supplied to a substance which changes it from liquid to 
Vapour state at its boiling point and 1 atm pressure is called latent hea 
Latent heat of vapouriztion of water (L, )- 540 cal/g. 


tof vapourization. (Q mL, ) 


Hlustration : 
The temperature of equal masses of three different liquids A, B, and C are 12°C, 19°C and 28°C 
respectively. The temperature when A and B are mixed is 16°C and when B and C are mixed itis 


23°C. What should be the temperature when A and C are mixed ? 


Sol — Let m be the mass of each liquid and S „Sy S. be specific heats of liquids A, B and C respectively 
When A and B are mixed. The final temperature is 16°C. 


Heat gained by A = heat lost by B. 
ie mS, (16-12) = mS, (19 — 16) 


ü 


When B and C are mixed. Heat gained by B = heat lost by C 


ie. mS,(23- 19) = mS, (28-23) 
4 
e. 5 
i Se= $8 (ii) 
" EMEN 
From eq. (ij and (ii) S, — Z% 38477: 


When A and C are mixed, let the final temperature be O 
mS, (0— 12) = mS, (28 — 0) 


By solving, we get 0= 20.26°C 


31 
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Hlustation: 


An object A of mass 2 kg is moving on a frictionless horizontal track has perfectly inelastic W 


collision with another object B of mass 3 kg made of the same material and moving in front of A 


in same direction. Their common speed after the collision is 4 m/s. Due to the collision the 
temperature of the two objects, which was initially the same, is increased, though only by 0.006*C 
The specific heat capacities of the two objects are the same : 0.5 kl/kg°C.What was the initial 
speed (in m/s jof the colliding object A before the collision? 


Sol. A LY BLY xp 4 


ám 


2V)*3() 2-243 


+ 3V,= 20 ü 


loss in KE = heat energy 


KE, - KE, = M pur SAT 


Eon d sd 
; MV + 5 VP - 5 (2 + 3? = (2 + 3)8AT 


S EH 
T 


D Vj-40-15 or V? + 55 (ii) 


Solving equation (i) and (ii), we get, 


V, = Imís or 7 ms and V, = 6mísor 2m/s forcollision V,» V, So V, =7 m/s and V, 7 2 msec 


The following example provides a method by which the specific heat capacity of a given solid can 


be determinated by using the principle, heat gained is equal to the heat lost. 


Heating Curve 


Iftoa given mass (m) ofa solid (Ice), Heat is supplied at constant rate P and a graph is poltted between 
temperature and time 


tempt 
E 
Loc —6 
A 
oc A 
rc 
tot ht time 
() — IntheregionOA 
Temperature of solid is changing with time 
Q-msAT 
P(A)-msAT (At 71, - 0, AT - 0- (-)) 
PAT AT 


OA 


= = slope of i 
ms At pos 
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(2) Inthe region AB 
Temperature is constant, here substance changes its phase solid to liquid, between A and B. 


L,-lengthofline AB 
Latent Heat of fusion is proportional to length of line 
G) — Inthe Region BC 
Temp. of liquid is increasing with time 


Q=msAT (At=1, - L, AT = 100 —0) 
PAt-msAT 
(4) — Intheregin CD, temperature is constant, so it represents change of state. 
Q-mL, 
P(t,-t 
(t) p 
m 
L, - length of line CD 
(5) The line DE represents gaseous state of substance with its temperature increasing linearly with time, 


The reciprocal of slope of line will be proportional to specific heat of substance in vapour state. 


IHlustratio 
How many colories are required to change exactly 1 gm of ice at — 10 "C to steam of 120°C at 
atmospheric pressure 


Sol — (avc H, = ms, AT = 1 x 10 = Seal 


H, = mL 1 x 80 = 80 cal 
H, = ms, AT 5 1 * 1 x 100 cal 
H, = mL, = 1 * $40 = 540 cal 
Time H, = ms, AT = 1 * 0.48 x 20 = 9.6 cal 
Total colories reqd. =H, + H,* H,* H,* H, 
H, 34.6 cal 


10c 


Illustration : 
300 gram of water at 25°C is added to 100 gm of ice at 0°C. The final temp. of the mixture is 
Sol. Heat released by water 
Q, = msAT ; Q, = 300%1%25 
$00 gm Q,- 7500 cal 
100 gm Heat required by Ice for completely melt Q, = mL, 
Q, = 8000 cal 
9.7 0, 
ve that whole of the ice cannot be melted as the required amount of heat is not provided by 
the water. Also, the heat is enough to bring the ice to 0°C. Thus the final temperature of the 
mixture is 0°C with some of the ice melted. 
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Water equivalent 


Itis a equivalent mass of water (w) that has same heat capacity as that of the given body (b). In other q 
words, 
C-m,s, -m,s, 


It isa convinent way to represent the heat capacity of the calorimeter 


Mlustation: 
A sphere of aluminium of 0.047 kg placed for sufficient time in a vessel containing boiling water, 
so that the sphere is at 100 °C. It is then immediately transferred to 0.14 kg copper calorimeter 
containing 0.25 kg of water at 20 "C. The temperature of water rises and attains a steady state at 
23 °C. Calculate the specific heat capacity of aluminium. 

Sol. In solving this example we shall use the fact that at a steady state, heat given by an aluminium 
sphere ill be equal to the heat absorbed by the water and calorimeter. Mass of aluminium sphere 
(mj) = 0.047 kg 


Initial temp. of aluminium sphere = 100 °C 


Final temp. = 23 °C 


Change in temp (AT ) = (100 °C — 23 °C) c 
Let specific heat capacity of aluminium be s , 


The amount of heat lost by the aluminium 


sphere = ms AT = 0.047 kg * s, 
Mass of water (m,) 0.25 kg 

Mass of calorimeter (m,) = 0.14 kg 
Initial temp. of water and calorimeter = 20°C 

Find temp. of the mixture = 23°C 

Change in temp. (AT) = 23°C - 20°C = 3°C 

Specific heat capacity of water (s ) = 4.18 x 10 Jkg! K 

Specific heat capacity of copper calorimeter = 0.386 * 10° J kg' K 

The amount of heat gained by water and calorimeter = m, s, AT, + m,s,, AT 


= (ms, * ms) (AT) 


= (0.25 kg * 4.18 * 10 J kg’ K' + 0.14 kg x 0.386 * 10° J kg ! K? ) (23°C — 20°C) 


In the steady state heat lost by the aluminium sphere = heat gained by water + heat gained by 
calorimeter 
So, 0.047 kg * s, * 77°C 

= (0.25 kg * 4.18 x 10 J kg’ K’ + 0.14 kg x 0.386 * 10 J kg’ K") (3*C) 
0.911 kJ kg’ K 


Practice Exercise 


QI  Ikgof 
mixture content 


Q2  Sgmoficeat*C is mixed with 10 


ce at ~ 10°C is mixed with 1 kg wate 


100°C, then find the equilibrium temperature and 


n of steam at 100°C. Find the final temperature and composition 


ofthe mixture if the mixing is done in a calorimeter of water equivalent 13 gm, initially at 0°C 


Q3  AlumboficeofQ.1 kg at~10°C is put in 0.15 kg of water at 20°C, How much water and ice will be 
found in the mixtre when it has reached thermal equilibrium, 
Answers 
QI T=7.5°C Q2 245/27 gmof water, 160/27 gm of steam 


Q3 — Amount of water amd Ice are 181.25 gm and 68.75 gm respetively 
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Thermal expansion P| 


Thermal Expansion 


When matter is heated without change in state, it usually expands, According to atomic theory of matter, 


asymmetry in potential ene 


curve is responsible for thermal expansion as with rise in temperature say 
ind hence the 


from T, to T, the amplitude of vibration and hence energy of atoms increases from E, to 


average distance between atoms increases fromr, tor, 


Due to this increase in distance between atoms, the matter as a whole expands. Had the potential 


curve been symmetrical, no thermal expansion would have taken place in spite of heating. 


Linear Expansion of solids 


To varying extents, most materials expand when heated and contract when cooled. The increase in any 


one dimension ofa solid is called lin 


r expansion, linear in the sense that the expansion occurs along a 
line. A rod whose length is L, when the temperature 
length becomes L, + AL, where AT and AL are the ma 


T, when the temperature inc 


esto T, + AT, the 


udes of the changes in temperature and 


length, respectively 
Conversely, when the temperature decreases to T, — AT, the length decreases to L, — AL 
For small temperature changes, experiments show that the change in length is directly proportional to the 


change in temperature (AL xc AT). In addition, the change in length is proportional to the initial length of 


the rod, 


Equation AL=aL,AT expresses the fact that AL is proportional to both L, and AT(AL x L,AT) by 


usinga proportionality constant a, which is called the coeff 
the coefficient of linear expansion (C°) 


tof linear expansion. Common unit for 
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Illustration : 
A circular hole of radius 2 cm is made in a iron plate at 0°C. What will be its radius at 100°C ? 
a for iron = 11 *10*/ °C 
Sol. Ry = R, (1 + aAT) = (2) [1 + (11 *10* / *C) (100C)] 
= 2) (1411104) = 


2.0022cm 


Mlustration 
A brass scale correctly calibrated at 15°C is employed to measure a length at a temperature of 


35°C. If the scale gives a reading of 75cm, find the true length. (Linear expansively of brass = 2.0 


x 105C°)") 
Sol Let the distance between two fixed divisions on the scale at 15°C be L, and that at 35°C be L 

Clearly (L,-L) 15) 

or L,=L, (1 +20 * 20 x 107) 


L, (1.0004) 
i.e, at 35°C, an actual length of L, will be read as L, due to the increased separation of the 


length will be less than the actual length. 


divisions of the scale. In other words, the observ 
Given L, 7 75cm 
L, = 75 (1.0004) cm 
75.03 cm 
Illustration 

Estimate the time lost or gained by a pendulum clock at the end of a week when the atmospheric 
temperature rises to 40°C. The clock is known to give correct time at 15°C and the pendulum is 
of steel. (Linear expansively of steel is 12 x 10* /*C). 


Sol. Time period of pendulum clock T, = 27| y 


£, length of pendulum wire at temperature 0°C, temperature increased to t°C chage in tempera- 
ture AO = (t — 0)°C 
Time period at 1°C 
L DNIEETOEN 
any z ony $ 


a for wire of pendulum 


T, 


T = 22 | S ad) 
Ye" 
iA a(A0) 
7 7(15aA0)7 s (1. 7 -) (by using binomial approximation) 
T-T, a(40) IT a(40) 
T, 2 —c OU 2 
a(40) 
Thus, time lost per second = “5 


rise in temperature AO = 40— 15 = 25°C 
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1 
Time lost per second =  aA0 


1 $ 
= 5 * (12 x 10% /*C) * 25°C) 
= 150 x 10* s/s 
Therefore, time lost per week (i.e., 7 x 86400 s) 
= 150 x 10° s/s x 7 x 86400 s 


= 90725 


Illustration : 
A glass rod when measured with a zinc scale, both being at 30°C, appears to be of length 100cm. 
If the scale shows correct reading at 0°C, determine the true length of the glass rod at 
(a) 30°C and (b) 0°C (C'a for glass = 8 x 10% PC and for zinc 26 « 10^ /*C) 

Sol At 30°C, although the reading shown by the zine scale corresponding to the length of the glass rod 
is 100cm, but the actual length would be more than 100cm, the reason being the increased sepa- 
ration between the markings, owing to a rise in temperature (from 0°C to 30°C). 

Now, an actual (original at 0°C) length of 100cm on the zinc scale (or more precisely, two mark- 
ings or divisions on the scale, separated by a distance of 100cm) would, at a temperature of 30°C 
correspond to a length given by 
1 = 100 (1 + 26 * 10* x 30) cm 
100.078 cm 
* The true length of the glass rod at 30°C is 100.078 cm. 


Now, at 0°C, the length of glass rod would be lesser than that at 30°C 


D 


sing I, = 1, (1 + at), 1, 
Using 1,7 1, (1 + n) eat 


The length of the rod at 0°C, will be 


100.078cm 


F7 qeSx10* x30) - 100.054 cm 


Thermal expansion of bimetallic strip 


A bimetallic strip is made from two thin strips of metal that have different coefficients of linear expansion, 


as fig. (a) A bimetallic strip and how it behaves when (b) heated and (c) cooled 
Brass 


Steel 


EA 


(b) Heated (c) Cooled 
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Often brass [a = 19 x 10° (C*)"] and steel [a = 12 x 10* (C*)"] are selected. The two pieces are 


welded or riveted together. When the bimetallic strip is heated, the brass, having the larger value of œ, 
expands more than the steel. Since the two metals are bonded together, the bimetallic strip bends into 


n 


arcas in fig. (b) with the longer brass piece havi When the strip is 


larger radius than the steel pi 


cooled, the bimetallic strip bends in the opposite direction, as in fig. (c). 


| on heating the bimetallic strip bends into an are as shown below 
| 


al analysis 


[2 Án-42) [R +3 | -L (1 +a,40) (AO increase in temp.) 
Wu 
k { 4) 
i [R -$]6 =L, 0,0) 


d 
R+, 1+a,A0 
R d 1+ a, A0 


by above eugation we can find mean ra 
d 
(a, -a,)A0 


is R of bimetallic strip. 


R 


Area and Volume Expansion 


A 


A 


Area Expansion 


Volume Expansion 


entof 
linear expansion of the material of lamina is small and constant, then its final area is given by 
A =A, (1 + BAT), where A, is the initial area. AT is the change in temperature and B is the area 
coefficient of thermal expansion. For isotropic bodies it can be shown the B= 2a. 


Ifthe temperature of a two-dimensional object (lamina) is changed, its area changes. If the coeffi 
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The volume V, of an object change by an amount AV when its temperature changes by an amount AT. 


cient of volume 


AV — 1, AT where yis the coefficient of volume expansion. Common Unit for the coeffi 
Expansion : (C*) ". The unit for, like that for a, is (C^) '. Values for y depend on the nature of the 
material. The values of y for liquids are substantially larger than those for solids, because liquids typically 


expand more than solids, given the same initial volumes and temperature expansion is three times greater 
than the coefficient of linear expansion 
Ifa cavity exists within a solid object, the volume of the cavity increases when the object expands, just 


=3a. 


as ifthe cavity were filled with the surrounding material. The expansion of the cavity is analogous to the 

;. the cha 

using the relation AV — 7V,AT, where y is the coefficient of volume expansion of th 

surrounds the cavity 

nilar (Here y = 3a) is known as the coefficient of volume expansion 
a:fipzl:2:3 


expansion of a hole in a sheet of material. According! 


in volume of a cavity can be found 
aterial that 


Illustration : (The expansion of holes) 


Do holes expand or contract when the temperature increases? 
Figure (a) shows eight square tiles that are arranged to form a square pattem with a hole in the centre. If 


the tiles are heated, what happens to the size of the hole? 
Expanded 


LLL) [TT 
FTT 9th tile | 
O LL gl 
m COU 
(a) unheated (b) Heated © 
Sol We can analyze this problem by disassembling the pattem into separate tiles, heating, it is evident from 
figure (b) that the heated pattem expands and so does the hole in the centre. In fact, if we had a ninth tile 
that was identical to and also heated like the others, it would fit exactly into the centre hole, as figure (c) 
indicates. Thus, not only does the hole in the pattem expand, but it expands exactly as much as one of the 
tiles. Since the ninth tile is made of the same material as the others, we see that the hole expands just as 
if it were made of the material of the surrounding tiles. 
The thermal expansion of the hole and the surrounding material is analogous to a photo- 
graphic enlargement ; in both situations everything is enlarged, including holes. 
Thus, it follows that a hole in a piece of solid material expands when heated and contracts when cooled, 
just as if it were filled with the material that surrounds it. If the hole is circular, the equation AL = aL,AT 
can be used to find the change in any linear dimension of the hole, such as its radius or diameter. Example 
illustrates this type of linear expansion. 
Illusration : 
A thin cylindrical metal rod is bent into a ring with a small gap as shown in figure. On 
heating the system 
(A) 0 and s decreases, rand d increases (B) 0 and r increases, d and s decreases 
(C), r, s and d all increases (D) 0 is constant, d, s and r increases 
Sol. 0 remains constant d, s and r increases. 
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Illustration : 


Sol. 


Figure shows a cross-sectional view of three cylinders, A, B and C. Each is made from a different 
material ; one is lead, one is brass, and one is steel. All three have the same temperature, and barely fit 
inside each other. As the cylinders are heated to the same, but higher, temperature, cylinder C falls off, 
While cylinder A becomes tightly wedged to cylinder B. Given, lead has the greatest coefficient of linear 
expansion, followed by brass, and then by steel. Which cylinder is made from which material? 


[7] 


We need to consider how the outer and inner diameters of c 
raised. With respect to the inner diameter, we will be guided by the fact that a hole expands as if it were 
g material. These data indi d 


cylinder change as the temperature is 


filled with the surround ate that the outer and inner diameters of the lea 


cylinder change the most, while those of the steel cylinder change the least 


Since the steel cylinder expands the least, it cannot be the outer one, for if it were, the greater expansion 


ofthe middle cylinder would prevent the steel cylinder from falling off. The steel cylinder also cannot be 
the inner one, because then the greater expansion of the middle cylinder would allow the steel cy 


fall out, contrary to what is observed. The only place left for the steel cylinder is in the middle, which 


inder to 


leads to the two possibilities in figure. 

In part (a), lead is on the outside and will fall off as the temperature is raised, since lead expands more 
than steel, On the other hand, the inner brass cylinder expands more than the steel that surrounds it and. 
becomes tightly wedg 


In part (b), of the drawin 


sd, as observed. Thus, one possibility is A= brass, B = steel, and C = lead. 


brass is on the outside. As the temperature is raised, brass expands more th 


steel, so the outer cylinder will again fall off. The inner lead cylinder has the greatest expansion and will 
be wedged against the middle steel cylinder. A second possible answer, then is A= lead, B = steel, and 
C= brass. 


Thermal Stress 


A change in shape/size i.e., dimensions need not necessarily imply a strain. For example, if a body 
is heated to expand, its volume change, as it acquires a new size, due to expansion. However, the 
strain remains zero. Unless and until, internal elastic forces operate, to bring the body to the 
original state, no strain exists. When a body is heated, the total energy of molecule increase, 
owing to an increase in the kinetic energy of the molecules. This results in a shift (increment) of 
the “equilibrium distance” of molecules and the body acquires a new shape and size, in the 
expanded form, whereby the molecules are in 
ever, if the body is resistricted to expand, during the process of heating, then the molecules be- 


zero force" state. Hence, there is no strain. How- 


come "strained", and even if there is no apparent change in dimensions of the body, there is 
strain. In such cases, strain is measured as the ratio. In dimension that would have occured, and 
the change in dimension that would have occured, had the body been free to expand or contract, 


to the original dimension. 
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When a metal rod is heated or cooled it tends to expand or contract. If it is left free to expand or 
contract, no temperature stresses will be induced. However, if the rod be restricted to change its length, q 


then temperature stresses are generated within it. Stress induced due to temperature change can be 


understood as follows; 


^ j—m s 


Considera uniform rod AB fixed rigidly between two supports (fig. If L be its length, a the coefficient 


of linear expansion, then a change in temperature of A0, would tend to bring a change in its length by 
1 LaAO, Had the rod been free (say one of its ends) its length would have changed by /. Now, let a 
force be gradually applied so as to restore the natural length. Since the rod, 


ids to remain in the new 
state, due to a change in temperature, so when a force F is applied, thermal stress is induced. In 
equilibrium. 
F 1 
A^ (Li) 
Neglecting / in comparison to L, 
IA 


F= T Y=AY a40 


Now, ifthe two ends remain fixed, then this external force is provided from the support. 


Y [^^ stress = strain x Y] 


Clearly strain= [> = a0 


Illustration : 
A brass rod of length Im is fixed to a vertical wall, at one end, with the other end free to expand. 


When the temperature of the rod is increased by 120°C, the length increases by 2cm. What is the 


strain? 


ol After the rod expands, to the new length there are no elastic forces developed internally in it. 


So, strain = 0. 


tr 


top view 


Illustration : 
A rod of length 2m is at a temperature of 20°C. Find the free expansion of the rod, if the tempera- 
ture is increased to 50°C. Find the temperature stresses produced when the rod is (i) fully pre- 
vented to expand, (ii) permitted to expand by 0.4 mm. Y = 2 * 10 Nm? ; a = 15 * 10 per °C 
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Sol Free expansion of the rod = aA0 
= (15 x 10* PC) x (2m) x (50*- 20°)C 
=9 x 10* m - 09 mm 


(i) If the expansion is fully prevented 


9x 107 


then strain = == — = 4.5 I0* 


temperature stress = strain * Y 
= 4.5 x 104 x 2x 10" = 9 x 10° Nm 
(ii) If 0.4 mm expansion is allowed, then length restricted to expand = 0.9 — 0.4 = 0.5 mm 


5x10 


Strain 10* 


Temperature stress = strain * Y 
25 10* * 2 10" = 5» 10 Nm 


Illustration : 
Two rods made of different materials are placed between massive walls. The cross section of both 
the rods are same A, their lengths L, and L, coefficients of linear expansion a, and a, and the 
‘moduli of elasticity of their materials Y, and Y, respectively. Ifthe rods are heated by (°C, find the 
force F with which the rods act on each other 


Sol. | 


Let the first rod expand slightly (say by length 61) and the second rod get compressed by the same 
amount (since net elongation / compression of the rods is zero.) 

Natural increase in length of the first rod (after being heated) when free to expand would 
have been a,L,t. The expansion allowed is just & (where ôl < a, L). 


Amount of elongation restricted = a,L,t — 8l 


elongation restricted a,Lt -ôl 
Strain = orignal length Ll +a) 
Since a, 4 
I+ar=1 
aLt-òl 
Strain = “7 


{ a,Lt -ól | 
Stress = strain x Y= | | 


(a La —ól) 
or Fosmess*A- py YA @ 


(a, 


1-6) FL, FL 
Similarly, F — = 


Vo o = aki-~yar-y, ~ abs 


_ (aL, +a,L,)t 
| LL ) 
YA YA) 


or 


Expansion of liquids 


Like solids, liquids also, in however, their expansion is much large com- 


| expand on he 


ng the 


pared to solids for the same temperature rise. A noteworthy point to be taken into account du 
expansion of liquid is that they are always contained in a vessel ora container and hence the expansion. 
ofthe vessel also comes into picture. Further, linear or superficial expansion in case ofa liquid does not 
carry any sense. Consider a liquid contained in a round bottomed flask fitted with a long narrow stem as 
shown in fig. Let the initial level of the liquid be X. When it is heated the level falls initially to Y 


However, after sometime, the liquid level eventually rises to Z. The entire phenomenon can be under- 
stood as follows: Upon being heated, the container gets heated first and hence expands. Asa result, the 


capacity of the flask increases and hence the liquid level fall 


After sometime, the heat gets conducted from the vessel to the liquid and hence liquid also expands 


thereby rising its level eventually to Z. Since, the volume expansivity of liquids, in general, are far more 


than that of solids, so the level Z will be above the level X. 
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Effect of temperature on density 


Whena solid or liquid is heated, it expands, with mass remaining constant. Density being the ratio of 


mass to volume, it decreases. Thus, if V, and V, be the respective volumes of a substance at 0°C and 


1°C and if the corresponding values of densities be p, and p, then the mass m of the substance is given 
by 


m=V 
V, +70), sop, =p (+70 


P,7 Vp, 


But 


Mlustration : 
The volume ofa glass vessel filled with mercury is 500 cc, at 25*C. What volume of mercury will 
overflow at 45°C? 
the coefficients of volume expansion of mercury and glass are 1.8 * 10* / °C and 9.0 * 10*/°C 
respectively 
[Sol, The volume of mercury overflowing will be the expansion of mercury relative to the glass vessel 
(i.e., apparent expansion). 
Now, since (AV), = (AV), - (AV) 
Apparent expansion (AV), will be 
(AV), = VyAT - Vy, AT 


1 
500 cc (180 — 9) * —— (45 ~ 25)°C 


1.71 ec 
Thus, 1.71 cc of mercury overflows. 

Mlustration : 
A sphere of diameter 4 cm and mass 150g floats in a bath of liquid. As temperature is raised, the. 
sphere begins to sink at temperature 50°C. If the density of the liquid is 6.5 g/cm? at 0"C, find the 


coefficient of cubical expansion of the liquid, neglecting the expansion of the sphere. 
Sol. (i) When sphere is floating i.e. at temperature < 50° C 
weight of body = Thrust 
mg =V, og (c density of liquid at temp. 0°C) © 


(ü) When body just sinks ie. at temperature 50 


mg = Voy 
m 
eT. (œ density of liquid at temp. 50°C) 
150 
-3 =4.48 g/cm 
n(2) 
s 
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s 65 
MAT = 448 
^ 65 
1+ 7[50-0] = A 
2.02 
Y soxaas 
or y-902* 1037€ 


Practice Exercise 


Q.1 The apparatus shown in fiugre consists of four glass colums connected by horizontal sections. The 
heights of two central columns B and C are 49 cm cach. The two outer column A and D are op: 
atmosphere. A and C are maintained at a temperature of 95°C, while the column B and D are maintained 


at 5°C, The heights of liquid in A and D measured from base line are 52.8 cm and 51cm respectively. 


Determine the coefficient of thermal expansion of the liquid. 


|| n 


Answers 


D 


QI y=196x10* 


Anomolous expansion of water 


While most substances expand when heated, a few do not, For instant, if water at 0°C is heated, its 
volume decreases until the temperature reaches 4°C. Above 4 *C water behaves normally, and its 
volume increases as the temperature increases. 

Because a given mass of water has a minimum volume at 4°C, the density (mass per unit volume) of 


water is greatest 


at4 "C, as figure shows. 


[Maximum density 
adc 


99994 — Bt 


9997+} + 1 


9996 1 
0 2 4 6 8 10 


Temperature, °C 
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The density of water in the temperature range from 0 to 10°C. Water has a maximum density of 
999,973kp/m' at 4°C. (This value for the density is equivalent to the often quoted density of 1.000 
grams per milliliter) 

When the air temperature drops, the surface layer of water is chilled. As the temperature of the surface 
layer drops toward 4°C, this layer becomes more dense than the warmer water below. The denser 
water sinks and pushes up the deeper and warmer water, which in turn is chilled at the surface. This 


process continues until the temperature of the 


ire lake reaches 4°C, Further cooling of the surface 
water below 4°C makes it less dense than the deeper layers ; consequently, the surface layer does not 


sink but stays on top. Continued cooling of the top layer to 0°C leads to the 


ormation of ice that floats 


on the water, because ice has a smaller density than water at any temper 


ture. Below the ice, however, 
the water temperature rema 


s above 0°C. The sheet of ice acts as an insulator that reduces the loss of 
heat from the lake, especially if the ice is covered with a blanket of snow, which is also an insulator. As 
akes usually do not f 


can survive. 


olid, even during prolonged cold spells, so fish and other aquatic life 
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Solved Examples 


Q.1 Each ofthe three blocks P,Q and R shown in figure has a mass of 3 kg. Each of th wires A and B has 


ectional area 0.005 cm? and Young's modulus 2» 10!! N/m2, Neglect friction. Find the longitudinal 


strain developed in each of the wires. Take g= 10 m/s?. 


Sol, The block R will descend vertically and the blocks P and Q will move on the frictionless horizontal table. 


Let the common magnitude of the acceleration be a. Let the tensions in the wires A and B be T, and T, 
respectively, 


Writing the equation of motion of the blocks P, Qand R, we 


T,=(3)a (i) 

T, - T, 7 3)a (ii) 
and (3)g - T, = (3)à (iii) 
By (i) and (ii) 

Tg 7 2T,. 


By (i) and (iii) 


+Ty=(3)g=30N 


or 3T, =30N 


or 10Nand T, -20N 


Lon; 
Young's modules 


tudinal stress 


Longitudinal strain= 


10N / 0.005 em i 
inwireA= 1 -10 
2x10" N/m 


20N/0.005cm* 


wire B= — -2x10* 
Strain in wine B- ^ DUE 


4 


33 


). 


Sol. 


A light rod of length 200 cm is suspended from the ceiling horizontally by means of two vertical wires of « 
equal length, tied to its ends. One of thewiresis made of steel and is of cross-section 0.1 cm 


id the 


other of brass of cross-section 0.2 cm". Along the rod at which distance may a weight be hung to 
produce (a) equal stresses in both the wires (b) equal strains in both the wires ? Y for brass and steel are 
10x10" and 2010" dyne/em? respectively 


(a) According to the problem stresses are equal, so we have 


T, 
A. 
T A, 0l 
ie. 2 
T, A, 02 W 
or 2T (i) 


or T T,=W (i) 
From equation (i) and (2), we get 


T, = (W/3) and T, = (2W/3) (iii) 


Letx be the distance of weight W from steel wire, Torque balance for rotational equilibrium of rod. 


or (W/3)x = (QW/3) Q =x), 
ie. x=(43)m 


(b) According to the problem, strains are equal. 


T T [ stress 
asstrain = 


AY, AY | Y 


T, AY, 0.1x20x10' 


So, T, AY, 0.2x10x10 


(iv) 
ie. from equation (ii) and (iv), we get 


-(W2) 


and forrotational equilibrium of rod 
Er=T,x-T,(2-x)=0 


or (W/2)x -(W/2)2 - x). iex-lm 
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Q3 — Asteel wire of diameter 0.8 mm and length 1 m is clamped firmly at two points A and B which are 1 m 
apart and in the same plane. A body is hung from the middle point of the wire such that the middle point 
sages 1 em lower from the original position. Calculate the mass of the body. Given that Young's modulus 

10!" Nim? 


of the material of wire is 2 


Sol, — Asshown in figure, 


ass M is in equilibrium 


Mg - 2T sind (i) 


But from the geometry of figure, for small angle 0, we have 


sin = tan @=(x/L) (ii) 


and by definition of Young's modulus, we have 


YA YA YA 

T AL (U ex) aj. = (iii) 
1 1 2 

So substituting the values of sin © and T from equation and (iii) in (i), we get 
M >, YAX x 
oo ae oad 

YAx" 

M (iv) 
al 


Now as here 2L = | m, x= 1 em= 107m 
and A-nrP -p[(0.82)«103] 
T (4 1049 m? 


10! xn(4x10* x (10?) 
9.8x(1/2 


soM 


from equation (iv), we have 


So the angle 0 can be determined from 
x (Me) 
L (YA 


QA — Athinunifrom metallic rod of length 0.5 m and radius 0,1 m rotates with 


o= 


n angular veloicty 400 rad/s in 
a horizontal plane abouta vertical axis passing through one of its ends. Calculate (a) the tension in the rod 


and (b) the elongation of the rod. The density of the meterial of the rod is 10* kg/m? and the Young's 


modulus is 2 x 10"! N/m? 
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Sol — (a) We take a differential element of the length dr at a distance r form the axis of rotation as shown in 
igure, The centripetal force acting on this element is 
dT = dmro? -(pAdr)ro* 
The tension in the rod at a distance r from the axis of rotation will be due to the. ripetal force due to 
all elements between x=rtox=L, 
1 
T JpAc*rdr - 7 pAo'(L r] ü 
Thus, tension as function ofr, 
r 
Note that tension in the rod is minimum at r= L and maximum at r =0 
(b) Let dy be the eleongation in the element of length dr at position r due to tension, T. From definition of 
Young's modulus, 
"E 
rain 
Y 
dy T 
so : 
dr AY 
1 po 
From equation (i), we have dy = — [L = r°] dr 
So the elongation of the entire rod, 
pa f 
AL-E fu r]dr 
1 po°L’ 
(03 Y 
Here 
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Sol 


Estimate the pressure deep inside the sea at a depth h below the surface. Assume that the density of 
water is pọ at sea level and its bulk modulus is B. q 


Ina static fluid the pressure variation is given by 


=-pg (i) 


The bulk modulus is defined as 


7 ap 
aviv (ii) 


dP.We 


Where dV/V is fractional change in volume ofa element subjected to isotropic pressure i 


considera sample of the fluid having mass M, its volume V =M/p, so that 
M 
dv dp 
P 
dp 
Hence [y 
P 
combining equations (ii) and (iii), we 
Bdp pe dh 
" 
tdp P gdh 
or f5-1 5 
1 | gh 
or Pp B (iv) 
BdV _ „dp 
as dP B 
" 
fap- [p de 
Hence jae- [5 P 
p 
or P-P,=Bin (v) 


On multiplying equation (iv) by p, we get 


so that In ,- -—(n|! 


Substituting this in equation (v), we get 


Pogh | 
2) 


P-P,-B/n| 


This is the required expression for P. 
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Sol. 


Q7 


Sol. 


Sol. 


piece of ice at — 20°C is put into 10g of water at 30°C. Assuming that heat is exchanged only 
between the ice and the water, find the final the final temperature ofthe mixture. Specific heat capacity of 
ice = 2100 J/kg-°C specific heat capacity of water = 4200 J/k 
x 10° J/kg. 
The heat given by the water when it cools down from 30°C to 0°C is 

(0.01 kg) (4200 J/k-°C) (30°C) = 1260 J. 
The heat required to bring the ice to 0°C is (0.005 kg) (2100 J/kg-°C) (20°C) = 210 J. 
10° J/kg) = 1680. 


°C and latent heat of fusion of 


ice = 3.36 


The heat required to melt Sgoficeis — (0.005 kg) (3.36 x 


We see that whole of the ice cannot be melted as the required amount of heat is not proved by the water. 
Also, the 


some of the ice melted. 


at is enough to bring the ice to 0°C. Thus the final temperature of the mixture is 0°C with 


ed in a calorimeter of wat 


Steam at 100°C is passed into 1.1 kg of water cont equivalent 0.02 kg at 
I 
condensed in kilogram is 
(A)0.130 — (B)0065 — (C)0260  (D)0.135 
Heat required to bring water and calorimeter from 15°C to 80°C 

Q 7 mCAT 

Q= (0.14002) « 1 

Q 7 72.8 kcal 
Amount of steam condensed to provide 72.8 kcal heat = m, L 
> — 728* 1000 =m, [540] 

m, = 134.8 gm 

m,= 0.1348 kg, 


till the temperature of the calorimeter and its contents riseds to 80°C. The mass of the steam 


(80-15) 


A bullet of mass of 10 gm moving with a speed of 20 m/s hits an ice block of mass 990 gm kept on a 


frictionless floor and gets stuck in it. How much ice will melt if 50% of the lost kinetic energy goes to ice? 


(Temperature of ice block = 0°C) 
(10gm) x (20m/s) 
1000gm 


Velocity of bullet + ice block, V= -02m/s 


Loss of K.E -Lmv 1 (m+M)V 


= Hpoixcoy -1«02y ]- 1a-004]- 1.987 


L98 cal 
Heat generated = "7 Cal 

198 
Heat recived by ice block = 75.7 Cal =0.24 cal 


0.24Ca 
(0.24CaL) _ 9 939m 


Mass of ice malted = (oc, gm) 
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Q9 


Sol 
(A) 


(B) 


(©) 


(D) 


Q.10 


Sol 


A calorimeter of w: 


fer equivalent 1 kg contains 10 kg of ice & 10 kg of water in thermal equilibrium, The 


atmospheric temperature is 15° below freezing point due to which the calorimeter loses heat, As a result 
ice is formed inside the calorimeter at a rate of 10.8 gm per second. To try to compensate for this heat 
loss, steam at 100°C is supplied to the calorimeter at a rate ofr. (Ly =540 cal/gm, L,=80 cal/gm, sp 
heat of water 1 cal/gm °C.) Column-I gives the value of rand column-II gives the situation just after the 


introduction of steam. 


Column- Column-IT 
(A) r7 L6 gmísec (P) — Amountofice in calorimeter increases. 

(B) r-135gmísec (Q) Amount of water in calorimeter increases. 
(©) r= 1.2 gm/sec (R) — Amountof ice remains constant at 10kg 
(D) r-lgm/sec (S) Amount of water remains constant at 10 kg 


M mount ofice in calorimeter decreases. 
[Ans. (A) Q, T; (B) Q, R (C) PS; (D)P ] 
Rate of heat loss = 80 * 10,8 — 54 16 cal/sec. 
r=16 
> rate of heat supplies by forming steam to waterat0® = 1.6 * 640 > 54 * 16 
additional ice will melt. Correct options are Q and T 
Rate of heat loss = 54 x 16 = 64 * 13.5 cal/sec. 


r= 1.35 


rate of heat supplied for converting steam to water at 0°C = 1.35 640 = 13.5 x 64 
no additional ice will melt or water will fuse. Correct options are Q and R 


Rate of heat loss = 54 * 16= 72 * 12 cal/sec 


Rate of heat supplied by converting steam to ice at 0°C = 1.20 x 720 = 12 x 72 cal/sec 
no additional ice will melt or water will fuse. Correct options are P and S 
Additional water will fuse to ice. Correct option is P. 

An ice cube of mass 0, kg at 0°C is placed in an isolated container which is at 227% 
* BT, where A= 100 cal/kg-k 
C, Determine the mass of the 


C. The specific Heat 
S of the container varies with temperature T according to relation S: 


and B- 2x10? cal/kg-K'. Ifthe final temperature of the container is 2 


container. 


Spe: 
perature change dT and then integrate it from initial temperature to final temperature. 


ic heat of container is temperature dependent so we have to calculate heat lost for a small tem- 


Heat lost by container — — J mc(A+B+T)dT 


21600m, 
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Qui 


Sol 


Q2 


Sol 


Q3 


Sol 


Heat gained by Ice = mL +mCAT 

0.1 1000800. 1 100027 
= 10700 Cal 

from principle of colorimetry 


Heat lost by container = Heat gained by Ice 
21600 m, = 10700 
= 0.495 kg 


A certain clock with an iron pendulum is made so as to keep correct time at 10°C. 
Given a, =12*10-* per°C. How will the rate alter if the temperature rises to 25° C? 
When the pendulum keeps correct time, its period of vibration is 2 sec and so it makes 


20x 60x 60 


43200 Vibrations/day 


Iflength of pendulum at 10°C is / ,, and at 25°C is / 


fs = Cy [1 +a (25—10)] f, [1+ 150] 
1 
as ^ T-2 
à "yg 
ie Tayi 
1 
ie — "* 7, nisno.ofvibrations per sec 
ns [i 15 
2 e [resa] ^ 8 1- 
m, V 2 


ns end 1- anuo 


43200 [1-0.00009]-43196.12 


That is the clock makes (43200 — 43196.12) - 3.88 vibration loss per day. That is clock 
losses 3.88 *2 = 7.76 sec per day 


A sphere of silver is floating ina mercury bath. If temperature is increased will the sphere sink deeper or 
rise ? Itis given 
Rise 


Teu 


A glass vessel of volume V, is completely filled with a liquid and its temperature is raised by AT. What 


ind coefficient of volume 


volume of the liquid will overflow ? Coefficient of incar expansion of glass =a, 

expansion of the liquid — y. 

Volume of the liquid over flown 
= increase in the volume of the liquid — increase in the volume of the container 
=[Va (1 y, AT) - Vol- [Vo (147,41) - Vol 
7 V, AT (y, — 1) = VAT (y, 3o.) ( 
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Q.14 A liquid having coeffi 


Sol 


ient of volume expansion y, is filled in a glass vessel. The coefficient of linear 4 


expansion of glass is ct. When the arrangement is heated to raise the temperature of the liquid and the 
glass container by AT, exapnsion takes place in both. The expansion may be different or equal. Depending 
on the values of y, and a you may find that level of the liquid rises with respect to ground or it may fall 


with repect to ground. 


(i) What is the relation between 7, and a so that the fraction of volume of container occupied by the 


liquid does not change with rise in temperature? 


y, and a so the liquid does not change with respect to ground ? 


(ii) What is the relation between 
(iii) What is the relation between y, and a so that the level of the liquid does not change with respect to 
the container itself’? 


ndition 


(i) Let Ve be the volume of the container and V , be the volume of the liquid, According to the c 
constant (i.e. independent of temperture) 


vy Vt 
or "SET (Here V, and V' 


are volume on heating ) 


YAT = Ga)AT [For container, coefficient of volume expansion will be 3a] 


(ii) Ifon heating, H does not change, than the increase in volume of the liquid is accomodated by the 
increase in base area of the vessel. Let the area be A. 


Initial volume of liquid= V, =A* H 
Final volume of liquid ^ V,=A'* H 


AV, _ AA' 


YAT=BAT or y=2a ( 


(iii) This is exactly same as part (i) 


3o. 
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Heat Transfer 


Heat may be transported from one point to another by any of three possible mechanisms : conduction, 
convection, and radiation. We study the rate of energy transfer between bodies due to temperature 
difference between them. q 


Convection 


Convection is the process in which heat is carried from place to place 

by the bulk movement of a fluid. In liquid and gases, the atoms or 

molecules can move from point to point. The transfer of heat that 

accompanies mass transport is called convection. 

In forced convection, a fan or pump sets up fluid currents. For examples, a Pp 


a fan blows air, ora pump circu 


ates water in a hot-water hea 


in a house, 


In free convection, it occurs because the density ofa fluid varies with its [| 

temperature. In convections heat 
transfer accompanies 

An example of convection currents in a pan of water being the movement of a fluid 


heated ona gasbumer.Thecurrents — distribute the heat from the 
buming gas to all parts of the water. The direction of convection current. 


is opposite to acceleration due to gravity as shown in figure. 


Conduction 


A rod whose ends are in thermal contact with a hot reservoir at temperature T, and a cold reservoir at 
temperature T,.. The sides of the rod are covered with insulation meterial, so the transport of 
h 


‘energy. This energy is trransferred by collisions to the atoms at the end face of the rod. These atoms in 


atis along the rod, not through the sides. The molecules at the hot reservoir have greater vibrational 


turn transfer enery to their neighbors futher along the rod. Such transfer of heat through a substance is 


EF 


Heat is conducted through 
an insulated bar whose ends 
are in thermal contact with 


called conduction as shown in 


two reservoirs 


2 


Steady and Transient State : 


Considera metal rod AB, with one end A inserted into 
left free and exposed to the surrounding as shown in figure. The rod is thermally insulated sideways with 
some bad conductor of heat say cotton. Three thermometers are installed in the rod at three distinct 
sections numbered (1), (2) and (3). Initially, the enitre system is at the room temperature and the thre 


chamber containing a heater with other end B 


thermometers show the same room temperature. The heater is then switched on. The end A first gets 


tis conducted to the adjacent sections towards end B. Due to heat 


heated up and simultaneously he: 


absorption at each sections. The corresponding temperatures start rising with T, > T, >T,. Such a state, 
encountered initially is known as a transient state. In this state, the heat coming through end A, is continu- 
ously absorbed at each sections with a temperature rise as time elapses. After some time when the 
temperature of end B becomes equal to that of surrounding and thus becomes constant, Similarly, the 


temperature of each of the sections of the rod (for example 1, 2, 3) becomes constant or steady. But 


these steady values at different sections are diff 


T T 
Area =A 
—— da 


Consider a portion of the rod of cross sectional area A as shown in figure. Let the temperatures of the 


two sections separated by a length L be T, and T, respectively (with T, > T.) 
T 
th) along the length of the rod will be. 


Temperature gradient (fall in temperature per unit len 


L 


Experiments show that the conduction rate (energy transferred per unit time) is given by: Fourier's Law 
of Heat Conduction 


OQ, dT) 
a KAT (Where K : Thermal conductivity of material 


H : Thermal current. 


aT 
dx 


A : cross-sectional area of heat path) 


Temperature gradient 


The reciprocal of thermal conductivity (K) is called thermal resistivity or thermal specific resistance. 
Substances having high values of K are good conductors of heat. 


‘Temperature distribution along a conductor : 


In order to study conduction in more detail consider figure (i), which shows a metal bar AB whose ends 
have been soldered into the walls of two metal tanks H and C. Tanks H contains boiling water and C 
contains ice-water. Heat flows along the bar from A to B and when conditions are steady the tempera- 


ture 0 of the bar is measured at points along its length. 


‘The curve in the upper part of the ure falls along the bar, less and less 
steeply from the hot end to the cold, So the temperature gradient decreases from the hot end to the cold. 


The figure (ii) shows how the temperature varies along the bar, if the bar is well lagged with a bad 


ure shows how the tempe 


conductor, such as asbestos or wool. It now falls uniformly from the hot to the cold end, so the tempera- 
ture gradient along the bar is constant. 
100 100. 
N = 
aj ^ o 


Figure : Temperature fall along lagged and unlagged bars 


The difference between the temperature distributions is due to the fact that, when the bar is unlagged, 
heat escapes from its sides, by convection in the surrounding air, figure (i). The arrows in the figure 
esc; 


represent the heat escaping per second from the surface of the bar, and the heat flowing per second 


along its length. The heat flowing per second along the length decreases from the hot end to the cold. But 


when the bar is lagg ping from its sides is negligible, and the flow per second is now 


constant along the length of the bar, figure (i). 


Steady State Heat Conduction : 


Temperature variation 
along length of rod 


At steady state, energy transferred through one cross-section of the rod during a certain time interval is 
equal to the energy transferred by at the other cross-section of the rod during the same time interval. 
AQ (^T al T1-T,) 


BEEIT 
H^ Lax Lj 


" 


Temperature distribution across the rod : 
Letat distance x we take element of length dx having a cross-sectional area A and temperature T (As 
shown in figure). In steady state, rate of heat flow H remains constant 


The variation has been plotted above. 


‘Thermal Resistance : 
The heat transfer by conduction due to temperature difference has an analogy with flow of electric 


electrical resistance is defined 


nt through a wire when a potential difference is applied. In that case 


cun 
as 
v 
R 
i 
Similarly, thermal resistance is defined as 
T,-T 
Ral ) 
H 
Fora rod having length L , area of cross-section A and thermal conductivity K, 
(T,-T) 
H 
M-T) 
KA(T, -T,)/L 


rallel 


Having calculated the thermal resistance, we can now apply the results of series combination and p 


combination of resistors, It has been explained below 


‘Composite Rods : 
Series Connection : If same heat current are flowing both the rods in steady state, they are said to be 


in series, 


C- R =R, +R,=ER) 


Where A - cross-section area of rods 
T- Temperature at the juction or Interface temperature 
K, & K, - Themal conductivities of rods havi 


nghts L, and L, respectively. 


In steady state, heat current is constant throughout the rods. 


AQ T-T T 

YT ADT AR 
T,-T-iR, ny 
T-T,-iR (ii) 


From (i) & (ii) 


T-T i (T, R; * ER) 
RR ad T= gm 


AT 


i= R, vinseries R, 


Equivalent conductivity of composite Rods (K,.) : 


If this rod is replaced by a single rod, then i = (T, - TR, 


LL 
K.-T L 
" 
K,'K 
Parallel Connection :Ifthe tow rods have the same temperature difference across it, they are said to 
be in parallel 
|Q (2T) 
at 


AQ AQ, | AQ. 
MOM At 


i-i, +i=(T,-T, 


M on 
In parallel, 4 — 7 


If the two rods are repleaced by a single rod, then K, will be 
"ET 
and i- 
Ry (Ay A.) Ry 
Thus, the heat current in thermal resistances in terms of total thermal current is given by 


xi 


RS (8 
i, leak ji and L=(R GR 


Illustration : 
Two identical rods are joined at their middle points, The ends are 


‘maintained at constant temperatures as indicated. The temperature 


of the junction is ? 


Sol Let junction temperature be T i fw 


Accourding to Kirchouff s junction law 

Net input thermal current is equal to net output thermal current on a junction. i.e 
(AQ [aQ 

2 P3 

X) XN 

(100-T) (5-T) (T-50  (T-25) 

(RJ2) * (R/2 ^ (R/2) * (R/2) 

175 4T 

T = 6259€ 


Illustration : 
Three rods of material x and three of material y are connected as shown in figure. All the rods are 
identical in length and cross-sectional area. If the end A is maintained at 60°C and the junction E 
at 10°C, calculate the temperature of the junction B. The thermal conductivity of x is 800 W/n 
'C and that of y is 400W/m -C 


10c 
E 


Li 


re that the points C and D are equivalent in all respect and 


Sol Itis clear from the symmetry of the fig 
hence, they are at the same temperature, say T. No heat will flow through the rod CD. We can, 


therefore neglect this rod in further analysis. (Treated as balance wheat stone bridge) 
Let Land A be the length and the area of cross-section of each rod. The thermal resistnces of AB, 
BC and BD are equal. Each has a value 


LL 


R= KA (i 


Similarly, thermal resistances of CE and DE are equal, each having a value 
LL 
K, A 
As the rod CD has no effect, we can say that the rods BC and CE are joined in series. Their 


R, 


(ii) 


equivalent thermal resistance is 


Ry = Ryo + Reg = Ry + Ry 
Also, the rods BD ad DE together have an equivalent thermal resitance 
Ry = Rap + Ryg= R, + Ry 
RARER, 
R 
pL 
R;R-R 


The resistances R, and R, are joined in parallel and hence their equivalent thermal resistance is 


given by 


dd d: R,_R +R 
R, R, R, R d RUE EE: 
R RRJ 
————— —3 


This resistance R is connected in series with AB. Thus, the total arrangement is equivalent to a 


thermal resistance. 


(i) 


(ii) 


= R 
by using (i) and (ii) we get 


2K,(T, 7T.) 2x400 
Te K.+3K,  800+3x400 


20°C = 40°C 


Illustration : 


Two identical recta 


gular rods of metal are welded as shown in figure (1) and 20 J of heat flows through 


the rods in 1 min. How long would it take for 20 J heat to flow through the rods if th 
shown in figure (2). 


are welded as 


orc rc 
d EX D 
(Figure 


Sol. Let R be the thermal resistance of each rod. 


x rout 
In first case RR * R OR, 


So the rate of flow of heat in this situation will be 


AQ AT 100-0 20 
^ R, R/2 60 


R = 600 °C/W 


Now for case 


R, = R + R = 600 + 600 = 1200 °C/W 


AQ AT 
At R 
20 100 
t 1200 


1 = 240 sec 


Illustration : 


Sol. 


(b) 


(c) 


Two parallel plates A and B are joined together to form a compound plate (in figure). The thick- 
nesses of the plates are 4.0 cm and 2.5 cm respectively and the area of cross-section is 100 cm for 
each plate. The thermal conductivities are K, = 200 W/m” for the plate A and K, = 400 W/m-'C 
for the plate B. The outer surface of the plate A is maintained at 100°C and the outer surface of 


the plate B is maintained at 0°C. Find (a) the rate of heat flow through any cross-section, (b) the 
temperature at the interface and (c) the equivalent thermal conductivity of the compound plate. 


10c ox 


(a) — Let the temperature of the interface be T 
The area of cross-section of each pate is A = 100 cm = 0.01m?. The thicknesses are x, = 0.04 m 
and x, = 0.025 m 


The thermal resistance of the plate A is 


and that of the plate B is 


Xp 
R,= KA 


The equivalent thermal resistance is 


T(x, , Xp 
R ALK,” Ky id 
ag 1-7 ACh-T) 
Dus “ap T Ra T xJK, + Xq/ Ke 


(0.01m°) (100°C) 


= = 3810 W. 
(0.04m)/ (200 W / m —"C) + (0.025m)/(400W/m—"c) ~ 38/0 W. 
AQ AG-T) 

We have 2 = z 
At Xa/Kp 

o 3810 W= s 

" (0.025m) / ( 

or T=25°C 


IK is the equivalent thermal conductivity of the compound plate, its thermal resistance is 


10 


1 XitXs 
RTA Ky 
Comparing with (i), 
Xat®y Xa Xp 
» TKa T Ry 
XA XR 
Oo Ky = XOK, ex, IK 7248 Wim-°C 


Mlustration : 
The ends of copper rod of length 1 m and area of cross section 1 cm? are maintained at 0°C and 
100°C. At the centre of the rod there is a source of heat of power 25 W. Thermal conductivity of 
copper is 400 Wim-K. In steady state, the temperature at the section on rod at which source is 


supplying heat, will be 


AQ. AQ 


at at 
eS e 
Sol. 


(4Q) 
Net thermal current supplied by source | “zy | then 


AQ AQ,, AQ 
A At M 
25x0.5 

300x193 7 27-100 


or = 250 +100 
un" 


T = 206.25 “C 
Illustration : 
What is the temperature of the steel-copper junction in the steady state of the system shown in the 
figure. Length of th 
100 °C, temperature of the other end = 0°C. The area of cross section of the steel rod 


steel rod = 25 cm, length of the copper rod = 50 cm, temperature of the 


furnace 


is twice that of the copper rod. (Thermal conductivity of steel = 


= 400 J s! m! K’) 
Furnace Ice box 
300°C vc 
Insulating. 


material Copper 


0 J s! m! K^! and of copper 


Copied to clipboard. 


EKI 


(4Q 

Sol Let temperature be T, in steady state series connection heat transfered | sc | through each rod 
is same. 
AQ _ kA,(T,-T) _ k,A,(T-T,) 
At ly L, 

L \ k, \ Az) 
300—T te kJ A |T-0 
300— T = 21 
T = 100°C 
Practice Exercise 

Q.1 Three identical metal rods A, B and C are placed end to end and a temperature difference is maintained 
between the free ends of A and C. If the thermal conductivity of B (Ky) is twice that of C (Kç) and half 
that of A(K,), (K, 749 wimK calculate the effective thermal conductivity of the system? 

Q.2 woidentical rectangular rods of metal are welded end to end in series between temperatures of 0° C 
and 100°C and 10J of heat is conducted (in a steady state process) through the rods in 2.0min. How 
Jong would it take for 10J to be conducted through the rods if they are welded together in parallel across 
the same temperatures? 

Q3 — A composite cylinder is made of two materials having thermal conductivities K, and K, as shown. 
Temperature of the two flat faces of cylinder are maintained at T, and T,. For what ratio K,/K, the heat 
current through the two materials will be same. Assume steady state and the rod is lagged (insulated from 
the curved surface), 

Qi 2lwimK Q2 


Radiation 


Radiation is the process in which energy is transferred by means of electromagnetic waves. 


All bodies continuously radiate energy in the form of electromagnetic waves. It does not require a 


material medium. Electromagnetic waves from the sun, for example, travel through the void of space 
during their journey to earth. Even an ice cube radiates energy, although so little of itis in the form of 
visible light that an ice cube cannot be seen in the dark. The surface of an object plays a significant role 


in determining how much radiant energy the object will absorb or emit 


The two blocks in sunlight in figure, for example, are identical, except that one has a rough surface 


coated with lamblack (a fine black soot), while the other has highly polished silver surface, As the 


thermometers indicate, the temperature of the black block rises at a much faster rate than that of the 
silver block. This is because lampblack absorbs about 97% of the incident radiant energy, while the 


silvery surface absorbs only about 10%. The n 


naining part of the incident energy is reflected in each 


case, We observe the lampblack as black in color because it reflects so little of the li 


ght falling on it, while 


the silvery surface looks like a mirror because it reflects so little of the light falling on it, while the silvery 


surface looks like a mirror because it reflects so much light. Since the color black is associated with 
nearly complete absorption of visible light, the term perfect blackbody or, simply, blackbody is used 


when referring to an object that absorbs all the electromagnetic waves falling on it, 


Black body: 


The experiments described before lead us to the idea of a perfectly black body, one which absorbs all 
the radiation that falls upon it, and reflects and transmits none. The experiments also lead us to suppose 
that such a body would be the best possible radiator. 


Copied to clipboard. 
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Prevost's theory of exchang, 
Any body having temperature greater then zero kelvin, must emit or aborb radiation. 


Ais placed in an evacuated enclosure B, at lower temperature than A, then A cools until it reaches the 
temperature of B. Ifa body C, cooler than B, is put in B, then C warms up to the temperature of B. We 
conclude that radiation from B falls on C, and therefore also on A, even through A is ata higher tempera- 
ture, Thus A and C each come to equilibrium at the temperature of B when each is absorbing and 


emitting radiation at equal rates. 


If Q is the total incident energy on a body, Q, is the part absorbed, Q, is the part reflected and Q, is the 
part transmitted then 


Q-Q,*Q,*Q. 
Absorption coefficient or absorptive power a= Q,/Q 
Reflection coefficient r=Q,/Q 
Transmission coefficient t=Q/Q 


Thus atr+t=1 
If, fora body, r7 t 0 and a= 1, i.e. it absorbs all the energy falling on it, such bodies are known as 
black bodies. 


Emissive Power: 
Emissive power ofa surface is the quantity of heat energy emitted per second, per unit area of surface 


through unit solid angle. It depends on the nature and the temperature of the surface. 


Emissivity: 
Emissivity of a surface is the ratio of the emissive power of that surface to the emissive power of a black 


body at the same temperatu 


Kirchhoff's Law: 
Ata given temperatu 
emissive power of a black body at that temperature. Thus, 


, the ratio of emissive power to absorptive power of any body is equal to the 


=E 
a, Ewan 


From Kirchhof's law, it can be deduced that good absorbers are also good emitters 
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Stefan's ra 


n law 


An idealized body that absorbs all the radiation incident upon it is called a blackbody. A blackbody 


hs of electromagnetic 


absorbs not only all visible light, but infrared, ultraviolet, and all other wavel 


radiation. Ittums out that a good absorber is also a good emitter of radiation. A blackbody emits more 


radiant ower per unit surface area than any real object at the same temperature, The rate at which a 


blackbody emits rdiation per unit surface area is proportional to the fourth power of the absolute tem- 


perature, 
=oAT* (fora black body) 


In equation, A is the surface area and T is the surface temperature of the blackbody in kelvins. Since 


ure difference, °C cannot be substi- 


Stefan's law involves the absolute temperature and not a temp. 


"s constant 


tuted. The universal constant o (Greek letter sigma) is called Stefa 
675,670 x 10* W/(m? K*) 


The fourth-power temperature dependence implies that the power emitted is extremely sensitive to 


temperature changes. If the absolute temperature of a body doubles, the energy emitted increases by a 


factor of 2*= 16. 
Since real bodies are not perfect absorbers and therefore emit less than a blackbody, we define the 


emissivity (c) as the ratio of the emitted power of the body to that of a blackbody at the same tempera- 


ture, Then Stefan's law becomes. 
P-ecAT* (fora non-black body) 

The emissivity ranges from 0 to 1 

e= 1 fora perfect radiator and absorber (a blackbody). 

€ - 0 fora perfect reflector. 


thermal enclosur: 


Hot object placed in i 
Consider a body at a tempera 


ure of T, and T, is the temperature of the room or enclosure containing the 


body. IFA is the surface area of the body and emissivity (e). 


Sin 


the body is in temperature equilibrium, the energy per second it radiates must equal the energy per 


second it absorbs. then, from Stefan's law, 
energy per second emitted (P...) -ecAT,* 
energy per second absorbed (P...) -ecAT,* 
Pan Pte => TAT, 


Now suppose the body X is heated electrically by a heater of power W watts and finally reaches a 


constant temperature T. In this case, from Prevost's theory 


energy per second from heater, W = net energy per second radiated by X 


The net energy per second radiated by X — ecAT*— ecAT,*. So 
W=coAl 


*—ecAT,! - ecA (T* 
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Illustration: 


4 copper sphere is suspended in an evacuated chamber maintained at 300 K. The sphere is 
mantained at a constant temperature of 500 K by heating it electrically. A total of 300 W of 
electric power is needed to do it. When half of the surface of the copper sphere is completely 


blackened, 600W is needed to maintain the same temperature of the sphere. Calculate the emissivity 
of copper. 


Sol. Applying Stefan Law 
Initially T= 300K and T,= 500K 
300 = c e A [500 — 300] “o 
A 
afterwards N half of the surface of sphere is completely blackened 
oeA oA , R 
600 = 955 [sog - 3004) + A p500- 300) ..2) 
dividing (2) by (1) 
e,1 
. (ota) x ull 1 
Mlustratio 


The solar constant for a planet is S. The surface temperature of the sun is TK. The sun subtends 
an angle 0 at the planet. Find S 


Sol Solar constant (S) is defined the rate at which radiations are received from sun per unit surface 
area. 

MES 
tan (82) = x 

Mirta erem tan (02) = a2 = È 

R 

Rs 

PED 


Power received 


Surface Area 


Solar constant (S) 
R — distance between centre sRS)T* s 
of carth and surface of sun s= ae (5 


(00 4n 


Using small angle approximation we get 


4 
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Mlustration: 
A highly conducting solid sphere of radius R, density p and specific heat s is kept in an evacuated 
chamber. A parallel beam of electromagnetic radiation having uniform intensity I is incident on 


its surface. Assuming surface of the sphere to be perfectly black and its temperature at t = 0 to be 


equal to Tẹ Calculate maximum attainable temperature of the sphere. (Stefan s constant = o) 
Sol At maximum temperature, 


heat received by solid sphere from electromagnetic radiation — heat radiated by solid sphere 
I AR? = a(anR?) Tad 


(^: Power received per second (P.,,) = Intensity (I) * Projection area of sphere) 


Mlustratio 
The distance of the Earth from the Sun is 4 times that of the planet Mercury from the Sun.The 
temperature of the Earth in radiative equilibrium with the Sun is 290 K. Find the radiative 
equilibrium temperature of the Mercury. Assume all three bodies to be black body 

P, 


Sol. P, er] ps | 


o(c)4nR;T; 


In Thermal Equilibrium 


Pas = Pi 

5 mel 
Tagh |Fmereury 
Trercury | fant 


4 
„= en ($) 


0K 


Illustration : 
The tungsten filament of an electric lamp has a length of 0.5m and a diameter 6 * 10 m. The 
power rating of the lamp is 60W. Assuming the radiation from the filament is equivalent to 80% 
that of a perfect black body radiator at the same temperature, estimate the steady temperature of 
10* Wm? K^) 


the filament. (Stefan constant — 


| Copied to clipboard. 
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Sol — When the temperature is steady’ 
power radiated from filament = power received = 60W 
0.8 x 10* x 22 *3 x 10" x 0.5 x T! = 60 


since surface area of cylindrical wire is 2arh with the usual notation. 


60 ) 
(0.4 x 5.7 x 10" x 22 x 3x10?) 


= 1933K 


Newton's law of cooling 


For small temperature differences, the rate of cooling, due to conduction, convection, and radiation 
combined, is proportional to the difference in temperature. Itis a valid approximation in the transfer of 
heat from a radiator to a room, the loss of heat through the wall of a room, or the cooling of a cup of tea 
onthe table. 


TEE 


Figure : Verification of Newton's Law of cooling 
Suppose, a body of surface area A at an absolute temperature T is kept in a surrounding having a lower 
temperature T,. The net rate of loss of thermal energy from the body due to radiation is 
Au, = ecA(T*  T,?) 
Ifthe temperature difference is small, we can write 


T=T,+AT 
or T'- T, - (T, + AT/- T, 
aT)’ 
[ie 
4| T, J -1 
h £4 , higher powers of AT | if 
L T, T. | 


= 47, AT -AT, (T- T) 
Thus, Au, 7 4ecAT, (T- T.) 

-bA(T-T) 
The body may also lose thermal energy due to convection in the surrounding air. For small temperature 
difference, the rate of loss of heat due to convection is also proportional to the temperature difference 
and the area of the surface. This rate may, therefore, be written as 

Au, =b,A (T-T) 


The net rate of loss of thermal energy due to convection and radiation is 
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Au - Au, + Au, = (b, * b) A(T- T,). 
Ifs be the specific heat capacity of the body and m its mass, the rate of fall of temperature is 


ap - 
dt ~ ms SU th 
=bA(T-T,) 


Thus, for small temperature difference between a body and its surrounding, the rate of cooling of the 
body is directly proportional to the temperature difference and the surface area exposed. We can write 


dT 
--bA(T-T,) 
dt . 
Cooling curve: 
The law holds good only for small difference of temperature. Also, the loss of heat by radiation depends 
upon the nature of the surface of the body and the area of the exposed surface. We can write. 


dT E 
k(T-T) 
dt 
where K is a positive constant depending upon the area and nature of the surface of the body. Suppose 
a body of mass m and specific heat capacity s is at temperature T. Let T, and T, be the temperature of 


the surroundings and body respectively. If the temperature falls by a small amount dT in time dt, then the 


amount of heat lost is 
dQ=msdT 


Rate of loss of heat is given by 


dQ_ dT 
a at 
from equation 
dQ cry and £2 mg T 
di 7K(T~T) and Ge =ms Ge 
ar 
we have ms- -k(T-T) 
dt 
aT k 
= dt - — Kdt (where K=k/ms) 
T-T, ~~ ms 
On integrating, temperature of body 
( 1-1, | T 
inl — q j=-kt T - 


T-T,*(T,-T)e* 
enables you to calculate the time of colling of a body through a particular range of temperature. 


Copied to clipboard. | 
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Hlustration : 


Sol. 


The temperature of a body falls from 52°C to 36°C in 10 minutes when placed in a surrounding of 
constant temperature 20°C. What will be the temperature of the body after another 10 min. (Use 
Newton's law of cooling ) 

Applying newton's law of cooling 

ATO by 
AL me 


36 —b [52+36 .] 
b -20| 
10min ~ mc| 2 | 


another 10 min be T 


Let the tempature of the body afte 


36-T 


-b[36«T 
lOmin mc| 2 


solving we get T = 28°C 


Illustration : 


ü 
(ii) 
(iii) 
Sol.(i) 


(ii) 


(iti) 


4 metal block is placed in a room which is at 10°C. It is heated by an electric heater of power 500 
W till its temperature becomes 50°C. Its initial rate of rise of temperature is 2.5°C/sec. The heater 
is switched off and now a heater of 100W is required to maintain the temperature of the block at 
50°C.(Assume Newtons Law of cooling to be valid) 

What is the heat capacity of the block? 

What is the rate of cooling of block at 50°C if the 100W heater is also switched off? 

What is the heat radiated per second when the block was 30°C? 

LN NES. 


Initial P, = 0 


dT 
5007 ms +0 


dt 
500 = C 2.5 
C= 200 JPC 


At 50°, power loss to surroundings = 100W 


0 B 100 
m 


dT — 100 


- 7-05 s/se 
dt 200 ides 


Given at 50°C : Newton s Law of cooling 


Power Loss = 100 = k(50 — 10) > 


At 30°C (30-10) 20=50W 


Practice Exercise 


Q.1 A metal sphere with a black surface and radius 30 mm, is cooled to—73 C (200 K) and placed inside 

an enclosure at a temperature of 27°C (300K). Calculate the initial rate of temperature rise of the 
assuming the sphere is a black body. (Assume density of metal = 8000 kg m” specific heat 
7x10 Wm? K^) 


spher 
capacity of metal = 400 J kg’ K“, and Stefan constant = 


Q.2 A pan filled with hot food cools from 94 °C to 86 °C in 2 minutes when the room temperature is at 
20°C. How long will it take to cool from 71 °C to 69 °C 


Q3 A body cools from 50° C to 40°C in 5 minutes, The surrounding temperature is 20°C. What will be its 


temperature 5 minutes after reading 40°C? Use approximate method. 


Answers 


100 
QJ 0.012 Ks! (approx) Q2 42sec Q3 c 


Wien's Displacement Law 


The wavelength corresponding to highest intensity m is inversely proportional to the absolute tempera- 
ture. Thus 
b 


T 
where b (= 2.89 x 10? meter Kelvin) is known as the Wien's constant. 


a 


When the temperat s increased, the contribution of low wavelength radiation in- 


ofa black body 


creases. This explains why a body on heating first appears red, then orange, then white and finally blue. 


This law also helps us in determining the temperatures of the. 


Energy Distribution in Black Body Radiation: 
The radiation emitted by a black body at any temperature is a mixture of all wavelengths. The graph 
shows qualitative variation in intensity wavelength, at different temperatures. 


prom x 


Copied to clipboard. 
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Spectral emmissive power: 


To speak of the intensity ofa single wavelength is meaningless. The slit of the spectrometer always 


gathers a band of wavelen; 


xths the narrower the slit the narrower the band ~and we always speak of the 


intensity of a given band. We express itas follows 


AX 


energy radiated ms", in band À. to A + AX. 


The quantity E, is called emissive power ofa black body for the wavele 


sth . and at the given temper 


ture ; its definition follows from equation 2. to 4. AA. 7 E, A} 


nergy radiated m° s ^", in band 103€ AX 


band width, AJ. 
power radiated m° in band À t0. AX 
A. 


In the figure, E, is expressed in watts per m? per nanometre (10 ° m). 


The quantity E, Ad in equation à. to À+ AÀ =E, Ad is the area beneath the radiation curve between the 


wavelength A. and A. (figure). Thus the energy radiated per meter? per second between those wave- 
lengths in proportional to that area. 
Similarly, the total radiation emitted per metre? per second over all wavelengths is proportional to the 


area under the whole curve. 


E in band 


Figure : Definition of E-A, and E 
Laws of black body radiation: 


The curves of figure can be explained only Planck's quantum theory of radiation, which is outside our 


scope. Both theory and experiment lead to three generalisations, which together describe well the prop- 


erties of black body radiation. 
(i) If, is the wavelength of the peak of the curve for T (in K), then 
T - constant Q) 
The value of the constant is 2.9 x 10° m K. In figure the dotted line is the locus of the peaks of the 


curves for different temperatures. 
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The relationship in (2) is sometimes called Wien's displacement law 
(ii) IFE, „is the height of the peak of the curve for the temperature T, then 


E,xT 6) 


10 
T= 1650K 


ye 1450K 


| 1260K 


1000K 


10 20 30 40 30 60x10 


violet- lt -red 


visible 


Figure: Distribution of inter 


ity in black body radiation. 


Gi) IFE is the total energy radiated per metre? per second at a temperature T, which is represented by the 
total area under the particular E, —2 curve, then 
E=oT 
So in figure, which shows four E, — 7. graphs at different temperatures T, the total area below the graphs 
should be proportional to the corresponding value of T“. 
Mlustration: 
Estimate the surface temperature of sun. Given for solar radiations, A, = 4753 A 
(b= 2.89 x 10 meter Kelvin) 
Sol From Wien's displacement law 
A, T-b 
T = 6097 K. 
Illustration 
The energy radiated by a black body at 2300 K is found to have the maximum at a wavelength 
1260 nm, its emissive power being 8000 Wm. When the body is cooled to a temperature TK, the 
emissive power is found to decrease to 500 Wm-?. Find: 
() the temperature T 
(ii) the wave length at which intensity of emission in maximum at the temperature T. 
Sol (i ^ Àm,-1260nm 


Am, = 1260 x 10*m, T, 


2300K, T,= TK 
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(ii) 


í ^ j EE i 
E) Lt? E 
E" 
notte] 
zz 2 s 
T, = 2300 * |z] 7299* 5 
T, = 1150 k Ans 
by using Wein's law 
Tm, ) 
Thm, = T rj 
2300 «1260 x10" _ 
P 2520 x 


1150 


a 2520 nm 


10*M 
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Solved Example 


Q.1 The diagram shows four slabs of different materials with equal thickness, placed side by side. Heat flows 
from left to right and the steady-state temperatures of the interfaces are given. Rank the materials ac- 


cording to their thermal conductivities, smallest to largest. 


de —— d— 


35C WC WC PC -ISC 


Sol — Insteady state heat transfered through each slab is same. 


ma, AQ. RAM, KAAT, KAAT, _k AAT, 
EE" d d d d 


1 
ko. thus 3,4,2,1 
AT 


Q.2 (Growth of iceon Pond) 
On a cold winter day, the atmospheric temperature is — 0 (on Celsius scale) which is below 0°C. A 


cylindrical drum of height h made of a bad conductor is completely filled with water at 0°C and is kept 


outside without any lid. Calculate the time taken for the whole mass of water to freeze. Thermal conduc- 
tivity of ice is K 


nd its latent heat of fusion is L. Neglect expansion of water on freezing. 


Suppose, the ice starts forming at time t= 0 and a thickness x is formed at time t. The amount of heat 
flown from the water to the surrounding in the time interval tto t — dt is 
KAO 


AQ- CIT dt 


‘The mass of the ice formed due to the loss of this amount of heat is 


AQ _ KAO 


d 
1 x 


dm- 
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Sol 


The thickness dx of ice formed in time dt is 
dm Ke 
d= ADT pxL * 
ar PE xa 
on t= ES xdr 


pL 
fa xi [xdx 


‘Two thin metallic spherical shells of radii r, andr, (r, < r,) are placed with their centres coinciding. A 
material of thermal conductivity K is filled in the space between the shells. The inner shell is maintained at 
temperature 0, and the outer shell at temperature 0, (0, <0,). Calculate the rate at which heat flows 
radially through the material 

Let us draw two spherical shells of radii x and x + dx concentric with the given system. Let the tempera- 
tures at these shells be 0 and 0 + dO respectively. The amount of heat flowing radially inward through the 
material between x and x + dx is 


à. 
> i 
AQ — K4nx?d0 7 
At dx UA 
"lag AQ Fax 
do. 
Thus, kan Í i R 
aQ (1.1) 
Kin (0,-0)- Ao Ic n) 


AQ — 4zKrr, (0, -0,) 
At 5-h 


Three rods AB, BC and BD having thermal conductivities in the ratio 1 
2:1: Lare joined as shown is figure. The ends A, C and D are at temperatures T, , T, and T, respectively. 
Find the temperature of the junction B. Assume st 


3 and lengths in the ratio 


idy state. 
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Sol 


Qs 


Sol 


Letthe thermal conductivities of the rods AB, BC and BD be K, 2K and 3K respectively. Also, let their 
lengths be 2L, Land L 
IFT be the required temperature of the junction B and assuming T, >T>T,>T, , we have 


AQ AQ] AQ 
At Jan T At Joc At Jao 
KA(T,-T) _ 2KA(T T) | 3KA(T 
is 2L L L 
-T 
or 2(T-T)*3(T-T) 
T=} gran, eor) 
or um 


The container A is constantly maintained at 100°C and insulated container B of the figure initially contains 


ice at 0°C. Different rods are used to connect them. For a rod made of copper, it takes 30 minutes for 


the ice to melt and for a rod of steel of same cross-section taken in different experiment it takes 60 


minutes for ice to melt. When these rods are simultaneously connected in parallel, Find the time interval 


in which ice melts ? 


— 
^ n 
E ERES AT _ 100 
Q= it where i=heat flow rate R 
For copper rod 
(100 100 
9659 z x30 
REIR | = 4| Q 
Also forsteel rod 
(199). (19a, 
Q7Ín Relg 
(1.1) 
Now. O=[R tR) t 
Sat = TQ i 2 =20 min 
(SX 9 


Loo" 30 "160" co 
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Sol. 


Q7 


(Temperature of Sun) 


Estimate the temperature T, of the earth, assuming it is in radiative equilibrium with the sun. (Assume 


radius of sun, r, — 7 * 10* m, temperature of solar surface = 6000 K, distance of earth from sun, R= 1.5 


x 10! m) 
Power radiated from sun ~ c x surface area x T* 
-0*4nr? *T, 
Power received by earth = ==> x power radiated by sun 
zR? 


since nr? is the effective area of the earth on which the sun's radiation is 
4nR? is the total area on which the s 
situated, 


cident normally. figure and 


's radiation falls at a distance R from the sun where the earth is 


Now power radiated by earth = o + 4nr. T. 


sun's Un. 
SS 


rays y 7 
IX z/ | 


Assuming radiative equilibrium 
rth = power received by earth 


power radiated by 


cin? T, 


Cancelling 2 and simplifying, then 


ae] 
T7 T/* (ag 

T«w* ) ar 
TT, (Zx iS x107) 209K 


Note that the calculation is approximate, 


for example, the carth and the sun are not perfect black body 
radiators and the earth receives heat from its interior. 


A wood-burning stove stands unused in a room where the temperature is 18°C (291 K). A fire is started 
inside the stove. Eventually, the temperature of the stove surface reaches a constant 198°C (471 K), and 
the room warms to a constant 29°C (302 K). The stove has an emissivity of 0.900 and a surface area of 
3.50 mr. Determine the net radiant power generated by the stove when the stove (a) is unheated and has 
a temperature equal to room temperature and (b) has a temperature of 198°C. 
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Sol. Reasoning : The stove emits more radiant power heated than when unheated. In both cases, however, 
the Stefan-Bolfzmann law can be used to determine the amount of power emitted. Power is energy per 


unit time or Q/t. But in this problem we need to find the net power produced by the stove. The net power 


is the power the stove emits minus the power the stove absorbs. Then power the stove absorbs comes 
from the wall, ceiling, and floor of the room, all of which emit radiation. 


(a) ^ Remembering that temperature must be expressed in kelvins when using the Stefan-Boltzmann law, we 


find that 
Q 
Poweremitted by unheated - 7 =eoT*A 


(0.900) [5.67 * 10* J/(s + mè- K*] (291 K)* (3.50 m") = 1280 W 
The fuct that the unheated stove emits 1280 W of power and yet maintains a constant temperature 
means that the stove also absorbs 1280 W of radiant power from its surroundings. Thus, the net power 


generated by the unheated stove is zero. 


Net power generated by stove at 18°C = 1280W — 1280W =0W 
Symes roomate and 
(b) — Thehotstove (198 °C) or 471 K) emits more radiant power than it absorbs from the cooler room. The 


radiant power the stove emits is 
Q 
Power emitted by stove at 198°C — = eaT'A 
(0.900) [5.67 * 10* Js > m? + K*)] (471 K}' (3.50 m*) = 8790 W 
The radiant power the stove absorbs from the room is identical to the power that the stove would emit 


at the constant room temperature of 29°C (302 K). The reaso 


ing here is exactly like that in part (a). 
Power emitted by 
Q 
roomat29°Cand =% =eoT'A 
absorbed by stove 
= (0.900) [5.67 = 10" J/(s + m? - K*)] (302 K)* (3.50 m?) = 1490 W 
‘The net radiant power the stove produces from the fuel it bum is 
Netpower 
generatedby = 8790W — 1490W =7300W 


stove at 198°C 
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Q8 — The room heater can provide only 16°C in the room when the temperature outside is -20°C. It is 
not warm and comfortable, that is why the electric stove with power of 1 kW is also plugged in. Together 
these two devices maintain the room temperature of 22°C. Determine the thermal power of the heater. 


Sol Rate of heat loss with only room heater 


P Q C620 here C 
TC ere C = constant] 
he ag TOK ) [wher nstant] 
while both heater and stove itis 


p +p -(42) Hih 
P,+P,=| m | 7C02+20) 
P, 36 
R+P r 6P, + 6P, 
= P,=6P,=6kW 


ase of 


Q9 — Ahotbody palced in air is cooled down according to Newton's law of cooling, the rate of d 
temperature being k times the temperature difference from the surrounding. Starting from t=0, find the 
time in which the body will loose half the maximum heat it can lose. 

Sol — Wehave, 

do 

di 
where 0, is the temperature of the surrounding and 0 is the tem; 

68, att=0 
Then, 


k(0-0,) 


ture of the body at time t. Suppose 0 


or Ing—g ~~*t 


on  0-0,-(0, e ^) 


The body continue: 


to lose heat tll its temperature becomes equal to that of the surrounding. The loss of 
heat in this entire period is 

AQ, = ms (9, - 0). 
This is the maximum heat the body can looses. If the body loses half this heat, the decreases in its 
temperature will be, 

AQ, 8,-9, 

2ms 2 
Ifthe body loses this heat in time t,, the temperature at t will be 


o 9-9. L0 +8, 


Copied to clipboard. 
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Q.10 


Putting these values of time and temperature in (i), 


0,0, 
= -6,-(0,-6,)e* 
1 
or, e 
In2 
or {= 
1 k 


‘Three identical metal rods A, B and C are placed end to end and a temperature difference is maintained 


that of C (K,.) and half 
that ofA (K,), (K, 749 wimK yalculate the effective thermal conductivity of the system ? 


between the free ends of A and C. If the thermal conductivity of B (Kp) is twi 


a 
K 
1 L( 1 1) X[ 1] 
Ry ALK, Ky Ke) Ala) 
Kerm A = 21 wimk 
er ah = 2 wl 
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Kinetic Theory Of Gases 


An ideal gas is collection of small, hard, randomly movi 


toms that occasionally collide and bounce off 


each other but otherwise do not interact. Never the less, 


ases if two condition are met: 


1. The density is low (i.e, the atoms occupy a volume much smaller that of the container), and 
2. The temperature is well above the condensation point. 


If the density gets two high, or the temperature too low, then the attractive forces between the atoms 
came interaction. These are the forces that are responsible under the right conditions, for the gas condensing 


into a liquid 


The Ideal-Gas Law 


Experiments shown that there is a specific relationship between the state variables. (P. V, T) 
There is a very clear proportionality between the quantity PV and the quantity nT. If we designate the 
slope of the line in this graph as R, then we can write relationship as 


PV=Rx (nT) 
pvi) The graph of PV against nT 
PVO) isa straight line with slope 
R= 831 J/mol K. 
nT(mol K) 
A graph of PV versus nT for an ideal gas. 


Itis customary to write the relationship in a slightly different form, namely 

PV=nRT (ideal-gas law) (i) 
equation (i) is ideal gas law 
The constant R, which determined experimentally as the slope of the graph in figure is called the universal 
gas constant. Its value in SI units, is 

R-831 J-mol K 
Ifthe gas is initially in state i, characterizes buy the state variables P, , V, and T, and at some later time in 
a final ina final state f, the state variables for these two states are related by 


T (ideal gas in a scaled container) 


The mathematical relation between the state variables ofa system is called the equation of state. Ideal 


gas will always follow ideal gas equation. 


2 
Symbols and constants : 


P-Presureofgas; V-Volumeofgas; — T- Temperature of gas 
n-noofmoles; ^ M-molwLofgas; m,=mass ofeach atom or molecule 
N - total no. of molecule N, = Avogadro no. 

K - Boltzmann gas constant = 1.38 x 10? JK 
R - Universal gas constant 


R 


= Specific gas constant - ©- ; 
u= Specific gas constant = X 


m - mass of gas 


Different forms of Ideal gas of equation 


(a) PV-nRT 
d RT . 
(5) pe^ Mp (disdensityofgas) 
© PV=NKT — (permolecule) 
[57 PV=mut 
: m N 
MN 
* M=m,N, 
SOR 
7 K=N, 
If mass of the gas is not constant then we can use 
PY, BM 
iT, 7 n,T, 7R (Universal gas constan) 


Illustration : 
Two closed vessels of equal volume contain air at P, pressure, T, temperature and are connected 
through a narrow tube. If one of the vessels is now maintained at T, and other at T, what will be 
the pressure in the vessels? 


Sol. — Lets say volume of each vessel be V alve closed 
lets say inta n moles where present in each vessel vl a 
"= Rr ny TL 
2b 
thus total no. of moles in the system = “py 
Finally lets say n, moles where present in left vessel and n, moles where present in right vessel. 
PS. PI 
"= pp $ "7R, valve Opened 
here P is the pressure in vessel L LD 
n,*n,-2n (no. of moles is constant) " 
PV, PV, 2B 


RT ` RT,” RT, 
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Boyle's Law : Relation Between Pressure and volume of a Gas 


At constant temperature, volume ofa fixed mass of a gas is inversely proportional to its pressure, 


(0) PV = constant E P 


log V 


(d) log P= constant — K 


PV = constant 
P, V, 7 P, V, (T, nare constant) 


Charles' Law: Relation Between Temperature and volume of a Gas 


Whena gas is heated at constant pressure, its volume is a linear function of the temperature and can be 


expressed by the equation fora straight line 


V=mt+C 
Where tis the temperature in"C and m and C are constants. The intercept on the vertical axis, C, is V, 
AV 
Which isthe volume att =0°C. The slope of the line is m ^ 
Thus 
(^V) 

7 V ar )t (n. pare constant) 

AV 

ay “increase in volume per degree 

Lav 
a= "yay relative increase in volume per degree 
n TK 

Tus | V,- V, V, ot- V, (I+at) 


s called coefficient of expansion. Itis approximately 


1 
73 forall the g 


ses the temperature ofa fixed volume ofa gas 


constant pressure increases the volume 


by z ofthe volume at 0°C 


M M 
constant P dini constant T 
Js 
T T T 
Vv q 
WT (n. Pare constants) 


Gay-Lussac's Law 


When the ter 


perature of a gas is changed keeping the volume constant, the pressure of the gas changes. 
Similar to vol 


e, the pressure changes by 1/273. 


(isothermal) 
constant V P 


or PTT, (n, V are constants) 


Dalton's Law of partial Pressures 


This law states that the total pressure exerted by a mixture of non-reacting gases is equal to the sum of 
the pressure which each component would exert if placed independently in the container 
Poa =P, +P, +P, 


(T, V are constants) 


Where the symbol © stands for the summation overall the components pres 


ent in the mixture 
The partial pressure P, of component i is defined as the pressure that the gas would exert if it were 
present along in the same volume and the same temperature. 


be written as 


Pu 
RT. RT 
= En, = My 
v v 
and partial pressure of i^ component can be written as 
n 
EEG 
n 


When 5 ^ isthe mole fraction of the respective component 


Equation of State : 
The equation of state for an ideal gas 
PV=nRT 


In this expression, known as the ideal gas law, R is a universal constant that is the same forall gases and 


T is the absolute temperature 


elvins. Exper 


ments on numerous gases show that a 


the pressure 


approaches zero, the quantity PV/nT approaches the same value R for all gases. For the reason, R is 
called the universal gas constant. In SI units, in which pressure is expressed in pascals (1 Pa = 1 N/m?) 
and volume in cubic meters, the product PV has units of newton meters, or joules, and R has the value 
R-8315 J/mol K 
Ifthe pressure is expressed in atmospheres and the volume in liters (1L = 10° = 10 ^m?), then R has the 
value 
R=0.08214 L atm/mol K 
Using this value of R we find that the volume occupied by 1 mol ofany gas at atmospheric pressure and 
at 0°C (273 K ) is 22.4 L. 


Mustration : 
4 big container having ideal gas at pressure P and of volume V, is being evacuated by using 
vacuum pump of cylinder volume V. Find pressure in the big container after n strokes. Assume the 


whole process to be isothermal. 


Sol For first stroke, pressure becomes P, 
PV, =P, (V, V) 


for 2 stroke, pressure becomes P. 
P, - PV, V) 
Py, 


for n^ stroke, pressure becomes P. 
PV? 
VH) 
Illustration : 
Consider the lung capacity to be $00 cm’ and the pressure thereing to be equivalent of 761 mm of 
Hg; estimate the number of molecules per breath 
Sol — From ideal gas equation, 
PV NkT 
Normal body temperature is 98.6°F = 37 °C = 310 K. 
PV 
AT 
(101.46)(500x 10 * ) 
(1.3807x 10 7 x 310) 
1.19 10" molecules 


Mlustration : 
A gas is enclosed in a cylinder with a freely movable piston. The load on the piston is gradually 
decreased. The temperature of the gas can be changed by placing the cylinder on hot and cold 
heat reservoirs. The figure shown P-V graph of such a cylinder. What inference can be drawn the. 


nature of change in the temperature of the gas ? 


P 


Sol We draw two isotherms representing constant temperatures T, and T, such that T, passes through 
initial and final points 1 and 2, and T, passes through certain intermediate point 3. The curve 
closer to origin represents lower temperature. Hence the gas is heated in the section 1 — 3 and 


cooled in the section 1-2. 


Mlustration : 
Figure (a) shows P-Tcurve ofa ideal gas during a process. Does compression or expansion takes 
place when the gas in heated ? 


0 T 
w [2 
Sol — We draw constant volume lines (isochores) through the initial and final points 1 and 2 (see ex- 
ample 71). The volume V, is gmeater than V, Hence during heating of the gas expansion took 
place. 
Illustration : 


A certain mass of a gas was heated in a constant volume vessel; its P-T curve 3 is 1; similarly 
another mass of the gas was heated in the same vessel ; its P-T curveis2. If tan fi = 2 tan a, what 


is the ratio of masses of gas in the two experiments ? 
P. 


Sol From ideal gas equation, 

(n8) _ { mR.) 
, MY 

The constant volume curves are straight lines with slope mR/MV. The slope of lines is propor- 

tional to the mass of the gas. 


From ideal gas equation, 
R (mR 
mR), _ (mR) 
MY) 
The constant volume curves are straight line with slope mR/MV. The slope of line is proportional 
ot the mass of the gas. 
(slope), m, tama 1 


(slope), m, tanB 2 
Hence the mass m, is twice of m 


Illustration : 
Figure shown a cylindrical tube of radius r and length , fitted with a cork. The friction coefficient 
between the cork and the tube is u. The tube contains an ideal gas at temperature T, and 
atmospheric pressure P,. The tube is slowly heated ; the cork pipe out when temperature is 
doubled. What is normal force per unit length exerted by the cork on the periphery of tube ? 


Assume uniform temperature throughout gas any instant. 


Sol — Since volume of the gas is constant, 
P_P, 
(r,) 
P P| 7 | 2P, = 2P 
The forces acting on the cork are shown in the figure in equilibrium. 
PX A* uN 7 2P,A 
PA 
u 
N is the total normal force exerted by the tube on the cork; hence contact force unit length is 


dN N _ PA 


di Izr rur 


Assuption of kinetic theory of gases 


1. All gases are made of molecule moving randomly in all directions. 


2. The size ofa molecule is much smaller than the average separation between the molecules. 

3. The molecules exert no force on each other or on the walls of the container except during collision. 
4. All collisions between two molecules or between a molecule and a wall are perfectly elastic. Also, the 
time spent during a collision is negligibly small 

5. The molecules obey Newton’s laws of motion. 


6. When a gas is left for sufficient time, it comes to a steady state. The density and the distribution of 
position, direction and time. This assumption may be justified ifthe number of molecules is very lange. 


Calculation of the pressure of an ideal gas 
z 


Consider an ideal gas enclosed in a cubical vessel of edge L. Take a comer of the vessel as the origin O 
and the X-, 


~, Z-axes along the edges. Let A, and A, be the parallel faces perpendicular to the X-axis. 
Consider a molecule moving with velocity i. The components of the velocity along the axes are v, v, 


and v,. When the molecule collides with the force A,, the x-component of the velocity is reversed 


whereas the y- and the z-components remain unchanged. This follows from our assumption that the 


collisions of the molecules with the wall are perfectly elastic. The change in momentum of the molecule is 
Ap 7 (- mo.) - (mu,)  —2mu 

As the momentum remains conserved in a collision, the change in momentum of the wall is 
Ap’ =2mv, (i) 

After rebound, this molecule travels towards A, with the x-component of velocity equal to — v,. Any 


collision of the molecule with a 


y other fi .ittravels 


(except for A,) does not change the value of v, S 
between A, and A, with a constant x-component of velocity which is equal to v,. Note that we can 
neglect any collision with the other molecules in view of the last assumption discussed in the previous 


section. 


The distance travelled parallel to the x-direction between A, and A, = L. Thus, the time taken by the 
molecule to go from A, toA,=L/v,. The molecule rebounds from A,, travels towards a, and collides 
with itafter another time interval L/o,. Thus, the time between two consecutive collisions of this molecule 
with A, is At=2 Liv, The number of collisions of this molecule with A, in unit time is 
1 v, 
n m e 2L (ii) 
The momentum imparted per unit time to the wall by this molecule is, from (i) and (ii), 
The momentum imparted per unit time to the wall by this molecule is from (i) and 


AF = nAp 


5 m 
= T-x2mv, =v} 


This is also the force exerted on the wall A, due to this molecule. The total force on the wall A, due toall 
the moleculesis 
F-> n vi 
m.s 
= Bay (i 
Asall directions are equivalent, we have 


Zv? = Bu} = xl 
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i. F 
= =3(vi +o +02) 


-— 
Xo 


Im 


Thus, from (ii), F= 5 13v 


IFN is the total number of molecules in the sample, we can write 


d mN Eo 
3L N 


The pressure is force per unit area so that 


F 
PY 

ImN 3 

31 

IMI? | Ev 

3D N 3^N 


where M is the total mass of the gas taken and p is its density. Also Ev?/N is the average of the speeds 


squared. It is written as u? and is called mean square speed. Thus, the pressure is 


lov 1 

p= P ( 

v= Mi 2 

or pV= Mv 2) 
smi 3 

or, pV=3 6) 


RMS Speed 


The square root of mean square speed is called root-square speed or rms speed. It is denoted by the 


symbol v,,, Thus, 


Vms = ¥Ev?/N 


or, v=(v,, 


Equation (1) may be written as 
= pvt 
pP 


_ BRT 
YM 


(M.— molecular weight) 


sothat Um" yp 
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Avpspeed Vn 


MESES 
Most probable speed Y= m, = V M 


Translational kinetic energy of gas : 
Kinetic energy of any molecule is k 
1 
k,7 3 m V, 


Total K.E. of all molecular isk 


EM 
k= 25m V 

1 1. (zv?) 
> MEV aN N | 
m m 3RT 
2 m 2° M 

3nRT (m 

| n| 

2 M 

3 PV 

ka 


K.E. / volume 


Illustration : 


Calculate the rms speed of nitrogen at STP (pressure = 1 atm and temperature = 0°C). The 


density of nitrogen in these conditions is 1.25 kg/m 


Sol At STP. the pressure is 1.0 * 10° N/nF. The rms speed is 


3x10 N/m 
Y 125kg/m 


= 490 m/s 
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Translational Kinetic Energy of a Gas 
The total translational kinetic energy of all the molecules of the gas is 


K= Sm 2 = -imo d) 
The average kinetic energy of a molecule is 
KN- Mol, lm 
2N 2 
From equation (2) 
21 
oV = Mv; 
pv= 3 
pv=<k 
K=>5pV 


Mlustration : 


Sol. 


Assume that the temperature remains essentially constant in the upper part of the atmosphere. 
Obtain an expression for the variation pressure in the upper atmosphere with height. The mean 
‘molecular weight of air is M. 


Suppose the pressure at height h is p and the at h + dh is p + dp. Then 
dp =~ pg dh. () 


Now considering any small volume AV of air mass, Am. 


AV - net = SRT 
paV-aRT- S 


AmRT pRT 


uc PUNM M 
QM 
on P= RT 


Putting in (i) 


or, 


Where p, is the pressure ath = 0 


Thus, p = p, e ®* 


43 


Illustration: 
A barometer tube contains a mixture of air and saturated water vapour in the space above the 
mercury column. It reads 70 cm when the actual atmospheric pressure is 76 cm of mercury. The 


saturation vapour pressure at room temperature is 1.0.cm of mercury. The tube is now lowered in 


the reservoir till space above the mercury column is reduced to half its original volume. Find the 
reading of the barometer. Assume that the temperature remains constant. 

Sol — The pressure due to the air+vapour is 76cm — 70 cm = 6 m of mercury. The vapour is saturated 
and the pressure due to it is 1 cm of mercury. The pressure due to the air is therefore, 5 cm of 
mercury 
As the tube is lowered and the volume above the mercury is decreased, some of the vapour will 
condense. The remaining vapour will again exert a pressure of the volume is halved. Thus 


Pa 7 25cm = 10 cm of mercury. The pressure due to the air + vapour reading is 76 cm - Hem 


65 cm. 


Internal Energy 
Degree of freedom : 


Noof ways in which molecule can passes energy is known as degree of freedom. 


S.N Gas Translatory Rotation Vibration Total 
1 Monoatomic 3 0 0 3 
2 Diatomic 3 2 0 5 


Law of equipartition of energy : 


Statement: For an ideal gas average energy associated with its any molecule for each degree of freedom 


KT 
is ~~ . (Where temperature T in kelvin) 


: fKT 
Let fbe the degree of freedom fora gas. Average energy associated with its any molecule - — 
NEKT 
Total kinetic energy ofa gas = ~~ 
fRT 


Kinetic energy of one mole of gas = 


Value of internal energy of a gas 


Internal energy of gas should be sum of K.E. and P.E. of its constitute molecules. 
But for ideal gas we has assumed P.E. = 0 (Since force of interaction between molecules is zero) 
Thus, LE. of a gas = K.E. of molecules 

Iffis the degree of freedom of a gas molecules than total K.E. [Trans + Rotation of each molecule ] 


fRT 
foronemole U- — 
forn mole of gas and having f degree of freedom are at temperature T, kelvin and heated to temperature. 


T, then 
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nf RT, 

atT, kelvin U, == 
nf RT. 

at T, kelvin DT 


n 
change in LE, AU= í, 


Change in internal energy of ideal gas is a function of temperature and temperature only. It does not 


depend on how we carry out this change in temperature 
fR 
=~ is represented as C 
fR 
Cs 
U-nCT 
(6) ^ Formonoatomic gas (f- 
n3RT n3RAT 
2 Š 2 
3R 
o 6-— 
[7] diatomic molecule (f= 5) 
n5RT nSRAT 
& 2 
6-73 
IHlustration 


The temperature of an ideal gas consisting of rigid diatomic molecules is T 


1724 * 10” gem 


Sol K.E. associated with rotation = Ia 


Degree of freedom associated 


with rotation — 2 


1 KT 
Pl =2 x = 
2KT 

o= 


=6.3 x 10" rad S 


300K. Calculate the 


angular root mean square velocity of a rotating molecules if its moment of inertial is equal to 
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Calculation of work done by gas : 


If the piston moves towards right a dx distance then Work done by this force is dW. 


dW =F. dx 
=P(A. dx) 
dW =Pdv 


D 
aw- [pav 


Graphical interpretation : 


From above integral it can be understood that area enclosed by PV-curve and V-axis represents the 


work done by gas 


t 1 
P v` a AW eve 
Dy. aw ve | hc 
@ bc: Gi) v 
I ll 
Y x Y 7 
BN ü 
2 AW-ve Y AW-ve 
(i) be - (v) n VT hc 
MURAT : 
Y NY L 


When volume decrease AW is-ve 


Illustration : 
From the given curves find out the work done by the ideal for going from state A to state B. For 
all the three processes. 


Sol. W, = PAMBNQP = 800 J 


VI^) 
W, = PABNOP = 600 J 


W, = PANOP = 400 J 


POO Nm) 


16 
Indirect technique(for quasistatic process) : 


Work done by gas + work done by all external agents = 0 


= — Work done b; — (work done by all the external agents) 


Work done by gas + WD by spring + W.D. by atm press =0 
W.D. by gas =- (W. D. by atm press + W.D. by spring) 
[C PAX) * 7 1/2 kx? - 0) 
1 
kx 


PAX 


Heat & Thermodynamics 
Definition : 
Heat is defined as the amount of energy transfer from one body to another body or from one part of a 
body to other part of the body by virtue of temperature difference. 


Important points : 


(a) — When two bodies at different temperature are brought in contact the hotter body cools down and the 


cooler body warms up due to the transfer of heat from hotter body to cooler body. 


(b) “Heat is energy in transit due to temperature different between the body" when he: isferred from 


‘one body to another body then after the transfer this heat becomes part of internal energy or is used for 


doing work 


Unit & Dimension : 


Slunit —» Joule 
Dimension — ML'T 


Specific heat of gas : 


fic heat of gas 
c heat : Unit mass is taken as one mole 


Types of spe: 
(à) — Molar spe 


Units—> J/ mole-k 


(b) — Gram specific heat : Unit mass is taken as Ikg or 1 gm. 
Units —» J/kg-k or J/ gm-k 


47 
Definition : 


Amount of heat required to raise temperature of one unit amount (mass or mole) by one unit temperature 
through a given process is known as specific heat of that process. 


Note : Thus any gas can have infinite specific heats depending on the infinite different processes. 


1 
AQ= Jncat whereC isthe sp. heat for the process through which temperature from T, to T, 
h 


Note : C remains inside the integral because it may be a variable i.c. C may be a function of temperature 
(directly or indirectly) 


Specific heat at constant volume 


dQ 
Represented as C, | am) 
. fR 
Its experimental value is found to be very close to ~> 
fR 
hus C 


Specific heat at constant pressure 
Represented as C 

[ dQ 

C, 7 (nar 


const. pressure 


(£+2)R 
its experimental value is found to be almost equal to 


(£4+2)R j 
Adiabatic exponent (y) : 
6 
T, 
A aiis R 
> oyelte c 
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First law of Thermodynamics 


Statement: dQ = dU + dW (For zero heat loss) 
dQ=heat supplied to the system 
dU =change in intemal energy 
dW = work done by the system 
* This law is a form of en 


conservation. 


‘The first Law of Thermodynamics (derivation) 
Letus introduce certain amount of heat energy dQ into a gas confined inside a cylinder fit with a piston. 
‘The gas can either: 

(i) store energy as random KE of its molecules (dU), or 

(ii) use the energy to do work (dW) in the environment (such as raising a weight on the piston), 

Thus, the first law of thermodynamics can be written : dQ 7 dU + dW 

Note : In solving thermodynamics problems, always take gas as system. 


Sign convention : 
(i) Whenever heat is added to the system sign is «ve 


(ii) Whenever system rejects the heat sign is-ve 
Work (dW) : 

(VT )signis- eve (ii) sign is -ve (V4) 
Internal energy (dU) : 


(i) When temperature increases sign is ve. 


(ii) When temperature decreases sign is-ve 


Application of first law of thermodynamics : 
Isochoric process : 


A process that takes pla ss. (Gas 


will follow Gaylusac's Law) 


at constant volume is called isochoric process or isovolumetric prox 


() Conditions— V is constant 
P 
G) Process equation —» 7 =constant 


(ii) If gas is taken from state A having pressure P, temperaure T, and volume V to state B having Pressure 


P, temperaure T, and volume V then 


A — B 
(B. V.T,) (P. V.T,) 


- [While PV — nRT will relate variables in same state ] 
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(v) 


v 


(vi) 
(vii) 


(vil) 


(ix) 


(x) 


dW =0 since dV=0 


fR 
AU - "*(1,-1) 
.T,- T) 
first law of thermodynamics (F.L.T.) 
O * AU - AQ 
fR) 


=  n[.|(-T)-nC (T,- T) 


ap 


Bulk modulus 
(dV/ V) 


sp. heat = C, 


Isobaric process : 


@ 


i) 


(i) 


A process that takes place at constant pressure is called isobaric process. (Gas will follow Charle's 
Law) 
Condition : P is constant 


v 


Process equation—> 7p is constant 


ig pressure P temperaure T, and volume V, to state B having Pressure 


Ifgas is taken from state A havi 
P temperaure T, and volume V, then 


A B 
EVT) — RV.T) 
MA - nRT, 
LT nRT; 
P-V curve 
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[7] 


(vi) 


(vii) 


(viii) 


aw- [Pav 


=P(V,-V,) 


=nR(T,-T,) 


dU - nC, dT 
AU - nC, (T, - T) 


dQ- nC,dT 
AQ - nC, (T, - T.) 


Applying FLT 
nC, (T, - T.) nC, (T, - T.) 
> C,-C=R 


T) 


(known as meyer's relation) 


Characteristic gas constant : 


(ix) 


(x) 


Gas constant expressed for particular gas in terms of mass is known as characteristic gas constant of that 
particular gas 


R (universal gas const.) 


M (mol. wt.of gas) 


Unis J/gm-k or J/kgk 
Bulk modulus. 
dp 
B- aviv) ^? 


Sp. heat capacity C, 


Isothermal process : 


@ 
(i) 
(Gi) 


A process that takes p 
Law) 


atconstant temperature is called isothermal process. (Gas will follow Boyle's 


Condition —> Temp. is constant 
Process equation —> PV — const. 


If gas is taken from state A having pressure P, volume V, and temperaure Tto state B having Pressure 
P, volume V, and temperaure T then 
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P,V,-nRT 
P.V,=nRT 
Gv) P-V curve 
\ dP -P 


av 

() AW fray kf 
E SV 

v. 

PVh y 


V; Vz 
DULCES 


A P, 
nRT [n y - nRT/n p. 
(i)  du-o 
(vi) ^ Using FLT 
dQ-dW 
LA 
AQ 7 nRT In y 
ap 
wi) B=- gyv) =P 
dQ 
(ix) — Specific heat = C m3 


By adiabatic process : 
Adiabatic Process (Dei 

PdV ROO RT dV 

ndT 7-1 ^ V dT 


tion): For an adiabatic process (AQ — 0) 


[7 » [S jt -0 


T 


G- Dn V *InT- Ine -- TV 
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In this process net heat supplied to the gas is zero 
6) ^ ConditiondQ 0 
(i) Process equation PV" — const. 


(i) If gas is taken from state A having pressure P, volume V, and temperaure T, to state B having Pressure 
P, volume V, and temperaure T, then 


A B 
PVT) Px Vs T) 
PLV,'=P,V. P\V,=nRT PV, =nRT, 


Gv) P-V curve 


i dP _ -yP 
Soy 
V 
v 
W) AW- [pav (sincePv =k) 
E 
" we 
x Jv av Cr, rem 
() AV=nC,(T,-T) 
nR(L-T) PV,-hV, 
1 y-1 
(vi) Applying FLT we can see that 
0=AW+AU = AU-- AW 
dP 
(ii) B--qyy-Y 
(ix) Sp.heat 
dQ 
C= gar 79 
Results : 
() — Forexpansion from same initial vol. & pressure to same final volume —> 
LANES AMNES 
»| 


isobaric 


7 isothermal 


C udabatic 


As the area under the P-V graph is largest for isobaric hence its work done is greater than isothermal and 
in similar manner we can say that work done in isothermal process will be greater than adiabatic process. 


" 
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(i) For compression from same initial state to same final volume 


ii)  Atpt. of interaction (slope of isothermal) x y= slope of adiabatic 


adiabatic 
P| y 


Polytropic process : 
Itis a process in which molar heat capacity C= constant 
P dV 
C=C,+ 2: PAV  VdP =n RdT 
v n dT 
č PRdV 
v7 PdV e VdP 
R TR: 
c-c PdV 
R-(C-C,) vaP c-c 
! Pav ~ C-C 
dP pav 
JE JS -o 


InP+K In V = const 


pv K : Polytropic constant 
Isochoric: K=% [P'AV = const.] C=C, 
Isocbaric:  K=0 c=C, 
C-C, 1-C,/C 
Isothermal: K=1 K C-o 


~ C-C, 1-C,/C 
Adiabatic: K =y [Put C — o in the equation of K] 
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() Characteristic equation process 
PV*=const. 
@  aw= frav 
M 
= f Kav = | 
VV } 
k V,- k M 
v^ Ww 1 
l-x 
nR(,-T) 
I-x 
, aR(T;~T)) 
(iii) AU Y- 
(iv) From FLT 
dQ -dW «dt 
[aca 
AQ ^ nR (T, - T) | 15 * >| 
() — Sp.heat 
AQ =ne (T, - T) 
c R R 
1-x yal 
Illustration 
An ideal gas expands isothermally along AB and does 700 J of work. p 
(a) How much heat does the gas exchange along AB. B 
(b) The gas then expands adiabatically along BC and does 400 J of work Y 
When the gas returns to A along CA, it exhausts 100 J of heat to its c 
surroudings . How much work is done on the gas along this path v 
Sol (a) AB is an isothermal process. Hence 


AU =0 


and | Q,7W,-700J 


(b) BC is an adiabatic process. Hence 


Q,.-0 
Wye = 4004 (given) 
AU, =- Wy — 4005 


ABC is a cyclic process and internal energy is a state function. Therefore, 


(AU), cue = 9 = AU yy + AUS + AL 
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and from first law of thermodynamics, 


Qa + Qge + Ou = Wig + Woe + AW 
Substituting the values, 
700 + 0— 100 = 700 + 400 + AW., 
AW, = -500J 


Negative sign implies that work is done on the gas 


Mlustration 


An ideal monoatomic gas at 300 K expands adiabatically to twice its volume. 


temperature 


Sol For an ideal monoatomic gas 


14 
In an adiabatic process, 
TV-! = constant 


Ty Ty 


or r-r| 


300) + | 


1 
189K 
Illustration : 


1 mole of an ideal monoatomic gas is expanded till the temperature of the gas is doub 


the process VT 


work done in the process 


Sol — Given T, = 400 K and T, = 2T, = 800 K 
AT = T,- T, = 400K 
AU -nC, AT 


3 
1| 3 R 400) = soor 


The given process is V°T = constant 


What is the final 


d under 


constant. The initial temperature of the gas is 400 K. In terms of R. find total 


Putting T= a we get 
PV! = constant 
Comparing this equation with PV: — constant we have x — 3 and molar heat capacity is 
R R R 
1237374 453 
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AQ = nCAT = (1) (R) (400) = 400 R 
Now, AW- AQ- AU - -200R 


Cyclic process : 
Itis combination of two or more than two processes in which initial and final state of the system is same 


@ dU-0 
Total change in L.E. is zero because initial & final temp. is same 


P 


(i) Applying FLT 
dQ-dw 


Gi) ^ Network done ina cyclic process is area bounded by process curve on PV diagram. 


af 


v= 


w) iency of cyclic process 


Total work done (+ve and — veboth) 


717 Total heatsupplied (only- veheat) to thesystem * !00 


Carnot Heat Engine : 


(A) The Engine: 
As according to the second law of thermodynami 


whole of heat can never be converted into work, the 


question then arises under what conditions the conversion of heat to work is these questions C 


developed an ideal heat engine which is supposed to consist of the following four components 


(1) Acylinder with perfectly non-condu. 
as worki 


Ils and a perfectly conducti 


g substance and fitted with a non-conducting frictionaless piston’ 


(2) — Asourceof infinite thermal capacity maintained at constant higher temperature T 


(3) — Asinkofinfinite thermal capacity maintained 


constant lower temperature T, ; and 


(4) — Aperfectly non-conducting stand for the cylinder. 
Source 

T 

Sink 

Stand T 


Here it is worth mentioning that as all the above mentioned components cannot exist in reality, Carnot 
engine is an ideal (hypothetical) engine which can never be actually constructed. 
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(B) 


@ 


Gi) 


(iv) 


© 


Carnot Cycle [or Working of the Engine] : 
The working substance in a Camot engine is taken through a 


reversible cycle consisting of the folloing four steps 


The cylinder containing ideal gas is placed on the source and the gas 


is allowed to expand slowly at constant temperature T, absorbing heat 
Q,,- This isothermal change is represented by the curve AB in the indica- 
tor diagram. 


The cylinder is then placed on the non-conducting stand and the gas is alloweed to expand adiabatically 


till the temperature falls from T, to T, . This adiabatic expansion is represented by the curve BC. 


The cylinder is next placed on the sink and the gas is compressed at constant temperature T, This 
adiabatic expansion is represented by the curve BC 


Finally the cylinder is 


gain placed on the non-conductin 


stand and the compression is continued so that 


the gas returns to its initial stage along DA. 


The closed pathA BCDA represents the so called Carnot cycle and the four stages taken together 


representa cyclic process 


E 


ney of the Engine : 


The efficiency of a engine is defined as the 


atio of work done to the heat supplied, i.e. 


n- Workdone _ W 


heat input Wy w 
But as for cyclic process AW = i.e., W= Q, - Q, 
So eqn. (i) reduces to 
y= -Q 
n - (ii) 
Qu Qu 


Now as in an isothermal process internal energy remains constant, in accordance with first law 


AQ - AW - nRT log, (V,/V,) [as AU — 0] 


So — Q,-nRT, log | v | 
^ 


X 
aw 1Q, nRT, log XE | i 
» 
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Butas foradiabatics BC and DA respectively, 
Ta Va 7T, Vi and T,V,"'=T,V,) 


Dividing these two results, 


^ (iv) 
Vo 


Substituting the value of Q, and Q, from, equation 
T 


in (ii) in the light of (iv), we get 


v) 
Ta 

This is the required result and from this it is clear that 
(1) Efficiency ofa heat engine depends only on temperatures of source and sink and is independent of all 


other factors. 


Q) — Allreversible heat engines working between same temperatures are equally efficient and no heat engine 


can be more efficient than Carnot engine (as itis ideal). 
(3) Ason Kelvin scale temperature can never be negative (as 0 K is defined as lowest possible temperature) 


iency of a heat 


and T, and T, are finite, effi ngine is always lesser than unity, i.c., whole of heat can 
never be converted into work which is in accordance with second law 


The efficiency of actual engines is much lesser than that of ideal engine. Actually the practical efficiency of 


a steam engine is about (8-15)% while that of a petrol engine 40%, The efficiency of a diessel engine is 
maximum and is about (50-55)%. 

Illustration : 
4n inventor claims to have developed an engine that during a certain time interval takes in 110 


MJ of heat at 415 K, rejects 50 MJ of heat at 212 while manages to do 16.7kW of work. Do you 


agree with the inventor's claim ? 


Sol The claimed efficiency 
Wo 167kWh 
" 
Q,  10MJ 


But as 1kWh = 10!  (Jis) * (60 * 60s) = 3.6 MJ 


áp. quii 7m) 5 -055- 55% @ 
While maximum possible theoretical efficiency 
T, T, 415-212 
T, T, 415 
=.49 = 49% 


From eqns. (i) and (ii) it is clear that claimed efficiency is greater than maximum possible theo- 


retical efficiency; so inventor's c claim does not appear to be correct. 
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Illustration : 


During an integral number of complete cycles, a reversible engine. 


(shown by a circle) absorbs 1200 joule from reservoir at 400 [J 
k and performs 200 joule of mechanical work ot ot od 


T T 
(a) Find the quantities of heat exchanged with the other two | ] od 


reservoirs. State whether the reservoirs absorb or lose heat. 
(b) Find the change of entropy of each reservoir. 
(c) What is the change in entropy of the universe ? 
Sol — (a) By conservation of energy 
0,=W+0,+0, 
ie,  Q,* Q, =Q,- W - 1200— 200 = 1000 o) 


And as change in entropy in a reversible-process is z 


20 Q, Q, 
TOUT UE ie. 7409 300 * 200 
ie, 20, + 30, = 1800 
Solving equation (i) and (ii) for Q, and Q, we get 

Q, = 1200 J and Q, = ~ 2004 


i.e, the reservoir at temperature T, absorbs 1200 J of heat while the reservoir at temperature T, 
lose 200 J of heat 


(b) Now as change in entropy at constant temperature is given by AS = (AQ/T) 


So change in entropy of reservoir at temperatures T,, T, and T, will be respectively 


1200__, J 1200_ J 20 J 
400 K'300 ° K "439g ^k 


Practice Exercise 


Q.1 The average energy and the rms speed of molecules in a sample of oxygen gas at 300 K are 6.21 x10 
! J and 484 ms ' respectively. The corresponding values of 600 K are nearly 
(A) 12.42 x 107! J, 968 ms (B) 8.78 x 10?! J, 684 ms! 


(C) 621 x 107, 968 ms (D) 12.42 x 10% J, 684 ms 


e 


The P- T diagram fora ideal gas is shown in Figure where AC is an adiabatic process. The corresponding, 
PV diagram is 


A N 
a {i Q0 LS. © |, (D) \ 
I 


v | v v J v 
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Q3 — Variation of molar specific heat of a metal with temperature is best depicted by 


(B) 


Temperature (T) Temperature (T 


QI D Q 


B 
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Solved Example 


Qu 


Sol, 


Sol 


Sol 
Q4 


70 calorie of heat is required to raise the temperture of a diatomic gas at contant pressure from 30 to 
35°C. the amount of heat requried (in calorie) to raise the temperature of the same 


as through the 


range (30 to 35°C) at constant volume is 
(A)30 (B) 60 (C) 50 (D)70 


(AQ), nCAT cC 


E ull 
(AQ), nC,AT C, 
(AQ), 

50 ca 

(AQ, = TS 50 cal 


A vessel contains | mole of O, and | mole of He. The 
(A) 14 (B) 1.50 (C) 1.53 (D) none of these 


ae of y of the mixture is 


2R 
C, 7 2R+R=3R 
[E 
Yn Cy 2 


An ideal is taken through a cycle A — B —> C — Aas shown 


n Figure ifthe net heat supplied in the cycle 


is 5J, then work done by the gas in the process C -> Ais 


(A)-5J (B)- 107 (Q-151 (D)-201 
Work done = area under the curve 10 J; 5=W,,+ 10orW,,=~5J 


A glass tube scaled at both ends is 1 m long. It lies horizontally with the middle 10 cm containing Hg, The 
two ends of the tube, eqaul in length, contain air at 27" C and pressure 76 cm of Hg. The temperature at 
one end is kept 0°C and at the other end it 127° C. Neglect the change in length of Hg column. Then the 
change in length on two sides is 

(A) 12.3 em. (B) 10.311 cm (B)9.9cm (D) 8.49 cm 
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Qs 


Sol 


Initially /~45 cm (2/+10=100 em) 
P, 7 P,- P (say) [I 
ism y pep dem 


w C 2 


27C ES 
45-X Hg jo — 53 

(b) ED. 
ire 


Applying gas law at end A, 


4SAP (45-x)AP, 
300 273 


(ii) 


ASAP (45 X)AP, 
300 400 


Atend B. (iii) 


From (i), (ii) and (iii) 


(45-x)_ 45+x 
273 — 400 


8.49cm 


Find the amont of work done to increase the temperature of one mole of an ideal gas by 30°C if itis 
expanding under the condition V << T 
(A) 166.25 (B) 136.25 (C) 126.25 (D) None of these 
PV - RT for | mole 


w= [Pav -j2 dV 


v=cT 
Žerar 
dv- CT" d 
dV 24dT 
96. CADIT 


= <R(T, -T,) = 166.2) 
3 Rt 
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Sol. 


Sol. 


Sol. 


A mercury thermometer read 80°C when the mercury is at 5.2 cm mark and 60°C when the mercury is 
at3.9 cm mark. Find the 


mperature when the mercury level is at 2.6 cm mark. 


h-h el(T,-T) T,-T. 
1-h a(T,-T) T-T, 


39 80-60 


nd 26 80-T, 


1.3 (80 — T,) = 2.6 Q0) or T, = 40°C 


ion S. It contains 1 mole of an ide: 


A vertical cylinder pistion system has cross-se monoatomic gas 
under a pistion of mass M. Ata certain instant a heater is switched on which transmits a heat q per unit 


time ot the cylinder. Find the velocity v of the pistion under the condition that pressure under the pistionis 


constant and the system is thermally insulated. 


Gas pressure = P, + ` Where M is mass of the pistion. 


AsSC,- SR 


AU = Z RAT = 5 PAV 


3 5 
Q - PAV + AU = PAV + > PAV = > PAV 


AV = Sdx 


orQ=q. dt= > PSdx 


dx 2q 2q 
" Mg ls 
s) 


A typer pumped to a pressure 3.3375 atm at 27°C suddenly bursts. What is the final temperature (y= 
1.5)? 


(A)27°C (B)-27C (C)oc (D*)-73* 
Typ! = Typ! 
E (2) (2e (225) 
Sm) Ab T Lad 
300 
or T, = 557555 = 200K =-73°C 


Copied to clipboard. 
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Qo 


Sol. 


Q.10 


Sol 


3 Moles of a gas mixture having volume V and temperature T is compressed to 1/Sth of the initial 
volume, Find the change in its adiabatic compressibility if the gas obeys PV'*? = constant [R =8.3 J 
mol- K] 

Bulk modulus B =P 


(1) d 
Compressbilty C-| x = 7p 
and AC-C-C 
fa 
or DC rj 
»( V) 
pv P] 
19 
Wih y= 7 and P'=5°P, 1 
jot 13x 0.905 
ACT wis 1 iP 
But PV=nRTor p= "RT 
jut nRTorP- 5 
pc- 130905V_ _ -00248V 
E 19x3x8.317T T 


One mole of an ideal gas is contained under a weightless pistion of a vertical cylinder at a temperature T 
The space over the pistion opens into the atmosphere. What work has to be performed in order to 


increaseisothermally the gas volume under the pistion n times 


Let A be the area of cross-section F 
F+PA=P,A I | 
F=(P,—P)A 1 

Work done by the agent 

w= JFdx= ft, - PAdx 
jo] | 


= je. Pv 


wo av 
-P,(n- nRT 
P, a-v- Í v 


-RT(n- 1)-nlogn 
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Q.11 Calculate the heat absorbed by the system in going through the process shown in figure 
(A)3141 (B)3.14] (C)3.14 x 10*3 (D)none 


200 (volume) 400 


Sol. Heat absorbed = zr 
x(P)(V) 
3.14 (100x107) (100* 10°) 
314) 


Q.12 A mercury manometer consists of two unequal arms of equal cross-section | cm? and lengths 100cm 


and 50cm. The two open ends are sealed with air in the tube at a pressure of 80 cm of mercury. Some 


amount of mercury is now introduced in the monometer through the stopcock connected to it. If m 


'cury 


resis in the shorter tube to a length 10 cm in steady state, find the length of the mercury column risen in the 
longer tube. 
Sol, — Letp, and p, and be the pressures in centimetre of mercury in the two arms after introducing mercury in 


the tube. Suppose the mercury column rises in the second arm to /, cm. 


» 
m 
TE em 

Using pV = constant for the shorter arm, 

(80cm) (50cm) = p, (50cm — 10cm) 
or p,-100em. i) 
Using pV = constant for the lon; 

(80 cm) (100cm) =p, (100—/,) cm (i) 


From the figure, 


p, 7 p, + (I, - 10) em, 
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Q.13 


Sol 


Q14 


Thusby(i), 
100 cm — p, + (/, 10) em. 
or p,-ll0cm-/, cm 


Putting in (i), 


(110 —/,) (100 — /,) = 8000 


or, 210 /, + 3000=0 


o 4215 


‘The required length is 15.5 cm. 


An ideal gas has pressure p,, volume V, and temperature T,, It is taken through an isochoric process till 
its pressure is doubled. It is now isothermally expanded to get the original pressure. Finally, the gas is 
isobarically compressed to its original volume V, (a) Show the process on a p-V diagram. (b)What is the 


temperature in the isothermal part of the process ? (c) Wha 


is the volume at the end of the isothermal 


part of the process 


(a) The process is shown ina p-V di 


am in figure. The process starts from A and goes through ABCA. 


p 
P, N 
Y 
(b)Applying pV=nRTatAand B, 
p, V, 7 nRT, 
and Qp)V, 7 nRT, 
Thus, T, 727, 


This is the temperature in the isothermal part BC 
(c) As the process BC is isothermal, T, =T, = 2T 
Applying pV = nRTatAand C, 

p,V,=nRT, 
and P, Ve nRQT,) 

Ve2V 


Figure shown a vertical cylindrical vessel separated in two parts by a frictionless pistion free to move 
along the length of the vessel. The length of the cylinder is 90 cm and the pistion divides the cylinder in the 


ratioof5:4. E 


ch of the two parts of the vessel contains 0.1 mole ofan ideal gas. The temperature of 


the gas is 300 K in each part. Calculate the mass of the piton. 
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Sol. 


Qs 


Sol 


Let /, and/, be the lengths of the upper part and the lower part of the cylinder respectively. clearly, /,— 
50 cm and /, — 40 cm. Let the perssures in the upper and lower parts be p, and p, respectively. Let the. 
area of coss-section of the cylinder be A. The temperature in both parts is T= 300 K. 

Consider the equilibrium of the piston. The forces acting on the pistion are 

(a) its weight mg 

(b) p, A downward, by the upper part of the gas and (c) p, A upward, by the lower part of the gas. 


Thus, p,A=p,A+mg (i) 
Using pV=nRT for the upper and the lower parts 

p,!, A7 nRT Gi) 
and p, 1, A7 nRT. Gi) 


Putting p, Aand p, A from (ii) and (iii) into (i) 


nRT _ nRT 


= ORT omg 
D ] 
aRT{1 1] 
Thus, me | 
(0.1molX(8.3J/mol-KX300K)f 1 — 1! 
9.8m/s' [04m 0.5m] 
12.7kg 


Figure shows a cylindrical tube of volume V, divided in two parts by a frictionless separator, The walls 
of the tub 


are adiabatic but the separator is conducting. Ideal gasses are filled in the two parts, When 


the separator is kept in the middle, the pressures are p, and p, in the left part and the right part respectively. 
The separator is slowly slide and is released at a position where it can stay in equilibrium. Find the 


volume of the two parts. 


LE 


As the separator is conducting, the temperatures in the two parts will be the same. Suppose the common 


temperature is T when the separator is in the middle. L 


n, and n, be the number of moles of the gas in 


the left part and the right part respectively. Using ideal gas equation, 


nRT 


and 


Thus, (i) 


The separator will stay in equilibrium at a position where the pressures on the two sides are equal. 


Suppose the volume of the left partis V, and of the right partis V, in this situation, Let the common 
pressure be p’. Also, let the common temperature in this situation be ‘T°. 
Using ideal gas equation 
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Q.16 


Sol 


Q7 


Sol 


p'V, =n, RT 
and p’V, =n, RT 
m p 
or, v T [using (i)] 
Also, v 
P Vo PV 
s, v= and V, = 
‘Thus, ‘pepe er) 


A gas is heated isobarically and the heat used for external work is W. Find the total amount of heat 
supplied. 


AQ = AW + AL 
nRAT Y 
ART +nC, AT-nRT4 — (RAT) | i 
1 1 
Wy 
I [-. W=nRAT] 


A vessel contains a mixture consisting of m 
(M, = 44) at tet 


of nitrogen (M, =28) and m, = 11 gof carbon dioxide 
perature T= 300 K and pressure p, = 1 atm. Find the density of the mixture. 


A m+m, 
Let V be the volume of the vessel. Then p, Y 
Let p, and p, be the partial pressure. 
m, m 
Then p, V mM, RT andy, V= 4. RT. p, 7p, +P, 
m, , m, RT 


Po“ (M, Mz) V 


(m, +m,)M,M; pe 
Pix mM, +m,M, RT 


(1+11)*28x44x10 10° 


7x44411x28 —  83x300 
= 1.446kg m ?- 1.446 per litre 


Fluid Mechanics 


ises). Find is a Latin word meanins ‘to flow’. Liquids and 


This lesson is devoted to fluids (liquids an. 


gasescan flow to take shape ofthe vessel that holds them. Another important property of fluids is that a 


tangential force causes continuous deformation of fluids whereas if we apply a tangential force on a solid 
there will be a particular deformation in the solid. First section of the chapter is study of fluid at rest called 
as fluid statics and Second section is study of fluid in motion called as fluid dynamics. In these two 
sections we shall see the concepts and their application for liquids only but these concepts and their 
application for liquids only but these concepts are equally good for gases also but for low-pressure 


variation. 


What is a Fluid ? 


Aflu 
container in which we put them. They do so because a fluid cannot sustain a force that is tangential to its 


|, in contrast to a solid, is a substance that can flow. Fluids conform to the boundaries of any 


surface. a fluid is a substance that flows because it cannot withstand a shearing stress. It can, however, 


exert a force in the direction perpendicular to its surface. 
FLUID MECHANICS 


i 


FLUID STATICS FLUID DYNAMICS. VISCOUS FLUID 


Fluid includes property — (A) Density (B) Viscosity (C) Bulk modulus of e 


lasticity (D) Pressure 


(E) Specific gravity 
Assumptions used in fluid mechani 

1, Fluidis incompressible means density remains constant and volume also remains constant 

2,  Fluidis non viscous. There is no tangential force between two layers. 

Pressure 


illed 
vessel, as in Fig. 14-1a, The sensor consists of a piston of surface area 
AA riding in a close-fitting cylinder and resting against a spring. readout 
arrangement allows us to record the amount by which the (calibrated) 
spring is compressed by the surrounding fluid, thus indicating the 
magnitude AF of the force that acts normal to the piston. We define the 


Let a small pressure-sensing device be suspended inside a fluid- 


pressure on the piston from the fluid as 
AF 2 
P= AA / \ 


Intheory, the pressure at any point in the fluid is the limit ofthis ratio as 


the surface area AA of the piston, centered on that point, is made 
smaller and smaller. However, if the force is uniform over a flatarea A, 


we can write Eq. as 


(pressure of uniform force on flat area) 


where F is the magnitude of the normal force on area A. (When we say a force is uniform over an area, 
we mean that the force is evenly distributed over every point of the area.) We find by experiment that at 


a given point in a fluid at rest, the pressure p defined by Eq. has the same value no matter how the. 


pressure sensor is oriented. Pressure is a scalar, having no directional properties. It is true that the force 
acting on the piston of our pressure sensor is a vector quantity, but Eq. involves only the magnitude of 
that force, a scalar quantity. 

Let us look first at the inc 


ase in pressure with depth below the water's surface, We set up a vertical y 
n at the air-water interface and the positive direction upward. We next 


axis in the tank, with its ori 


consider a water sample contained in an imaginary right circular cylinder of horizontal base (or face) 


area A, such that y, and y, (both of which are negative numbers) are the depths below the surface of the 


upper and lower cylinder faces, respectively. 


in the cylinder. The 


Figure shows a free-body diagram for the wate 


water is in static equilibrium; that is, it is stationary and the forces on it 
balance. Three forces act on it vertically: Force F, acts atthe top surface. 
ofthe cylinder and is due to the water above the cylinder. Similarly, 


force Ë, acts at the bottom surface of the cylinder and is due to the 


water below the cylinder. The gravitational force on the water in the 


cylinder is represented by mg , where m is the mass of the water in the à 


inder.The balance of these forces is written as. 
F,-F,*mg -— 
We want to transform Eq. into an equation involving pressures. From 


Eq., we know that 
p,A and F, = p,A 

The mass m of the water in the cylinder is, from Eq., m = pV, where the c 
product of its face area A and its height y, ~y,. Thus, m is equal to pA(y, — y). Substituting this and Eq. 
into Eq., we find 


linder's volume V is the. 


y 


PA 7 pA + pAg(y, - y.) 
or P37p, + Paty, - Y) 
This equation can be used to find pressure both ina liquid (as a function of depth) and in the atmosphere 


(as a function of altitude or height). For the former, suppose we seek the pressure p at a depth h below 
the liquid surface. Then we choose level 1 to be the surface, level 2 to be a distance h below it and p, to 
represent the atmospheric pressure on the surface. We then substitute 

1 = 9. p, = py and y, 7 -h. p,7 p 

p 7 p + pgh (Pressure at depth h) 


Note that the pressure at a given depth in the liquid depends on that depth but not on any horizontal 
dimension. 

The pressure ata point ina fluid in static equilibrium depends on the depth of that point but not on any 
horizontal dimension of the fluid or its container. 


Pressure Measuring Devices 


A manmenter isa tube open at both the ends and bent into the shape of a “U” and partially filled with 
mercury. When one end of the tube is subjected to an unkonwon pressure p, the mercury level drops on 
that side of the tube and rises on the other so that the difference in murcury level is h as shown in the 


ure, When we move down in a fluid pressure increases with depth and when we move up the pressure 
dec 


ies with depth. When we move horizontally in a fluid pressure remains constant. 


Therefore, 


P+ Pogho— p,gh = p, 


Vosheric pressure and 


Wher 


p, the at 


ry is the density of the fluid inside the vessel 


The mercury barometer 


Itisa straight 


is also filled with mercury as shown in the 


glass tube (closed at one end) completely filled with mercury and inserted into a dish which 


ure. Atmosheric pressure supports the column of mercury in 
the tube to a height h. The pressure between the closed end of the tub 
zero. p=0 


and the column of mercury is 


Therefore, pressure at points A 


nd B are equ: 
Atthe sea level, p, can support a colun 


nd thus p, 7 0- p, gh 


of mercury about 76 cm in height 
Hence p, = (13.6 x 109)(9.81)(0.76) = 1.015 Nm? (or Pa) 
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Illustration : 
For the arrangement shown in the figure, determine h if the pressure difference between the 
vessels A and B is 3 kN/m 


Water 


Kerosene 
(5-08) 


Sol Let pressure in the horizontal tube is P So in left vertical tube 
P + pgh, + p.gh, = P, 

P+ pgh, + pgh, -h-0.2) =P, 

here, P,- P,=3 


Py = 10 kg/m 


10° Nim 


h-02) 


Water 
p, = 800 kg/m” 


Thus, h = 0.5 m = 50 cm 


Illustration : 
What must be the length of a barometer tube used to measure atmospheric pressure if we are to 
use water instead of mercury 

Sol We know that 

Po = p,gh, = p,gh, 


where p, and h are the density and height of the water column supporing the atmospheric pressure 


Py 
[m 
h, hn 
P. 
Since ^ 7136 and  h,-0. 


h, = (13.6)(0.76) = 10.33 m 


Illustration : 
In the figure shown, find 
(a) the total force on the bottom of the tank due to the water pressure. 
(b) the total weight of water. 
Why is there a difference between the two ? 


5m A 


Sol. 
(a) Pressure at the base due to water is 
P= pg [5 + 1] = (10) (10) (5 + 1) = 6 * 10* Nim. 
Force = pA, = (6 * 10°) (100 = 104) = 600 N 
(b) Weight of water = p, g [54, + AJ = 10* [5 x 10 x 104 + 100 * 104] = 150N 


Illustration : 


Find the force acting per unit width on a plane wall inclined at an angle 0 with the horizontal as 


shown in the figure 


Sol. Consider a small element of thickness dy at a distance y measured along the wall from the free 
surface. The pressure at the position of the element is 
p = pgh = pgysind 
The force is given by 
dF = p (b dy) = pgb (y dy) sin 
The total force per unit width b is given by 


. "T py 
p Peso [viv- asin} z| 
F Ys H 
b 2" ing 


1 
Note that the above formula reduces to — pgi for a vertical wall (8 = 90°) 


Alternatively, the force on the inclined wall may be obtained in two parts viz. Horizontal and 
vertical. 


The horizontal force F, acts on the vertical projection of the incline wall, 


1 
ie F,= 5 pgblF 


The vertical force F, acts to weight of the liquid supported by the wall, i.e 


1 1 
F, = 5 pab(H) (H cot 0) = 5 pgbH cot 0 


The magnitude of the resultant force is given by 


bH? cosec 0 


or F-z7pg 


Mlustration : 
Atmosphericpressure is about 1.01 *10* Pa. How large a force does the atmosphere exert on a 
2cm? area on the top of your head? 
Sol. Because p = F / A. where F is perpendicular to A, we have F = pA. Assuming that 2 cm of your 
head is flat (nearly correct) and the force due to the atmosphere is perpendicular to the surface 
(as it is ), we have 
F = pA = (1.01*105 N/m’) (2*104ne) = 20 N 


(I6. Fin the absolute pressure and gauge pressure at pint A, B and C as hown in the figure (1 atm = 10 
Pa) 


im | a Kerosene 


Sm la jo 2m 
cMewy ] $ 05 m 
Sol p, = 10 Pa 
Points Gauge Pressure Abolute Pressure 
1 pA = p, gh, = (800) (10) 1 = 8 k Pa pA = pA + p, = 108 kPa 
B PB = p,g(2) * pa(l.5) = (800)(10)(2) + p'B=pB +p., = 131 kPa 
(10)(10)(1.5) = 31 kPa 
c pC - pE + pe) + pg (0.5) p'C - PC + p, = 204 kPa 


= (800)(10)(2) + (10°)(10)(2) + (13.6 *10°)(10)(0.5) 
=104 kPa 


Illustration : 
Water is filled to a height H behind a dam of width w (fig. ). Determine the resultant force exerted 
by the water on the dam. 


Sol. — Letsconsider a vertical y axis, starting from the bottom of the dam. Lets consider a thin hor 
tal strip at a hei 


ne 


Jut y above the bottom, such as shown in Fig. We need to consider force due to 
the pressure of the water only as atmospheric pressure acts on both sides of the dam. 
The pressure due to the water at the depth h : P = pgh = pg(H —y) 
The force exerted on the shaded strip of area. dA = wdy 
dF = P dA = pg(H — y) © dy 
Integrate to find the total force on the dam 


F = [P dA [lest yjødy= 1/2 pgoH 


Illustration : 
In the previuous example find the total torque exerted by the water on dam about a horizontal 
axis through O. Also find the effective line of action of the total force exerted by the water is at 
a distance 1/3 H above O. 


Sol The torque is t= [dt =f rdF 


Í 
From the figure r= Jotestt dl 6 Pall 
1 
The total force is given as = pgwH 


If this were applied at a height y „such that the torque remains unchanged, we have 


1 1 ] 1 
$ pgwH? = y [2 Pent | and y= 3 H 
D 
Hl 
o 


Copied to clipboard. 
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Illustration : 


Three vessels having different shapes are as shown in the figure below, they have same base area 
and the same weight when empty (Fig.). The vessels are filled with mercury to the same level. 


Neglect the effect of the atmosphere. (a) Which have the largest and which have the smallest. 


pressures at the bottom of the vessel or are they same? (b) Which show the highest weight when 


weighed on a weighing scale or are they same? 


vB 


Sol. — (a) The mercury at the bottom of each vessel is at the same depth d below the surface. Neglecting 
the pressure at the surface, the pressures at the bottom must be equal hence 
P= pgd 
(b) The weight of each filled vessel is equal to the weight of the vessel itself plus the weight of the 
‘mercury inside. The vessels themselves are of equal weights, but vessel A holds more mercury 
than C, while vessel B holds less mercury than C. Vessel A weighs the most and vessel B weighs 


the least. 


Illustration : 
As the mercury exerts the same downward force on the bottom of each vessel, then why does the 


vessels weigh differently ? 


Sol. In vessel C forces due to fluid pressure on the sides of the container are horizontal. Forces on any 


two diametrically opposite points on the walls of the container are equal and opposite; thus, the 


net force on the container walls is zero. The force on the bottom is 

F = PA = (ped) (27) 
The volume of water in the cylinder is V = ad, so 

F = pgV = (pV) g = mg 
The force on the bottom of vessel C is equal to the weight of the water, as expected. The forces 
due to fluid pressure on the sides of the containers A and B have vertical components also. Hence 
the force between the fluid and the base of container will not be equal to the weight of the fluid. 
These containers support the fluid by exerting an upward force equal in magnitude to the weight 
of the fluid but some force is being applied by the sidewalls and the remaining by the bottom. Fig. 
() shows the forces acting on each container due to the water. 


The force on the bottom of vessel A is less than the weight of the mercury in the container, while 
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the force on the bottom of vessel B is greater than the weight of the mercury. In vessel A, the 
forces on the container walls have downward components as well as horizontal components. The 
sum of the downward components of the forces on the walls and the downward force on the 
bottom of the container is equal to the weight of the water. Similarly, the forces on the walls of 
vessel B have upward components. In each case, the total force on the bottom and sides of the 


container due to the water is equal to the weight of the water. 


Wy EA 
E 


Linear Accelerated Motion : 


We consideran open container ofa liquid that is moving along a straight line with a constant acceleration 


= 
PA PA 


Lets considera small horizontal cylinder of length dx and crossectional area A located y below the free 


aas shown in Fig, 


me with accleration a hence the net horizon- 


surface of the fluid. This cylinder is accelerating in ground fr 
tal force acting on it should be equal to the product of mass(dm) and acceleration. 
dm=Adxp 
PA-P,A = (Adxp)a P,—P, = Padx 
If we say that the right face of the cylinder is y below the free surface of the fluid then the left surface is 
y+ dy below the surface of liquid. Thus 
P, - P, = pgdy 
dy a 
dk g 
Since the slope of the free sur 


ace is coming out to be constant we can say that it must be straight line. 


tan = 


Ifthe container have acceleration along y also than the slope of this line is given by the relationship. 


dy a, 
dv — g*a, 


" 
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Alonga free surface the pressure is constant, so that for the accelerating mass shown in Fig. ( ) the free. 
surface will be inclined ifa, +0. In addition, all lines parallel to the free surface will have same presure. 
Forthe special circumstance in which a, — 0, a, +0. which corresponds to the mass of fluid accelerating 


in the vertical direction, Eq. ( ) indicates that the fluid surface will be horizontal. However, from Eq. ( 


we see that the pressure variation is not pgdy, but is given by the equation. 
dP = p(g+ a)dy 


Thus, the pressure on the bottom of a liquid-filled tank which is resting on the floor of an elevator that is 


accelerating upward will be more than, if the, tank would have been at rest (or moving with a cons 


ant 
velocity). It is to be noted that for a freely fallin 


fluid mass (a, ~~ g), the pressure variation in all three 
coordinate directions are zero, which means that the pressure throughout will be same. The pressure 
throughout a “blob” ofa liquid floating in an orbiting space shuttle (a form of free fall) is zero, The only 


tension, 


force holding the liquid together is surf 


Illustration : 


An open rectangular tank 5 m * 4 m * 3m high containing water upto a height of 2 m is accelerated 


horizontally along the langer side. 
elei 


(a) Determine the maximus ation that can be given without spilling the water. 


(b) Calculate the percentage of water spilt over, if this acceleration is increased by 20% 
(c) If initially, the tank is closed at the top and is acceleration horizontally by 9 m/s', find the gauge 
pressure at the bottom of the front and rear walls of the tank. (Take g= 10 m/s") 


—+a Front 
Rear 
m Water A 
k—— 


Sol. — (a) Volume of water inside that tank remains constant 


(342) seas 


ory, =m 3m . 


tan 6, -04 


Since, tan 0, =~, therefore a, = 04g = 4 m/s 


(b) When acceleration is increased by 20% 
a712 a,= 048g 


a 
tan 0= — = 048 3m 
g 


Now, y = 3-5 tan 0 = 3 —5 (0.48) = 0.6 m 


Fraction of water spilt over 


Copied to clipboard. 
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4x2x 


Percentage of water spilt over = 10% 


()  a'-09g b— —à4 
a Air 
tanÜ- y -09 A 5 i 
Water 
volume of air remins constant v 
1 Š 
4 x Syn e (0x4 l = 


Since y =x tna 0°=5 

or x= 333m; y= 3.0m 

Gauge presure at the bottom of the 

(i) Front wall p,= zero 

(ii) Rear wall p, = (Stan0’) p g = 5 (0.9)(10°)(10) = 4.5 * 10! Pa 


Illustration : 


Sol. 


The cross section of a tank kept on a vehicle is shown in Fig.. The rectangular tank is open to the 
atmosphere. During motion of the vehicle, the tank is subjected to a constant linear acceleration, 
a 7 2.5 m/s. How much fluid will be left inside the tank if initially the tank is half filled, The vessel 
is Sm wide and 2m high. 
If the height of the liquid on the left wall is greater than 2m the fluid will be spilled out. 
we can find the angle that the fluid will make with the horizontal. 

25 1 

10 4 


tan @ 


Lets assume that the dimension of tank in the plane perpendicular to the page is d. 
From the geometry its easy to see that free surface on RHS will go down and will rise on LHS. 
Thus if we assume that fluid on RHS has not touched the floor, we will have fluid taking ashape 
as described in the diagram. The cuboid part will have volume x * 5 * d , where x is the height 
above the bottom. 

The wedge part will have the volume + xh x5 xd. where k can be found as following 


(h/5) = tan 6 = (1/4) 
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1 
Thus total volume will be — * (5/4) * x * 5 x d and if we assume there is no spilling 


than it must beequal to the final volume. 


d 


solving we 


Total length 5 € V = 2 


Thus, height is less than 2. 
Hence water will not spill. 


Mlustration : 


In previous question how much fluid will be left inside the tank if the vehicle accelerates at 


accleration, a = 10 m/s 


Sol. (a) If the height of the liquid on the left wall is greater than 2m the fluid will be spilled out. 
Ifdimenion of tank in the plane perpendicular to page is d 


E si tus E: 
tan = qp “1 thus 0-3 


In this case fluid can not remain inside. Fluid having an inclined free surface at 45" angle, and 
covering the bottom of length 5m, will also be 5 m high. This will require the wall to be of 5 m 
height, which is just 2m for the given vessel. Instead if we think it other way round to keep in 
contact with the LHS wall, bottom will have to be covered only 2m with the fluid as as shown in 


the diagram, ` | NI 


Fluid Inside = (1/2) *2 %2 * d m 
Remain inside = 2d m 


Thus volume of fluid gone Outside = 3d m 


(b) Ifthe vessel is closed from the top and now accelerated at 10 m/s’, then what length of the of the 


floor will be uncovered? 


Sol Looking at the figure it is clear 1 
-xe > 


X*2m*X-5m 
X= L$m Ans 
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Rotating Vessel 


Consider a cylinderical vessel, rotating at constant angular velocity about its axis. If it contains fluid then 


after an initial irregular shape, it will rotate with the tank as a rigid body. The acceleration of fluid 


particles located ata distance r from the axis of rotation will be equal to c», and the direction of the 


acceleration is toward the axis of rotation as shown in the figure. The fluid particles will be undergoi 


circular motion. 


Lets considera small horizontal cylinder of length dr and crossectional area A located y below the free 


surface of the fluid and r from the axis. This cylinder is accelerating in ground frame with accleration or 


towards the axis hence the net horizontal force acting on it should be equal to the product of mass (dm) 


and acceleration. 
dm=Adrp 

P,A-P,A = (Adrpyyr 
If'we say that the left face of the cylinder is y below the free surface of the fluid then the right surface is 
y * dy below the surface of liquid. Thus. 

P, - P, = pady 


dy _ ro 


Thus solving we. 
dr g 


and, therefore, the equation for surfaces of c 


nstant pressure is 


y= 5 +constant 
g 


This equation means that these surfaces of constant pressure are parabolic as shown in Fig 


pressure 
lines 


oo 


‘The pressure varies with the distance from the axis of rotation, but at a fixed radius, the pressure varies 
hydrostatically in the vertical direction as shown in fig 


Copied to clipboard. 
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Illustration : 


A vertical U - tube with the two limbs 0.75m apart is filled with water and rotated about a 
vertical axis 0.5m from the left limb, as shown in the figure. Determine the difference in elevation 


of the water levels in the two limbs. When speed of rotation is 60 rpm. 


60rpm 


st 


consider a small element of length dr at a distance r from the axis of rotration considering the 
equilibrium of this element. 


(p + dp) - p = porrdr 


or dp = porr dr 
On integration between 1 and 2, 
I 
P,-7P. 
h 
h 
por frar drel | 
L m ll 
E 


or h-h [(0.5)° -(0.25)] - 0.37m 


200) 


Pascal's Principle 


When you squeeze one end ofa tube to get toothpaste out the other end, you are watching Pascal’s 
princ 
increase properly applied to the abdomen is transmitted to the throat, forcefully ejecting food lodged 
there. The principle was first stated clearly in 1652 by Blaise Pascal (for whom the unit of pressure is 
named) 


le in action. This principle is also the basis for the Heimlich maneuver, in which a sharp pressure 


A change in the pressure applied to an enclosed incompressible fluid is transmitted undiminished to every 
portion of the fluid and to the walls of its container. 


Demonstrating Pascal's Principle 


Consider the case in which the incompressible fluid is a liquid contained ina tall cylinder, as in Fig, The 
cylinder is fitted with a piston on which a container of lead shot rests. The atmosphere, container, and 
shot exert pressure p, on the piston and thus on the liquid. The pressure pat any point P in the liquid is 
then 

P=P.5+ Py 


| Copied to clipboard. | 
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Letus add alittle more lead shot to the container to increase P. , by an amount P... The quantities P, 
gandh in Eq. are unchanged, so the pressure change at P is 

AP = Apa, 
This pressure change is independent of h, so it must hold forall points within the liquid, as Pascal's 


principle states. 


Pascal's Principle and the Hydraulic Lever 


Figure shows how Pascal's principle can be made the basis of a hydraulic lever. In operation, let an 
itude F, be directed downwardon the left-hand (or input) piston, whose surface 
area is 4, An incompressible liquid in the device then produces an upward force of magnitude F, on the 


external force of ma; 


right-hand (or output) piston, whose surface a 
a downward force of magnitude Fo on the output piston from an external load (not shown). The force. 


s A; To keep the system in equilibrium, there must be 


F applied on the left and the downward force F, from the load on the right produce a change Ap in the 


pressure of the liquid that is given by 


Equation shows that the output force F, on the load must be greater than the input force F; iA, >A, as 


is the case in figure. 


If we move the input piston downward a distance d,, the output piston moves upward a distance do, 
such that the same volume V of the incompressible liquid is displaced at both pistons. Then 
V7 Ad,- A d, 


which we can write as 


Ao 
This shows that, ifAo>Ai (as in Figure), the output piston moves a smaller distance than the input piston. 


moves. 


From Eqs. we can write the output work as 
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which shows that the work W done on the input piston by the applied force is equal to the work W done 
by the output piston in lifting the load placed on it. 


The advantage of a hydraulic lever is this: 


With a hydraulic lever, a given force applied overa given distance can be transformed to a greater force 


applied overa smaller distance 


The product of force and distance remains unchanged so that the same work is. done, However, there 


is often tremendous advanta; able to exert the larger force, Most of us, for example, cannot lift 


an automobile directly but can with a hydraulic jack, even though we have to pump the handle farther 


than the automobile rises in a series of small strokes, 


Illustration : 


Find the pressure in the air column at which the piston remains in equilibrium. Assume the piston 


to be massless and frictionless 


Air 
Sol. Let p, be the air pressure above the piston. 
Applying pascal s law at points A and B. Piston 
Pan + PR) = p, + pg(l. 73) sin60 —— 
oo STOR 


3 Daum. 


p, = (10105) + 10 — (800)(10) = 


Water 


138 kPa 


Mlustration : 
A weighted piston confines a fluid of density p in a closed container, as shown in the figure. The 
combined weight of piston and weight is W = 200 N, and the cross-sectional area of the piston is 
A=8 cm’. Find the total pressure at point B if the fluid is mercury and h = 25 cm (p, = 13600 kg/m’). 
What would an ordinary pressure gauge read at B ? 

Sol Notice what Pascal s principle tells us about the pressure applied to the fluid by the piston and 
atmosphere. This added pressure is applied at all points within the fluid. Therefore, the total 


pressure at B is composed of three parts 


17 


Pressure of atmosphere = 1.0 * 10° Pa 


Ww 
Pressure due to pistion and weight = X = ri 


Pressure due to height h of fluid = hpg = 0.33 * 10° Pa 


In this case, the pressure of the fluid itself is relatively small. We have 


Total pressure at B = 3.8 * 10° Pa = 380 kPa 
The gauge pressure does not include atmospheric pressure. Therefore, 


Gauge pressure at B = 280 kPa 


Illustration : 


Sol. 


For the system shown in figure, the cylinder on the left, at L, has mass of 600 kg and a cross- 
sectional area 25 cm and negligible weight. If the apparatus is filled with oil (p = 0.78 g/cm), 
find the force F required to hold the system in equilibrium as shown in figure 


600kg 


The pressure at point H, and H, are equal because they are at the same level in the single connected 
fluid. Therefore, 
Pressure at H, = Pressure at H. 
(Pressure due to left piston) = (Pressure due to F and right piston) + (pressure due to 8 m of oil) 
(6009.8N E + (8m)(780kg/m’)9.8m/s°) 
0.08m" 25x10 *m 


After solving, we get, F 31 N. 


Practice Exercise 


Q.1 The passenger are advised to remove the ink from their pens whils going up in an aeroplane, Explain 
why? 

Q.2 A hydraulic press has a ram (weight arm) 12.5cm in diameter and plunger (Force arm) of 1.25 cm 
diameter what force would be required by plunger to raise a weight of 1 tonn on the ram. 

Q3 — Pressure3 m below free surface ofa liquid is 15 KN/m? in excess of atmosphere pressure. Deternine its 
density and specific gravity. [g= 10 m/sec] 

Answers 
Q.1 Pressure at heights gets reduced, resulting rising of ink and leakage. 


10 kg (98.1 N) Q3  S00kgm' 0.5 
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Archimedes' Principle 


Figure showsa student in a swimming pool, manipulating a very thin plastic sack (of negligible mass) that 


is filled with water, She finds that the sack and its contained water are in static equilibrium, tending neither 


to rise norto sink. The downward gravitational force F, on the contained water must be balanced by a 


net upward force from the water surrounding the sack. 


This net upward force is a buoyant force Ë, . It exists because the pressure in the surrounding water 
increases with depth below the surface. Thus, the pressure near the bottom of the sack is greater than the 


pressure near the top, which means the forces on the sack due to this pressus 


re greater 


near the bottom of the sack than near the top. Some of the forces are represented in F 


(a), where the 


space occupied by the sack has been left empty. Note that the force vectors drawn near the bottom of 


that space (with upward components) have lon; 


lengths than those drawn near the top of the sack 
(with downward components). If we vectorially add all the forces on the sack from the water, the 
horizontal components cancel and the vertical components add to yield the upward buoyant force Ñ, on 
th 


sack. (Force F, is shown to the right of the pool in Fig. (a.) Because the sack of water is in static 


equilibrium, the magnitude F, of is equal to the magnitude m, g of the gravitational force Ë, on the sack 
of water: F, =m g. (Subscript /refers to fluid, here the water.) In words, the magnitude of the buoyant 


force is equal to the weight of the water in the sack 


In Fig. (b), we have replaced the sack of water with a stone that exactly fills the hole in Fig. (a). The 


stone is said to displace the water, meaning that the stone occupies space that would otherwise be 
occupied by water. We have changed nothing about the shape of the hole, so the forces at the hole’s 
surface must be the same as when the water-filled sack was in place. Thus, the same upward buoyant 
force that acted on the water-filled sack now acts on the stone; that is, the magnitude Ë, of the buoyant 
force is equal to m g, the weight of the water displaced by the stone. 


Unlike the water-filled sack, the stone is not in static equilibrium. The downward gravitational force 


on the stone is greater in magnitude than the upward buoyant force, as is shown in the free-body 
diagram in Fig. (b). The stone thus accelerates downward, sinking to the bottom of the pool. Let us next 


exactly fill the hole in Fig. (a) witha block of lightwe 


t wood, asin Fig. (c). Again, nothing has changed 
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about the forces at the hole's surface, so the magnitude F, of the buoyant force is still equal to m, g, the 


weight ofthe displaced water. Like the stone, the block is not in static equilibrium. However, this time the. 


gravitational force 


lesser in magnitude than the buoyant force (as shown to the right of the pool), 


and so the block accelerates upward, rising to the top surface of the water. Our results with the sack, 


stone, and block apply to all fluids and are summarized in Archimedes’ principle: 


When a body is fully or partially submerged in a fluid, a buoyant force F, from the surrounding fluid acts 
on the body. The force is directed upward and has a magnitude equal to the weight m, of the fluid that 


ude 


has been displaced by the body. The buoyant force on a body in a fluid has the mags 


buoyant force) 


where mis the mass of the fluid that is displaced by the body. 


Illustration : 


Fin the density and specific gravity of gasoline if 51 g occupies 75 em 
mass 0.051kg 
Sol. Densit oS 680kg/m 
i mi’ Volume 75x10 ^m 


density of gasoline _ 680k; 


Spar =~ density of water — 1000kg/m 


massof7Sem' gasoline _ Slkg 


Sp. gravity = 
5.8 massof 75cm water — 75kg 


Illustration : 


The mass of a liter of milk is 1.032 kg. The butterfat that it contains has a density of 865 kg/m’ 
when pure, and it constitutes 4 present of the milk by volume. What is the density of the fat-free 
skimmend milk? 

Sol. Volume of fat in 1000cm' of milk = 4% * 1000 cm? = 40cm 
Mass of 40 cm! fat = vp = (40* 10*m?) (865 kg/m’) = 0.0346 kg 


mass — (1.032 -0.0346)kg 


- 1039kg / m" 
volume ` (1000—40)10 *m 


Denstiy of skimmed milk 


Illustration : 


An iceberg with a diensity of 920 kg m*. What fraction of the iceberg is visible 
Sol. Let V be the volume of the iceberg above the water surface, 


then the volume under water will be V,- V. v 
above water 


Under floating conditions, the weight (p, V g) of the 
iceberg is balanced by the buoyant force 
p, (V, — Vg. Thus, 

p, Vg =p, V,- Vig 
or p, V 7 (p, - p) V 
or p, V 7 (p, - p)V 
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M (2 P. ) 
i WAP 
Since p, = 1025 kg m^ and p, = 920 kg m^, therefore 
M 920 
=0.10 
Va 1025 


Hence 10% of the total volume is visible. 


Illustration : 


When a 2.5 kg crown is immersed in water, it has an apparent weight of 22 N. What is the density 
of the crown ? 
Sol Let W = actual weight of the crown 
W' = apparent weight of the crown 
p = density of crown 
p, = density of water 
The buoyant force is given by 
FQ-NW—P 
or  pVg-W-W 


w 'h y.™ 

Since We therefore, 

jn pVg theref P 

Eliminating V from the above two equation, we get 
„AW 
P'w-w 

Here W=25N; W'=22N; p, 7 10 kgm 

(005, 

pt X25) 83 * 10! kg m 


Illustration : 


An ice cube of side 1 cm is floating at the interface of kerosene and water in a beaker of base area 
10 cm’. The level of kerosene is just covering the top surface of the ice cube. 
(a) Find the depth of submergence in the kerosene and that in the water. 


(b) Find the change in the total level of the liquid when the whole ice melts into water 


Kerosene 
(S708) 


[Water 


Sol (a) Condition of floating 
0,8 pgh, + pgh, — 0.9 p. gh 


or 08h, +h, = (0.9) h DI 
Where h, and h, be the submerged depth of the ice in the kerosene and water, respectively 
Alo h,+h,=h (ii) 


| Copied to clipboard. | 
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Solving equation (i) and (ii) we get h, = 0.5 cm h, = 0.5 cm 


(b) — eael, oscm 


(dcc) (water) 


0.5 
Fall in the level of kerosene Ah, — 


F irina an = 22205 _04 
lise in the level of water Ah x 5 


Net fall in the overall level. 
Ah 9191.. 0.01cm — 0.1Imm 
A 10 
Mlustration : 


Find the density and specific gravity of gasoline if 51 g occupies 75 em! ? 


mas __0.SIkg 
Sol. Density <= 680kg/m 
volume ` 75x10 *m 


denstiy of gasol 680kg /m 


». gr 0.68 
SP gr =“ dicnsityof water ^ 1000kg/m 
massof 75cm" gasoline 
or Sp. grav — = 0.68 
d P. graviy 7 massof 75cm water — 75g 


Illustration : 
1 spherical buoy has a diameter of 2 m, and mass 100 kg, and is anchored to the seafloor with a 
cable as is shown in Fig.(a). The buoy is completely immersed in water as illustrated. For this 


condition what is the tension of the cable 
$ Pressure envelope 


Jv 


|Cabld T 


T 


© © 


@ 
Sol. We first draw a free-body diagram of the buoy as is shown in Fig. (b), where F, is the buoyant 


force acting on the buoy, W is the weight of the buoy, and Tis the tension in the cable. 
For equilibrium it follows that 
T=F,-W 
From Eq. F, = p¥g 
and for water with p = 1000 Kg/m’ and V = zP/6 then 
= (1000 Ke/m') [(x/6)(2m}'] = 4188.8 N 
The tension in the cable can now be calculated as 
T = 4188.8 N— 1000 N = 3188.8N (Ans.) 
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Illustration : 
A wooden block floats vertically in a glass filled with water. How will the level of the water in the 
glass change if the block is kept in a horizontal position ? 

Sol. The level of the water will not change because the quantity of water displaced will remain the 


Illustration : 
A vessel filled with water is placed exactly in middle of a thin wall(fig. ). Will the system topple if 


a small wooden boat carrying some weight is floated in the vessel? 


Sol. — The system will not topple, since according to Pascal's law the pressure on the bottom of the 


vessel will be the same everywhere thus the body will still remain in rotational equilibirium 


Illustration : 
4 homogeneous piece of ice floats in a glass filled with water. How will the level of the water in 


the glass change when the ice melts 


Sol. Since the piece of ice floats, the weight of the water displaced by it is equal to the weight of the ice 
itself or the weight of the water it produces upon melting. For this reason the water formed by 
the piece of ice will occupy a volume equal to that of the submerged portion, and the level of the 


water will not change. 


Mlustration : 
A piece of ice is floating in a tub filled with water. How will the level of the water in the tub 
change when the ice melts ? Consider the following cases 
(1) a stone is frozen in the ice 


(2) the ice contains an air bubble 


Sol. — (I) The volume of the submerged portion of the piece with the stone is greater than the sum of the 
volumes of the stone and the water produced by the melting ice. Therefore, the level of the water 
in the glass will drop. 

(2) The weight of the displaced water is equal to that of the ice (the weight of the air in the bubble 


may be neglected). For this reason, as in conceptual eg., the level of the water will not change. 


4 
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Illustration : 


Sol. 


A vessel with a body floating in it is kept in elevator accelerating downwards with acceleration a 


such that a « g. Will the body rise or sink further in the vessel? 


s the volume of the 


The force of bouyancy on the body can be written as F = pV.(g — a), where 
submerged portion of the body in the lift. As pressure at a point h below the surface will become 
P(g — a)h instead of pgh. Applying the Newton s second Law, remembering that the body was 
accelerating upwards at a. 


Mg- pV, (g-a) = Ma 
M M 
Hence, V, — ^, thus V,— V. asina stationary vessel, V= ^y Thus the body does not rise to the 


surface. 


Mlustration : 


Mercury is poured into two communicating identical cylindrical vessels then equal amount of 
water is poured in both the vessels above the mercury. The level of the water. in both vessels 
becomes same. Will the level of the water and the mercury be the same if a piece of wood is 


dropped into one vessel and some water equal in weight to this piece is added to the other ? 


Sol. — Before the piece of wood is droped the level of the mercury was same, as the level of the water in 
both the vessel is same 
The piece of wood applies the same force as the water added, on the mercury. So the level of the 
mercury in both vessels will be same 
The submerged portion of the piece of wood occupies the same volume as the equal weight of the 
water: As water that will be displaced by this piece is equal to, its weight which is equal to the 
amount of water added. Therefore, if the crossections of the vessels are the same, the level of the 
water in both vessels will coincide 

Illustration : 


One end of a board of length | is hinged on top of a stone protruding from water. Length a of the 
board is above the point of support (Fig. ). What part of the board is below the surface of the 


water in equillibirium state, if the specific weight of wood is y 
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Sol. We can not solve this problem by equating net force to zero,as the force applied by the stone is 
unknown. Thus we will balance the torques of the forces acting on the board with respect to point 
C (Fig. ). This will exclude the force applied by the stone, as the moment arm for this force will be 


zero, 


Here B, is the bouyant force applied by the water on the submerged portion and isequal to the 
volume of submerged portion multiplied to density of water 

B, = Axy, The length of moment arm is ||-4— | cos a 
Weight of the board is W = Aly. Here A is the cross-sectional area of the board and y, the specific 
weight of the water. Equating torque we get 


x) (14) 
2-7 | cos a= W| 5-74 | cos a 


dien m Uu ay -L4(1-24) 
Since x < 1 — a, only one solution is valid 


xd WU a) > Kl-2a) 


Illustration : 
A conical vessel without a bottom tightly stands on a table. A liquid is poured into the vessel and 
as soon as its level reaches the height h, the pressure of the liquid raises the vessel. The radius of 
the bottom greater base of the vessel is R, the semi vertex angle of the cone is a, and the weight 


of the vessel is W. What is the density of the liquid ?. 


Sol. We need to calculate the force mentioned above. The direct solution may appear to be taking 
elemental rings and ini 


«grating the force. But there is a faster approach. If we consider the liquid 
as a system in equilibirium, then only unknown force acting on it will be the one applied by the 
sidewalls. According to Newton s third law, an identical force acts on the vessel. 

Lets assume when the height of the liquid is h in the vessel the vessel rises 
R 


x+h 
on solving r = R— h tana i) 


tana=- = 
x 


The pressure on the “bottom” of the vessel is pgh and the force with which the hatched portion 
(the truncated cone minus the cylinder volume) of the liquid presses on the table is pghz 
(R? — r°) = pghix (2Rh tan a — h’ tan’ a) 

According to Newton s third law, an identical force acts on the liquid. For equilibrium of the 
liquid at the moment when the vessel starts rising 


W + W, = pghz (2Rh tan a — h’ tan? a) 
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where W, 


is the weight of the hatched portion of the liquid 


ogh A 

W,= a (aR? + n(R—h tan a} + zR(R — h tan a)} — pgh7 (R— h tan aj 
W 

Therefore, p= 


5 huna 
E ( ) 
agh? tana| R- ^4 | 


Practice Exercise 


Q.1 A boyis carrying fish in one hand and a bucket full of water in the other hand. He then place the fish in 
the bucket and thinks that in accordance with Archimedes'sprinicple he is now carrying less weight as 
weight of fish will reduce due to upthrust. Is he thinking right ? 

Q.2 Ice flows in water nine tenth of its volume submerged. What is the fretional volume submerged for: 
iceberg floating on a fresh water lake of a (hypothetical) planet whose gravity is ten times of earth ? 

Q.3 Ifthe body isnon-homogeneous, then the body rotates in the fluid why ? 

QA — Acube of wood supporting a 200 gm mass just floats in water. When the mass is removed the cube rise 
by2 cm. Find the size of cube 

Q.5 A solid ball of density half that of water falls freely under gravity from a height of 19.6 m and then enter 
water, Upto what depht will the ball go ? How much time will it take to come again to the water surface 
? Neglect air resistance and viscosity effects in water 

Q.6 A balloon filled with hydrogen has a volume of 1000 liters and its mass of 1 kg. What would be volume 
ofthe block ofa very light material which it can just lift? One litre of the material has a mass of 91.3 gm. 
(Density of air= 1.3 gm litre) 

Q.7 An iceberg of density 915 kg/m extends above the surface of sea water of density 1030 kg/m’. What 
percent-age of the total volume of iceberg is visibel to an obserber. 

Answers 

Q.1 it’s density is high because ofsalt  Q.2 Same 

Q.3 — Centreof Buoyancy and centre of gravity are diffrent resulting torque. 

Q4 em QS 196msec Q6 333i. — Q7 11.15% 
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Floating 


When we release a block of lightweight wood just above the water in a pool, the block moves into the 


water because the gravitational force on it pulls it downward. 


As the block displaces more and more water, the magnitude F, of the upward buoyant force acting on it 


increases. Eventually, F, is la 


enough to equal the magnitude F, of the downward gravitational force 
ing 
in the water. In general, When a body floats in a fluid, the magnitude F, of the buoyant force on the body 


on the block, and the block comes to rest. The block is then in static equilibrium and is said to be fl 


is equal to the magnitude F, of the gravitational force on the body 
We can write this statement as 

F, =F, (Floating) 
From Eq. we know that F, — m, g. Thus, 


When a body floats ina fluid, the magnitude F, ofthe 


avitational force on the body is equal to the 


weight m,g ofthe fluid that has been displaced by the body. 


We can write this statement as 
F,"mg 


In other words, a floating body displaces its own weight of fluid. 


The location of the line of action of the buoyant force can be determined by adding torques of the forces 


due to pressure forces, with resp 


4 to some convenient axis. The buoyant force must pass through the 


center of mass of the desplaced volume, as shown in Fig. (c), as it was in translational and rotational 


equilibirium. The point through which the buoyant force acts is called the center of buoyancy 


© (D) 


These same results apply to floating bodies which are only partially submerged, as shown in Fig.(d), if 


the density of the fluid above the liquid surface is very small compared with the liquid in which the body 
floats, Since the fluid above the surface is usually air, for practial purposes this condition is satisfied. 


Inthe above discussion, the fluid is a 


sumed to have a constant density. Ifa body is immersed in a fluid 


in which density varies with depth, such as having multiple layers of fluid, the magnitude of the buoyant 
force remains equal to the weight of the displaced fluid and the buoyant force passes through the center 


of mass of the displaced volume, 
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Stability 


The center of buoyancy and center of gravity do not necessarily coincide so the floating or submerged 
body may not be in stable equilibirium. A small rotation can cause the buoyant force to produce either a 
restoring or overtuming torque. For example, for the completely submerged body shown in Fig., which 
has a center of gravity below the center of buoyancy, a rotation from its equilibrium position will create 


a restoring torque by the buoyant force, F „, which causes the body to rotate back to its original position. 
‘Thus, ifthe center of gravity falls below the center of buoyancy, the body is stable. 

However, as shown in Fig., ifthe center of gravity of the completely submerged body is above the center 
of buoyancy, the resulting torque formed by the weight and the buoyant force will cause the body to 
overtum and move to a new equilibrium position. Thus, a completely submerged body with its center of 
gravity above its center of buoyancy is in an unstable equilibrium position. 

For floating bodies the stability problem is more complicated, since as the body rotates the location of 
the center of buoyancy may change. 


ead 
36, 66, 


Stable Restoring Unstable Overtumi 
couple couple 


Fluid Dynamics 
Tdeal Fluids in Motion 


The motion of real fluids is very complicated and not yet fully understood. Instead, we shall discuss the 
motion of an ideal fluid, which is simpler to handle mathematically and yet provides useful results, Here 


are four assumptions that we make about our ideal fluid; they all are concerned with flow 


idy flow In steady (or laminar) flow, the velocity of the moving fluid at any fixed point does not 


change with time, either in magnitude or indirection. The gentle flow of water near the center of a quiet 


stream is steady; the flow in a chain of rapids is not. The speed of the smoke particles increases as they 


rise and, ata certain critical speed, the flow changes from steady to nonsteady 


2.  Incompressible flow We assume, as for fluids at rest, that our ideal fluid is incompressible; that i, its 


density has a constant, uniform value. 


Nonviscous flow Roughly speaking, the viscosity of a fluid is a measure of how resistive the fluid is to 


flow. For example, thick honey is more resistive to flow than water, and so honey is said to be more 


viscous than water. Viscosity is the fluid analog of friction between solids; both are mechanisms by which 


Copied to clipboard. 
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the kinetic energy of moving objects can be transferred to thermal energy. In the absence of friction, a 
block could glide at constant speed along a horizontal surface. In the same way, an object moving 
through a nonviscous fluid would experience no viscous drag force-that is, no resistive force due to 


viscosity; it could move at constant speed through the fluid. 


Irrotational flow : Although it need not concem us further, we also assume that the flow is irrotational. 


To test for this property, leta tiny grain of dust move with the fluid, Although this test body may (or may 


not) move ina circular path, in rotational flow the test body will not rotate about an axis through its own 


center of mass. For a loose analogy, the motion of a Ferris wheel is rotational; that of its passengers is 


irrotational. TShat the velocity of a particle is always tangent to the path taken by the particle. Here the 
particle is the fluid element, and its velocity is y; always tangent to a streamline (Figure). For this reason, 
two streamlines can never intersect; if they did, then an element arriving at their intersection would have 


two different velocities simultaneously an impossibility 


The Equation of Continuity 


by 


partially closing the hose opening with your thumb. Apparently the speed v of the water depends on the 


You may have noticed that you can increase the speed of the water emerging from a garden hos 


cross-sectional area A through which the water flows. 


Here we wish to derive an expression that relates v and A for the steady flow of an ideal flu 
tube with varying cross section, like that in Figure. The flow there is toward the right, and the tube 
segment shown (part ofa longer tube) has length L. The fluid has speeds v, at the left end of the segment 
and v, at the right end. The tube has cross-sectional areas A, at the left end and A, at the right end. 

Suppose that ina time interval Ata volume AV of fluid enters the tube segment at its left end (that volume 
is colored purple in Figure. Then, because the fluid is incompressible, an identical volume AV must 
‘emerge from the right end of the segment (it is colored green in Figure). We 
AV to relate the speeds and areas. To do so, we first consider Fig. , which shows a side view of a tube 


nuse this common volume 


of uniform crosssectional area A. In Fig-(a), a fluid element e is about to pass through the dashed line 
drawn across the tube width. The element's speed is v, so during a time interval At, the element moves 
along the tube a distance Ax =v A t The volume AV of fluid that has passed through the dashed line in 
that time interval At is 
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AV A A x = Av At 
ing Eq. to both the left and right ends of the tube segment in Fig., we have 
AV = A,v, At Av, At 
Or Aw, 7 Av, (equation of c 


ntinuity) 
This relation between speed and cross-sectional arca is called the equation of continuity for the flow 
ofan ideal fluid. It tells us that the flow speed increases when we decrease the cross-sectional area 
through which the fluid flows (as when we partially close off garden hose with a thumb). Equation 
applies not only to an actual tube but also to any so-called tube of flow, or imaginary tube whose 


boundary consists of streamlines. Such a tube acts like a real tube because no fluid element can cross a 


streamline; thus, all the fluid within a tube of flow must remain within its boundary. Figure shows a tube. 
of flow in which the cross-sectional area increases from area A, to area A, along the flow direction. 
From Eq. we know that, with the increase in area, the speed must decrease, as is indicated by the 
greater spacing between streamlines at the right in Fig. . Similarly, you can see that in Fig. the speed of 
the flow is greatest just above and just below the cylinder. We can rewrite Eq. as 

Ry Av-aconstant (volume flow rate, equation of continuity), in which Ry is the volume flow rate of 
the fluid (volume pasta given point per unit time). Its SI unit is the cubic meter per second (m'/s). If the 
density p of the fluid is uniform, we can multiply Eq. by that density to get the mass flow rate R, (mass 
perunit time): 


R,, - pR, =pAv =a constant (mass flow rate). 


The SI unit of mass flow rate is the kilogram per second (kg/s). Equation says that the mass that flows 
into the tube segment of Fig. each second must be equal to the mass that flows out of that segment each 


second 
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Illustration : 


Figure shows how the stream of water emerging from a faucet “necks down" as it falls. The 


indicated cross-sectional areas are A, = 1.2 cm2 and A =0.35 cm?. The two levels are separated 


by a vertical distance h = 45 mm. What is the volume flow rate from the tap? 
The volume flow rate through the higher cross section must be the same as that through the lower 


cross section 


Sol, — where v, and v are the water speeds at the levels corresponding to A, and A. From Eq. we can 
also write, because the water is falling freely with acceleration g. 
v, = v, - 2gh. 


Eliminating v between Eqs. and solving for vy, we obtain 


2ghA? 
v= 2t 
LEY] 
v, = [Qx(9.8m/s^ (0.045m)(0.35em?)* 
* y (12cm?) - (0.35cn 


vy = 0.286 m/s = 28.6 cm/s. 
From Eq. , the volume flow rate R, is then 
Ag = (1.2 cm?)(28.6 cm/s) 


34 cm/s 


Bernoulli's Equation 


Figure represents a tube through which an ideal fluid is flowing at a steady rate. In a time interval At, 


suppose that a volume of fluid AV, colored purple in Fig. , enters the tube at the left (or input) end and an 


identical volume, colored green in Fig. , emerges atthe right (or output) end. The emerging volume must 
be the same as the entering volume because the fluid is incompressible, with an assumed constant density 


P 
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Let y), v, and p, be the elevation, speed, and pressure of the fluid entering at the left, and y,, V», and p; 


be the corresponding quanti onservation 


forthe fluid emerging at the right. By applying the principle of 


of energy to the fluid, we shall show that these quant 


ies are related by 


l 2 
In general, the term PV" is called the fluid's kinetic energy density (kinetic energy per unit volume) We 


can also write Eq. as 
1 


P+ PV" +p8y a constant (Bernoulli's equation). 
Equations are equivalent forms of Bernoulli's equation, after Daniel Bernoulli, who studied fluid flowin 
the 17005.* Like the equation of continuity Eq., Bernoulli's equation is not a new principle but simply the 
reformulation of a familiar principle in a form more suitable to fluid mechanics. As a check, let us apply 
Bernoulli's equation to fluids at rest, by putting v, =v, = 0 in Eq. The result is 

P2=Pi +P8(yi - Y2) 
Which is equation. 
A major prediction of Bernoulli's equation emerges if we take y to be a constant (y — 0, say) so that the 


fluid does not change elevation as it flows. Equation then becomes 
Pit ioi prelo 

Which tells us that 

Ifthe speed of a fluid element increases as the element travels along a horizontal streamline, the pressure 
of the fluid must decrease, and conversely. 

Putanother way, where the streamlines are relatively close together (where the velocity is relatively 
great), the pressure is relatively low, and conversely. The link between a change in speed and a change 
in pressure makes sense if you considera fluid element. When the element nears a narrow region, the 
higher pressure behind it ac 
nears a wide region, the higher pressure ahead of it dec 


lerates it so that it then has a greater speed in the narrow region, When it 


rates itso that it then has a lesser speed in the. 
wide region, Bernoulli's equation is strictly valid only to the extent that the fluid is ideal. If viscous forces 


sent, thermal energy will be involved. We take no account of this in the derivation that follows. 
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Proof of Bernoulli's Equation 


Let us take as our system the entire volume of the (ideal) fluid shown in F 


We shall apply the principle 
of conservation of energy to this system as it moves from its initial state to its final state. The fluid lying 
I planes separated by a distance Lin Fig. does not change its properties during — MÀ 


this process; we need be concerned only with c 


between the two verti 


s that take placeat the input and output ends, First, 


we apply energy conservation in the form of the work-kinetic energy theorem, 


W = AK, 


which tells us that the change in the kinetic energy of our system must equal the net work done on the 


system. The change in kinetic energy results from the change in speed between the ends of the tube 


and is 


i 
L amy} - I pav( 


in which Am (=p AV) is the mass of the fluid that enters at the input end and leaves at the output end 
during a small time interval At 
I force 


The work done on the syste itation 


rises from two sources. The work W, done by the gr 


(Am) on the fluid of mass Am during the vertical lift of the mass from the input level to the output 


level is 


PRAVO; -y)) 


This work is negative because the upward displacement and the downward gravitational force have 
opposite directions, 
Work must also be done on the system (at the input end) to push the entering fluid into the tube and by 
the system (at the output end) to push forward the fluid that is located ahead of the emerging fluid. In 
‘general, the work done by a force of magnitude F, acting on a fluid sample contained ina tube of area A 
to move the fluid through a distance Ax, is 

FAx =(pA)(Ax) = p(AAx) = pAv 
The work done on the system is then p, AV, and the work done by the system is -p, AV. Their sum Wp 
is Wp 

Wp =p, AV - p, AV 

--(PR. 
The work-kinetic ener 

W- Wg + Wp- AK. 


p) 


ry theorem of Eq. now becomes 


Substituting from Eqs. yields 


—pgAV( 1)-AV(p2 — 


1 
zpAv(v 


This, after a slight rearrangement, matches Eq. , which we set out to prove. 
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Illustration : 


Sol. 


In the old West, a desperado fires a bullet into an open water tank (Fig. ), creating a hole a 


distance h below the water surface. What is the speed v of the water exiting the tank? 


From Eq. Ry = av = Av, and thus 


Because a <<A, we see that v, <<v.To apply Bernoulli s equation, we 
take the level of the hole as our reference level for measuring elevations 
(and thus gravitational potential energy). Noting that the pressure at 
the top of the tank and at the bullet hole is the atmospheric pressure 


Pp (because both places are exposed to the atmosphere), we write Eq. 


poa La 
1 pvi +pgh =po ++ pv? +pg(0) 


(Here the top of the tank is represented by the left side of the equation and the hole by the right 
side. The zero on the right indicates that the hole is at our reference level.) Before we solve Eq. for 
{a 


v, we can use our result that v, <<v to simplify it: We assume that v^, and thus the term = pVà in 


Eq. , is negligible relative to the other terms, and we drop it. Solving the remaining equation for 
v then yields 

v= dagh Ans 
This is the same speed that an object would have when falling a height h from rest. This is because 


the work done by atmospheric pressure is cancelling out at open surface and the hole. 


Illustration : 


Figure shows a siphon, which is a device for removing liquid from a container. Tube ABC must 
initially be filled, but once this has been done, liquid will flow through the tube until the liquid 
surface in the container is level with the tube opening at A. The liquid has density 1000 kg/m? and 
negligible viscosity. The dis-tances shown are h, = 25 cm, d =12 cm, and h, = 40 cm. (a) With 
what speed does the liquid emerge from the tube at C? (b) If the atmospheric pressure is 1.0 * 10° 
Pa, what is the pressure in the liquid at the topmost point B? (c) Theoretically, what is the greatest 


possible height h, that a siphon can lift water? 
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Sol You may have used siphon and you may recollect that lower the exit point of the fluid is, faster the 


fluid flows out, 


We consider a point D on the surface of the liquid in the container, in the same tube of flow with 


points A, B and C. Applying Bernoulli s equation to points D and C, we obtain 


1 1 
Pa * 5 PY +PBh,, =Pc * pvc + Pah 


2(pp -Pc) , 


UY o» 


= J2gd«h;) 


where in the last step we set Pp = Pe = p,,, and v/v. s 0. Plugging in the values, we obtain 


v. = 42(9.8m/s? 0.40m &0.12m). 73.2 m/s 


The result confirms our experience 
We now consider points B and € 


1. 3 ly 
Pa * PYS + pghy = Pc * pvc + pghc 


Since v, = ve by equation of continuity, and Pe = p,,,, Bernoulli s equation becomes 


pg(h, +h, +d) 


Pa = Pc + pg(hc ~ hy) = Pair 
1.0 * 105 Pa (1.0 * 10° kg/m (9.8 m/s? (0.25 m + 0.40. m + 0.12 m) 
9.2 * 10 Pa. 


Since py 2 0, we must let p, — pg (h, + d+ hy) 20, which yields 


h; sh, Par d- h, < Pait =10.3m 


Illustration : 


Fig. shows a device called pitot s tube. It measures the velocity of moving fluids. Determine the 
velocity of the fluid in terms of the density p. the density of the fluid in manometer (U-tube) a and 
the height ‘h 


Streamlines 
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Sol The difference in the two tubes is that liquid will flow into the tube B with full Kinetic Energy 
while it will just pass over the tube A without directly entering into it. 
This problem is based on the use of Bernoulli principle, on two different situations 
The fluid inside the right tube must be at rest as the fluid exactly at the end is in contact with the 
fluid in pitot tube, which is at rest 
The velocity v, is the fluid velocity. The velocity v, of the fluid at point B is zero and the pressure 
in the right arm is P, (called stagnation pressure). 
1 
Thus using Bernoullisprinciple P, + 5 ov? = P, + 5 av. 
1 
We get P,=P,+ 5 ov, 
On the other hand the openings at point A is not along the flow lines, so we dont need to use 
Bernoulli s eqn. We can simply say that the pressure just outside the opening is same as that within 
the pitot tube. 
Therefore the pressure at the left arm of the manometer is same as the fluid pressre P, i.e., P, = P, 
Also P,=P, + (p-o) gh (3) 
Generally a << p, so it is ignored. 
Thus P,=P,+ pgh (4) 
1 
From eqns. (4) and (3), 5 ov} = pgh 
or v= pa 
Vo 
Thus we can see that we have measured the fluid velocity as this was the only difference between 
the two tubes leading to the pressure difference between the tubes. 
Mlustration : 
A tank has two oulets (i) a rounded orifice A of diameter D and (ii) a pipe B with well rounded 
entry and of length L, as shown in fig. For a height of water H in the tank determine the (i) 
discharge from the outlets A and B, (ii) velocities in the two outlets at levels 1 and 2 indicated in 
Fig. 
Sol. The difference in the two situations is that in part (i) pressure at the point 1 and all points below 


it will be atmospheric. On the other hand in part (ii) only at point 2 pressure will be atmospheric 
This problem is based on the use of Bernoulli s principle, on two different situations 

Part (i) 

Rounded orifice A 


Applying bernoulli equation to a point on the water surface 3 and point 1. 


P ots 


36 


and V, = J2gH . The discharge Q, = ^ 


4 P aget 


At point 2, the pressure is atmospheric and hence by applying Bernoulli equation between points 3 


and2. 

3 gz 

a 
p F 
y +0+(H+L) + 0 

or V,= \2g(H +L) 
As the discharge is Q, the diameter at 2 will be smaller than D. 
Part (ii) 
Pipe 


by applying Bernoulli equation between points 3 and 


thus the results are 


Orifice Pipe 
Velocity at 1 = \2gH y2g(H +L) 
Velocity at 2= y2g(H +L) y2g(H +L) 
Discharge Q= 4 DH z D 2e(H +L) 


4 4 


We can see that velocity at point 2 is same in both the cases, this could have been directly concluded by 


applying Bernoulli equation between points 3 and 2 in both parts. 


Conceptual example:A venturi meter is used to measure the flow speed of a fluid in a pipe. The meter is 
connected between two sections A venturi meter is used to measure the flow speed ofa fluid in a pipe. 
‘The meter is connected between two sections of the pipe; the cross-sectional area A of the entrance and 
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(a) 


(b) 


exit of the meter matches the pipe's crosssectional area. Between the entrance and exit, the fluid flows 
from the pipe with speed V and then through a narrow “throat” of cross-sectional area a with speed v A 
manometer connects the wider portion of the meter to the narrower portion, The change in the fluid’s 
speed is accompanied by a change Dp in the fluid's pressure, whi 
liquid in the two arms of the manometer, (Here Ap me 
pipe.) (a) By applyi 
that 


causes a height difference h ofthe 


ins pressure in the throat minus pressure in the 


g Bernoulli's equation and the equation of continuity to points 1 and 2 in. 


ig. show 


"IE 
Vp? -A?) 
where p is the density of the fluid. (b) Suppose that the fluid is fresh water, that the cross-sectional areas 
are 64 em? in the pipe and 32 em? in the throat, and that the pressure is 55 kPa in the pipe and 41 kPa 
in the throat, What is the rate of water flow in cubic meters per second? 


ED er 
The continuity equation yields AV = aV, and Bernoulli's equation yields Ap + pv? = — pV? where 


Ap 7 p,- p; The first equation gives AV — aV. We use this to substitute for V in the second equation, 


1 1 22 
and obtain Ap. pv? =Z p(A/a) V We solve for v. The result is 


" 2Ap 2a*Ap 


\p(A/ay 1) \p(a?=a?) 
We substitute values to obtain 


$ 2(32x10 m?) (55x10° Pa -41x10°Pa) 
- J eae TT =30.06 m/s 
| (1000kg / m°) (64x10 “° m°}? -62x10 m?) * 


Consequently, the flow rate is 
Av = (64 x 107m? ) (3.06 m/s) = 2.0 x 107m? /s. 
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Illustration : 
A siphon tube discharging a liquid of specific gravity 0.9 from a rbeservoir as shown in the figure. 


(a) Find the velocity of the lique through the siphon 
(b) Fin dthe presswure of highest point B. 

(c) Find the pressure at the points A (out side the tube) and C. 

(d) Would the rate of flow be more, less or the same if the liquid were water ? 

(e) Is there a limit on the maximum height of B above the liquid level in the reservoir 


"ht limb of the siphon. 


(f) Is there a limit on the veritcal depth of the ri 
B 


4m 


Sol Assume datum at the free surface of the liquid. 
(a) Applying Bernoulli s equation on point 1 and 2, as shown in the figure. 


Im 


4m 


Boa ay = Pry, 
pe 2g pe 
Here p, =p, = p, = 10° N/m? ; y, =~ 5m 


Since area of the tube is very small as compared to the reservoir, therefore, 


-y) = 420105) = 10 m 


(b) Applying Bernoulli s equation at 1 and B. 


3e 


Here, p, = 10° Nim 


y, =0.¥, = v, = 10 ms, y,7 1.5m 


Py =P,- 5 PY2 -PRY 


orp, = 10 — 5 (900)(10F — (900)(10)(1.5) = 41.5 kN/m 
(c) Applying bernoulli s equation at 1 and A 

Pa =P, + P8 v,- v) 
or — p,7 10 + (900)(10)(1) = 109 kN/m 


Applying Bernoulli s equation at 1 and C 


1 
Pe = p,7 5 PV2~ PRY 


1 
10° — — (900)10 — (900)(10)(-) = 10 — 45000 + 9000 = 64 kN/m 


Illustration : 
4 tank initaially at rest, is filled with water to a height H = A m. A small orifice is made at the 
bottom of the wall. Find the velocity attained by the tank when it becomes completely empty 
Assume mss of the tank to be negligible. Friction is negligible 


Sol Let v be the intantaneous velocity of the tank and c be the instantaneous velocity of efflux with 
respect to the tank 
Thrust exrted on the tank is 
F = pac 
Where a is the cross-sectional area of the orifice 
c= \2gh 
Where h is the instantaneous height of water in the tank 
Mass of the tank at any time t is 
m= ph 
A = cross-sectional area of the tank 
Using Newton X second law 


r=m* = pan® 
ma T PA 
dv c— 
path y pac? = 2pgah 
dy ) 
o m J [I 


In a time dt if the water level falls by dh, then according to the conservation of mass. 


Adh = pacd 2.x 
pådh= pac o = 
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quation (i) can be written as 


dvdh fa) dv(_ac)_, (a) 
= 2g) or l- gl 
dhd A] dh 
dvo _ 2g 
or dh RE Va 
On integrating 
} dh 
fov=-y2ef 
D n vh 
v= 2\2gH 


Since H = 4 m, therefore v = 2 JAIOA) = 17.9 m/s 


Practice Exercise 


Q6 


During wind storm. light roofs are blown off. Why ? 


A man standing on the platform just near the raliway line be sucked in by a fast moving train. Explain, 


Airis streaming pasta horizontal airplane wing such that its speed is 120 ms * over the upper surface and 
90 ms" atthe lower surface. Ifthe density of air is 1.3 kgm” , find the difference in pressure between the 
top and bottom of the wing. If the wing is 10 m long and has average width of 2 m. Calculate the gross 
lift ofthe wing 


A liquid is kept in cylindrical vessel which is rotated along its axis. The liquid rises at the sides. If the 
radius of the vessel is 0.05 m and the speed of rotation is 2 rev per sec. Find the difference in the height 


ofthe liquid at the cntre of the vessel and at its sides. 


The pressures of water in a water pipe when tap is open and closed respectively 3» 10* N/m? and 
3.5%10° Nim. If tap is opened, then find out- 


(a) velocity of water flowing (b) rate of volume of water flow ea of cross-section of tap is 2 em 


Water flows through a horizontal tube of variable cross-section (figure). The area of cross-section at A 


and B are 4 mm? and 2 mm? respectively. If 1 cc of water eneters persecond through A, find (a) the 


speed of water at A, (b) the speed of water at B and (c) the pressre differnece P, ~P,, 


Water flows through the tube shown infigure, The areas of cross-section of the wide and the narrow 


m° respectively. The 


portion of the tube are 5 cm and 2 ate of flow of water through the tube is 500. 
cm/s. Find the difference of mercury levels in the u-tube. 
(density of mercury = 13.6gnver) 


Po —— 


Answers 


Due to high velocity of wind above roof, pressure decreases resulting upward force. 
Due to decreases in air pressure between preson and train. 

Due to decrease in pressure in between. 

h-2cm 


(a)l0m/ — (b)2* 10^ m's 
(a)25cm/s  (b)S0cms  (c)84Nm Q7 213cm 


Surface Tension & Viscosity 


Surface Tension 


Surface Tension is a property of liquid at rest by virtue of which a liquid surface gets contracted to a 
minimum area and behaves like a stretched membrane. 
per unit length on either side of any imaginary line drawn 


Surface Tension ofa liquid is measured by for 
tangentially over the liquid surface, force being normal to the imaginary line as shown in fig. i.e. Surface 


Total force on either of the imginary line (F) a erar 
m Length of the line (/) Hy d 
Unit of Surface Tension 
InC.G S. syster 


the unit of surface tension is dyne/em (dyne cm!) and SI system its units is Nm * 


Illustration : 


A ring is cut form a platinum tube of 8.5 cm internal and 8.7 cm external diameter. It is supported. 
horizontally from a pan of a balance so that it comes in contact with the water in a glass vessel. 
What is the surface tension of water if an extra 3.97 g weight is required to pull it away from 


water? (g = 980 cm/s). 


The ring is in contact with water along its inner and outer circumference ; so when pulled out the 
total force on it due to surface tension will be 


+ 2ar) 


So, T= 5 [7 F = mg] 


3.97 x 980 


= 3.14 x (8.5 13 dyne/cm 
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Explanation of some observed phenomena 


6. 


Lead balls are spherical in shape. 


Rain drops anda globule of mercury placed on glass plate are spherical. 
Hair of a shaving brush/paint 
Its hair stick together. 

A greased needle placed gently on the free surface of water in a beaker does not sink 
Similarly, insects can walk on the free surface of water without drowning. 

Bits of Camphor gum move inregularly when placed on water surface. 


g brush, when dipped in water spread out, but as soon as it is taken out 


Surface energy 


The course of reasoning given below is usually followed to prove that the molecules of the surface layer 


ofa liquid have surplus potential energy. A molecule inside the liquid is acted upon by the forces of 


attraction from the other molecules which c 


mpensate each other on the average. Ifa molecule is singled 


‘out on the surface, the resulting force of attraction from the other molecule is directed into the 
nd defi 


each molecule of the surface layer has excess potential en. 


iquid. For 


this reason the molecule tends to move into the liquid, ite work should be done to bring itto the 


surface. Therefor 


ry equal to this work 


The average for 


that acts on any molecule from the side of all the others, however, is always equal to 
zero if the liquid is in equilibrium. This is why the work done to move the liquid from a depth to the 
surface should also be zero. What is the origin, in this case, of the surface energy ? 


The forces of attraction acting on a molecule in the surface layer from all the other molecules produ. 


resultant directed downward, The closest neighbours, however, exert a force of repulsion on the molecule 


which is therefore in equilibrium. 


Owing to the forces of attraction and repulsion, the density - 
ofthe liquid is smaller in the surface layer than inside. Indeed, 


molecule 1 (fig 


re) is aci 


ed upon by the force of repulsion 
from molecule 2 and the forces of attraction from all the 


other molecules (3,4, ...). Molecule 2 is acted upon by 3 
the forces of repulsion from 3 and 1 and the forces of A 
attraction from the molecules in the deep layers. As a result, 

6) 


3, etc. €— 


distance 1-2 should be greater than 
(6) 


This course of reasoning is quite approximate (thermal motion, etc. is disregarded), but neverthel 


gives a qualitatively correct result 


An increase in the surface of the liquid causes new sections of the rarefied surface layer to appear. Here 


work should be performed against the forces of attraction between the molecules. It is this work that 


constitutes the surface energy 


We know that the molecules on the liquid surface experience net downward force. So to bring a molecule 


from the interior ofthe liquid to the free surface, some work is required to the done against the intermolecular 
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force of attraction, which will be stored as potential energy of the molecule on the surface. The potential 
energy of surfa lled surface is called surface energy. Unit of 
is erg cm? in C.G.S. system and Jm^? in SI system. Dimensional formula of surface 


'e molecules per unit area of the surface is 


surface ener 


energy is [ML°T ?] surface energy depends on number of surfaces e.g. liquid drop is having one liquid 


air surface while bubble is having two liquid air surface. 


Relation between surface tension and surface energy 


Consider a re 


angular frame PQRS of wire, whose arm RS can slide on the arms PR and QS. If this 


frame is dipped in a soap solution. then a soap film is produced in the frame PQRS in fig, Due to surface 


tension (T), the film exerts a force on the frame (towards the interior of the film). Let /be the length of the 
arm RS, then the fore 


on the arm RS towards the film is F =T » 2/ [Since soap film has two 


surfaces, that is way the length is taken twice.] 
work done, W= Fx=2T/x 
Increase in potential energy of the soap film. 
EA = 2E/x = work done in increasing the area (AW) 


where E = surface energy of the soap film per unit area. 


According the law of conservation of energy, the work done 


must be equal to the increase in the potential energy. 
2Th 2Eh T-E Aw 
2Tix =2Elx or A 


Thus, surface tension is numerically equal to surface energy or work done per unit increase surfac 


Mlustration : 
4 mercury drop of radius 1 cm is sprayed into 10 droplets of equal size. Calculate the energy 
expanded if surface tension of mercury is 35 * 10% N/m. 


Sol. If'drop of radius R is sprayed into n droplets of equal radius r, then as a drop has only one surface, 
the initial surface area will be 42R' while final area is n (477°). So the increase in area 


AS = n(4m)) - 42R 
So energy expended in the process 
W= TAS = 47T [nr - Rè] 7 


Now since the total volume of n droplets is the same as that of initial drop, i.e. 


4 
3 R = nf(4/3) ar] or r= Ran D 


Putting the value of r from equation (2) in (1) 


W = 4aR°T [in -1 
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Illustration : 


Sol. 


Ifa number of little droplets of water, each of radius r, coalesce to form a single drop of radius R, 


show that the rise in temperature will be given by 


where T is the surface tension of water and J is the mechanical equivalent of heat. 
Let n be the number of little droplets 
Since volume will remain constant, hence volume of n little droplets = volume of single drop 


n*3m = za or  n'-R 


Decrease in surface area =n * 4z — 4nR' 


or R 


1 

: - [t-r E -i] 

o M= 4r [n - R] = 47 |^. j'y | RJ 

1 

Energy evolved W = T * decrease in surface area = T x 42 RI 

cat produced, Q = -7 7— i: xl ut Q = ms d 

where m is the mass of big drop, s is the specific heat of water and dO is the rise in temperature. 
AxTR! || 1 
= F 3] volume of big drop * density of water * sp. heat of water x dà 
ii esa RL VY oso wi 

LEE d p E*d4-T 7x 


Illustration : 


Sol. 


A film of water is formed between two straight parallel wires each 10cm long and at a separation 


0.5 cm. Calculate the work required to increase Imm distance between them. Surface tension of 


water 72 x 10° Nim 
Here the increase in area is shown by shaded portion in the figure. ~———10cm——+ 
Since this a water film, it has two surface, therefore 1 
osom 
increase in area, AS = 2 * 10 * 0.1 = 2em | 
Work required to be done YY 
W=AS*T LZ 


x10 


10 


144 * 107 joule 
1.44 * 10° joule 
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Excess pressure inside A liquid drop and a bubble 


Inside a bubble : Consider a soap bubble of radius r. Let p be the pressure inside the bubble and p, 
outside, The excess pressure = p- p, Imagine the bubble broken into two halves, and consider one half 


of itas shown in fig. Since there are two surface, inner and outer, so the force due to surface tension is 


F — surface tension * length = T * 2 (circumference of the bubble) = T = 2 (2r) a) 
The excess pressure (p—p,) acts on a cross-sectional area xr, so the force due to excess pressure is 
=>  F=(p-p)ar Q) 
The surface tension force given by equation (1) must balance the force due to excess pressure given by 


equation (2) to maintain the equilib T*2Qxr) 


vie. (p- p) nr 
4T 
or (p-p) 


above expression can also be obtained by equation of excess pressure of curve surface by putting 


e is only one surface and hen: 


2T 


(p-p)7 T 75. 


Inside the drop : In a drop, the excess pressure can be written as 


Inside air bubble in a liquid 
2T 
(p-p)7 T EPa 
A charged bubble : If bubble is charged, it's radius increases. Bubble has pressure excess due to charge 
too. Initially pressure inside the bubble 


4T 
rt, 
4T 


for change bubble, pressure inside =p, + 


= where o surface is surface charge density. Taking 


temperature remains constant, then from Boyle’s law 


‘ged drop may be calculated. It can conclude that radius of 


charged bubble increases, ie. r,>r,. 
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Illustration : 


Sol. 


A minute spherical air bubble is rising slowly through a column of mercury contained in a deep 
jar. If the radius of the bubble at a depth of 100cm is 0.1 mm, calculate its depth where its radius 
is 0.126 mm, given that the surface tension of mercury is 567 dyne/em, Assume that the atmospheric 4 


pressure is 76cm of mercury 
The total pressure inside the bubble at depth h, is (P atmospheric pressure) 
2T 
= (P+ hp) + =P 


and the total pressure inside the bubble at depth h, is = (P + h pg) + P, 


Now; according to Boyl s Law 


4 
P, = PV, where V,= 7r}, and V 


2T 

Hence we get | P*hipg)& — | 3 ays = |P +hap L e) 
5]3 3 
2T 2T| 3 

m [Phipp += |r: | C hopg)  — | 
D n 


Given that : h, = 100 cm, r, = 0.1 mm = 0.01 cm, r, = 0.126 cm, T = 567 dyne / cm, P = 76 cm 
of mercury. Substituting all the values, we get 
h, = 948 cm 


The force of cohesion 


The force of attraction between the molecules of the same substance is called cohesion. 

In case of solids, the force of cohesion is very large and due to this solids have definite shape and size 

On the other hand, the force of cohesion in case of liquids is weaker than that of solids. Hence liquids do 
not have definite shape but have definite volume. The force of cohesion is negligible in case of gases. 
Because of this fact, gases have neither fixed shape nor volume. 


Example 

Two drops of aliquid Two drops of a liquid coalesce into one when brought in mutual contact because 
of the cohesive force. 

(i) Itis difficult to separate two sticky plates of glass wetted with water because a large force has to be 
applied against the cohesive force between the molecules of water. 

(ü) Itis very difficult to break a drop of mercury into small droplets because of large cohesive force between 


mercury molecules 
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Force of Adhesion 


The force ofattraction between molecules of different substance is called adhesion. 
Example 
(i) Adhesive force enables us to write on the black board with a chalk. 


(ii) Adhesive force helps us to write on the paper with ink. 
(iii) Large force of adhesion between cement and bricks helps us in construction work. 
(iv) Due to force of adhesive, water wets the glass plate 


(v) Fevicol and gum are used in gluing two surfaces together because of adhesive force. 

Angle of contact 
The angle which the tangent to the liquid surface at the point of contact makes with the solid surface 
inside the liquid is called angle of contact. Those liquids which we the wall of the container (say in case 
of water and glass) have meniscus concave upwards and their value of angle of contact is less than 90° 


(also called acute angle). However, those liquids which don't wet the walls of the container (say in case 
of mercury and glass) have meniscus convex upwards and their value of angle of contact is 


ater than 


90° (also called obtuse ar 


). The angle of contact of mercury with glass about 140°, whereas the angle 


of contact of water with glass is about 8°. But, for pure water, the angle of contact 0 with glass is taken 


as 0' 


Let us now see why the liquid surface bands near the contact with a solid. A liqued in equilibrium cannot 
sustain tangential stress, The resultant force onany small part of the surfa 


se layer must be perpendicular 


to the surface there. Consider a small part of the liquid surface near its contact with the solid 


The ;force acting on this part are 

(a) F,, attracting due to the molecules of the solid surface near it, 
(b) F, the force due to the liquid molecules near this part, and 
(b) W, the weight of the part considered. 


The force between the molecules of the same material is known as cohesive force and the force between 


the molecules of different kinds of material is called adhesive force. Here F, is adhesive force and Fis 
cohesive force, 
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As is clear from the figure, the adhesive force F, is perpendicular to the solid surface and is into the solid. 
The cohesive force F, is in the liquid, its direction and magnitude depends on the shape of the liquid 
surface as this determines the distribution of the molecules attracting the part considered, Of course, F 
and F, depend on the nature of the substance especialy on their densitites. 


The direction of the resultant of F, F, and W decides the shape of the surface near the constact, The 
liquid rests in such a way that the surface is through the solid, the surface is concave upward and the 
liquid rises along the solid. Ifthe resultant passes through the liquid, the surface is convex upwards and 
the liquid is demressed near the solid. 


Relation between surface tension, radii of curvature and excess pressure 
on a curved surface 


Letus consider a small element ABCD (fig.) of a curved liquid surface 
which is convex on the upper side. R, and R, are the maximum and 

minimum radii of curvature respectively, They are called the ‘principal 

radii of curvature’ of the surface. Let p be the excess pressure on the f 
concave side. 


(it. 1 - 
Wen p-T|g- + p |- Mfinstead ofa liquid surface, 
(R R 


we havea liquid film, the above expression will be 


1 


1) 
p-2T | [MER |, because film has two surface. 


Excess of pressure inside a curved surface 


1 Plane surface : Ifthe surfa 


is attracted equally in all directions. The resultant force due to surface tension is zero. The pressure, 


of the liquid is plane [as shown in fig. (a)], the molecule on the liquid surface 


therefore on the liquid surface is normal. 


2, Concave surface : Ifthe surface is concave upward [as shown in fig. (b)], there will be upward resultant 
force due to surface tension acting on the molecule. Since the molecule on the surface is in equilibrium, 


side in the downward direction to balance the 


there must be an excess of pressure on the conc: 
2T 

resultant force of surface tension p, — p, = 

r 


Resultant 


a ho 


(@) Plane Surface (a) Concave Surface (c) Convex Surface 
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3. Convex surface : Ifthe surface is convex [as shown fig.(c)], the resultant force due to surface tension 


acts in the downward direction. Since the molecule on the surface are in equilibrium, there must be an 


excess of pressure on the concave side of the surface acting in the upward direction to balance the 


downward resultant force of surface tension. Hence there is always in excess of pressure on concave 


side of a curved surface over that on the convex side. 
2T 


P-a 


Illustration : 


4 barometer contains two uniform capillaries of radii 1.44 < 10* m and 7.2 * 10* m. if the 
height of the liquid in the tube is 0.2m more than that in the wide tube, calculate the true pressure. 
difference. Density of liquid = 10 kg/m’, surface tension = 72 * 10 N/m and g = 9.8 m/s 


Sol. Let the pressure in the wide and narrow capillaries of radii r, and r, respectively be P, and P. 


Then pressure just below the mensiscus in the wide and narrow tubes respectively are 


(y, 2T (5.20) 21 
[B | ana | I7 | [excess pressure = = J 
, 2T) (, 2T 
Difference in these pressure = |i | ILS | hpg 
1 
True pressure difference = P, — P. 
1 
hpg + 27| a | 
1 1 


0.2 x I0 x 9.8 + * 10 


[144x10° 7. 
1.86 * 10 = 1860 N/m 


Capillarity 


A glass tube of very fine bore throughout the length of the tube is called capillary tube. If the capillary 
tube is dipped in water, the water wets the inner side of the tube and rises in it [shown in figure (a)). Ifthe 
same capillary tube is dipped in the mercury, then the mercury is depressed [shown in figure (b)]. The 


phenomenon of rise or fall of liquids in a capillary tube is called capillarity. 
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Practical applications of capillarity 


l. — Theoilina lamprises in the wick by capillary action. 

2, — Thetipofnib of a penis split up, to make a narrow capillary so that the ink rises upto the tin or nib 
continuously. 

3, — Sapand water rise upto the top of the leaves of the tree by capillary action. 

4, If one end of the towel dips into a bucket of water and the Other end hangs over the bucket the towel 


soon becomes wet throughout due to capillary action. 


5. — Inkis absorbed by the blotter due to capillary a 


6. Sandysoil is more dry than clay. It is because the capillaries between sand particles are not so fine as to 
draw the water up by capillaries, 


7. The moisture rises in the capillaries of sol to the surface, where it evaporates. To preserve the moisture 
mthe soil, capillaries must be broken up. This is done by ploughing and leveling the fields. 
8. Bricks are porous and behave like capillaries. 


Capillary rise (height of a liquid in a capillary tube) ascent formula 


consider the liquid which wets the wall of the tube, forms a concave 
meniscus shown in figure. Consider a capillary tube of radius r dipped in 
a liquid of surface tension T and density p. Leth be the height through 
which the liquid rises in the tube. Let p be the pressure on the concave 


side of the meniscus and p, be the pressure on the convex side of the 
meniscus. The excess pressure 

2T E 
(p p) is given by (P-P)= R 
Where R is the radius of the meniscus. Due to this excess pressure, the liquid will rise in the capillary tube 
till it becomes equal to the hydrostatic pressure hpg. Thus in equilibrium state. 


2T 
Excess pressure 7 Hydrostatic pressure or p -hpg 


Let be the angle of contact and r be the radius of the capillary tube shown in the fig 


r 2Tcos0 


i oac 9€ oR h 
rom AOAC, 5, =cos® or R= qi = Tg 


The expression is called Ascent formula. 
Discussion. 

() — Forliquids which wet the glass tube or capillary tube, angle of contact  « 90". Hence cos 0 = positive 
= h=positive. It means that these liquids rise in the capillary tube. Hence, the liquids which wet 
capillary tube rise in the capillary tube. For example, water milk, kerosene oil, patrol etc. 
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Illustration : 


A liquid of specific gravity 1.5 is observed to rise 3.0 cm in a capillary tube of diameter 0.50 mm 
and the liquid wets the surface of the tube. Calculate th excess pressure inside a spherical bubble 
of 1.0 cm diameter blown from the same liquid. Angle of contact = 0°. q 


Sol The surface tension of the liquid is 


rhpg _ (0.025cm)(3.0cm) (1.5 gm /cm?) (980cm /sec?) 


dyne/cm, 
Hence excess pressure inside a spherical bubble 
AT 4x5Sdyne/cm 


» 0 dyne/em 
PUR Osem) — 7 0 dyne/em 


(i) Forliquids which do not wet the glass tube or capillary tube, angle of 
contact 0 > 90°, Hence cos 0 negative => h negative. Hence, the liquids 
which do not wet capillary tube are depressed in the capillary 
tube, For example, mercury. 


1 
Gi) — T,O, pand gare constant and hence h æ . Thus, the liquid rises more in a narrow tube and less in a 
wider tube, This is called Jurin’s Law Bo 
GN) Iiwo paralel plates with the spacing ‘dare placed nw v AS 
then height of rise > DF 
>  2T/=plhdg is f: 
2T the: LAE oae 
pdg Se 


(v) — Iftwo concentric tube of radius ‘r,” and 'r,' (inner one is solid) are 


placed in water reservoir, then height of rise Nm 
=> T[2ar, + 2er] = [nr h - ar h] pg 
2T 
^7 npg 


(v) — Ifweight ofthe liquid in the menscus is to be consider 


1 
T cos O x 2nr- [nrh + > nr x ar h) pg 


r] 2Tcos6 
Ita rpg 
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(vii) 


(viii 


When capillary tube (radius, *r*) is in vertical position, the upper meniscus is concave and pressure due 
to surface tension is directed vertically upward and is given by p, = 2T / R, where R, = radius of 
curvature of upper meniscus, 


(a) 


The hydrostatic pressure p, = hpg is always directed downwards. 


Ifp, >p; ie. resulting pressure is directed upward. For equilibrium, the pressure due to lower meniscus 


should be downward. This makes lower meniscus concave downward (fig. (a)). The radius of lower 


meniscus R, can be (p, - p.) 


Ifp, <p, i.e. resulting pressure is directed downward for equilibrium, the pressure due to lower meniscus 


should be upward. This makes lower meniscus convex upward (fig. b). 


2T 
The radius of lower meniscus can be given by R- =P,- P, 


Ifp, = py, then is no resulting pressure, then p, - p," pg, = 00r R, =o i.e. lower surface will be 


FLAT. (figc). 


Whei 


tes put face to face, it forms 


Liquid between two plates : When a small drop of water 


is placed between two glass p 


athin film which is conc 


re outward along its boundary. Let 
*R'and *r' be the radii of curvature of the enclosed film in 
two perpendicular directions. 


Hence the pressure inside the film is less than the atmospheric pressure outside it by an amount p given 


(1 1) 
byp=T |7 * pa | and we have, p 


from the. 


figure, cos @= 2. or- = 


ror d 
Substituting for! ip- 2T cose 
stituting for — in, we get p= ^ cos 
ubstituting for ~ in, we get p= ^ co 
0 can be taken zero for water and glass, i.e. cos 0 — 1. Thus the upper plate is pressed downward by the 


atmospheric pressure minus FL Hence the resultant downward pressure acting on the upper plate is 
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T- TFA be the are of the plate wetted by the film, the resultant force F pressing the upper plate 
2TA 5 
downward is given by F = resultant pressure = area = ~~. For very nearly plane surface, d will be 


very small and hence the pressing force F very large. Therefore it will be difficult to separate the two 
plates normally 


Illustration : 


A drop of water volume 0.05 cm” is pressed between two glass-plates, as a consequence of which, 
it spreads and occupies an area of 40 cnr. If the surface tension of water is 70 dyne/cm, find the 
normal force required to separate out the two glass plates in newton. 
1,1] 
Sol — Pressure inside the film is less than outside by an amount, P= T| 7. * + where r, and r, are the 


radii of curvature of the meniscus, Here r, = 1/2 and r, = æ, then the force required to separate 
2AT 
the two glass plates, between which a liquid film is enclosed (figure) is, F= P * A = where 


t is the thickness of the film, A = area of film. 


2A?T 2A)T  2*(40x107) (70x10) 


s 5 
At V 0.0510 on 


Illustration : 
A glass plate of length 10cm, breadth 1.54 cm and thickness 0.20 cm weigh 8.2 gm in air. It is held 


vertically with the long side horizontal and the lower half under water. Find the apparent weight 


of the plate. Surface tension of water 73 dyne per cm, g = 980 cm/sec 


Volume of the portion of the plate immersed in water is 


1 
10* 2 


(1.54) * 0.2 = 1.54 cm 


Therefore, if the density of water is taken as 1, then upthrust 
= wt. of the water displaced 
= 1.54 x 1 * 980 = 1509.2 dynes. 

Now, the total length of the plate in contact with the water surface is 2 (10 + 0.2) = 20.4 cm, 
downward pull upon the plate due to surface tension 


20.4 x 73 = 1489.2 dynes 


resultant upthrust 


509.2 — 1489.2 
à 20 
= 20.0 dynes = 
á 980 


0.0204 gm. wt. 
apparent weight of the plate in water 
= weight of the plate in air — resultant upthrust 


8.2 — 0.0204 = 8.1796 gm 


Illustration : 


A glass tube of circular cross-section is closed at one end. This end is weighted and the tube floats 
vertically in water, heavy end down. How far below the water surface is the end of the tube? Give. 
Outer radius of the tube 0.14 cm, mass of weighted tube 0.2 gm, surface tension os water 73 


dyne/cm and g = 980 cm/sec 


Sol. Let | be the length of the tube inside water. The forces acting on the tube are 


()  Upthrust of water acting upward 
wl 1 980 = x (0.14) | * 980 = 60.368 I dyne 
Gi) Weight of the system acting downward 


mg = 0.2 * 980 = 196 dyne 
(i) ^ Force of surface tension acting downward 
2mT 


2 x 0.14 x 73 = 64.24 dyne 


Since the tube is in equilibrium, the upward force is balanced by the downward forces. That is, 
60.368 | = 196 + 64.24 = 260.24. 


260.24 


31 em 
60.368 43Ion 


Illustration: 


A glass U-tube is such that the diametre of one limb is 3.0 mm and that of the other is 6.00 mm. 
The tube is inverted vertically with the open ends below the surface of water in a beaker. What is 
the difference between the heights to which water rises in the two limbs? Surface tension of water 


is 0.07 N/m. Assume that the angle of contact between water and glass is 0°. 


Sol — Suppose pressure at the points A, B, C and D be P, P, P and P, respectively 
The pressure on the concave side of the liquid surface is greater than that on the other side by 2T/R. 
Ang angle of contact Bis given to be 0°, hence — Rcos0°=rorR=r 
P *2T/r, and P,-P,*2T/r 
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where r, and r, are the radii of the two limbs 


But P,-P, 


1 1| 
o P, p2m|--.j 
| oh 


where h is the difference in water levels in the two limbs 


Now 


Given that T = 0.07 Nm”, p = 1000 kgm 


3 3 3 . 

r,= 3 mm = 35 em = 39x 199 7 LS 10^ m r3 10% m 
2x007 (1 1) 

h= 1000x98 | 15x 107 ^ 3193 |" 7 476 * 10% m = 4.76 mm 


Illustration : 


Two narrow bores of diameters 3.0 mm and 6.0 mm are joined together to form a U-shaped tube 
open at both ends. If the U-tu 


‘ontains water, what is the difference in its levels in the two limbs 
of the tube? Surface tension of water at the temperature of the experiment is 7.3 * 10? Nm". 
Take the angle of contact to be zero. 


$0: . 60 
Sol. Given that r L5mm-15* Iü*m, r 3.0 * 10* m, 


T=7.3 * 10° Nm’, 0=0° p= 1.0 * 10 kg m”, g = 9.8 ms 


When angle of contact is zero degree, the radius of the meniscus equals radius of bore. 


2T 73x10? 
ess pressure in the first bore, P. J 7.3 Pasca 
pressure in the first bore, P, =~ ETIT 97.3 Pascal 
2T. 2x73x107 


Excess pressure in the second bore, P. 48.7 Pascal 


; 3x107 
Hence, pressure difference in the two limbs of the tube 
AP = P,P, = hpg 
P-P, _97.3- 487 


o = a= 7 = $0 mm 
di en 10x10 x 9.8 7 50mm 
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Capillary rise in a tube of insufficient length 


We know, the height through which a liquid rises in the capillary 
tube of radius ris given by 
2T 2T 
= Rpg 9 h R5 pg =constant 
When the capillary tube is cut and its length is less then h (i.e. 


h’). then the liquid rises upto the top of the tube and spreads in 


such a way that the radius (R’) of the liquid meniscus increases 
and it becomes more flat so that hR =h’R’ — Constant. Hence 
the liquid does not overflow 

r r 
I  W<hthenR'>R o Sy > Gos 


=  cos0< cos => 0>0 


Mlustration: 


Ifa Sem long capillary tube with 0.1 mm internal diameter open at both ends is slightly dipped in 
water having surface tension 75 dyne cm”, state whether (i) water will rise half way in the 
capillary. (ii) Water will rise up to the upper end of capillary (iii) What will overflow out of the 


upper end of capillary. Explain your answer. 


Sol. Given that surface tension of water, T= 75 dyne/em 


0.1 
Radius r = — mm = 0.05 mm = 0.005 cm 


density p = 1 gm/em', angle of contact, 0 = 0 


Let h be the height to which water rise in the capillary tube. Then 


2Tcos0 — 2x 75» cost N 
h^ pg ^ 0.005 x1x 981 C" = 30.38 cm 
But length of capillary tube, h' = Sem 
i 
() Because h > — therefore the first possibility does not exist. 


(i) Because the tube is of insufficient length there 


re the water will rise upto the upper end of the 
tube. 

(ili) The water will not overflow out of the upper end of the capillary. It will rise only upto the upper 
end of the capillary 
The liquid meniscus will adjust its radius of curvature R' in such a way that 


Raer (v hR =T = constant | 
Pg 


where R is the radius of curvature that the liquid meniscus would possess if the capillary tube 


were of sufficient length. 


r r 0.005 x 30.58 


= = 0.0306 cn 
h | cos® cos0' 5 0.0806 am 
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Illustration : 


A drop of water of mass m = 0.2 g is placed between two clean glass plates, the distance between 
which is 0.01 cm. Find the force of attraction between the plates. Surface tension of water — 0.07 


Nm 
Sol. Let R be the radius of the circular layer of water. Then zR'd * p— m 
2T 
Pressure at A = p,- “y (7, meniscus is cylindrical in shape) 
Thus pressure between the plates is less than the atmospheric | 
pressure and so the plates are pressed together as though attracted V 7 
towards each other. z aj j ey { 
F force of attaraction = Ap * area > F= — 
m 2Tm 2x02x10?x0.07 


x = = =2.8N 
d dp d'p 00Px10*x100 


Mlustration : 
A glass capillary sealed at the upper end is of length 0.11 m and internal diameter 2* 107 m. The 
tube is immersed vertically into a liquid of surface tension 5.0 x 107 Nim. To what length has the 
capillary to be immersed so that liquid level inside and outside the capillary becomes same ? 
What will happen to the water level inside the capillary if the seal is now broken ? 

Sol If Ais the cross-sectional area of the tube and L its length, the inital volume of air inside it will be 
V, AL. While pressure p, = p, = atmospheric pressure 


Now when the tube is immersed in water with its length x in water, the level of water inside and 


outside is same, so the volume of air in the tube will be V, = A (Lx). Futher if p, is the pressure 
of gas in the tube 
a 2 
red, ie p, p, 
Now if temperature is constant 
PY, =P} 
p, AL [a X) or [AL 


ie 


MED 
If the seal is broken the pressure inside the capillary become 
aimaspere, Le. p whl capllariy wl toe place and ihe rise 
will be. 


2T 5.06x10 
~ ipg 00x10 x98 
However, the length of the tube outside the water is 0.11 — 0.01 = 0.1 m; so the tube will be of 


03m pea 


insufficient length and so the liquid will rise to the top of the tube and will stay with radius of 
p- Be LOBxIO 05.104 
L 0.1 
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Illustration: 


Sol. 


A conical glass capillary tube of length 0.1 m has diameters 10 and 5 * 10* m at the ends. When 
it is just immersed in a liquid at 0°C with larger diameter in contact with it, the liquid rises to 


8*107 m in the tube. If another cylindrical glass capillary tube B is immersed inthe same liquid at 


0*C, the liquid rises to 6* 10? m height. The rise of liquid in the tube B is only 5.5 * 107? m when 
the linquid is at 50°C. Find the rate at which the surface tension changes with temperature 
considering the change to be linear. The density of the liquid is (1/14) * 10* kg/m! and angle of 


contact is zero Effect of temperature on density of liquid and glass is negligible. 
If r is the radius of the meniscus in the conical tube, then as shown in figure. 


D LA 
tan 

L 
r-25x10* _ (5.2.5)x104 
0.1—0.08 0.1 


ie,  rXI0 -25702* 25 ie, r7 3 I0 m = =f = 


Now as capillarity is independent of the shape of tube so at same 


temperature 0 = 0° C 


(T, / pg) = constant 


so — r7 (008x3x10*/(6x102) = 4 * 104m 


Now as from h = (2T/rpg) for cylindrical tube 


6x10? 05 x9.8x 4x10 | 
n 


84 107 Nim 


Now as for a given tube and liquid T «x h (as T = hpgr/2) 


T _ hsp 5.5x10 aa 
To ho so To= 6x10 x&AxI0 7 x107 = x10^N/m 


So rate of change of surface tension with temperature assuming lineartiy 


2 7.7-8.4)x107 2 
AT Ts ~Ty ( 4) x10" = 1.4x102N/m°C 
A0 5 5 


0 50 


Negative sign shows that with with rise in temperature surface tension decreases. 
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Applications of surface tension 


@ 


(i) 


ii) 
(iv) 


[7] 


The wetting property is made use of in detergents and w 


terproofing. When the detergent materials are 
added to liquids, the angle of contact decreases and hence the wettability increases. On the other hand, 


when water proofing material is added to a fabric, it increases the angle of contact, making the fabric 


water-repellant 

‘The antiseptics have very low value of surface tension. The low value of surface tension prevents the 
formation of drops that may otherwise block the entrance to skin or a wound. Due to low surface tension 
the antiseptics spreads properly over the wound. The lubricating oils and paints also have low surface 


tension, So they can spread properly 


Surface tension of all lubricating oils and paints is kept low so that they spread over a large area. 


Oil spreads over the surface of water because the surface tension of oil is less than the surface tension of 
cold water 


A rough sea can be calmed by pouring oil on its surface 


Effect of temperature and impurities on surface tension 


The surface tension of a liquid decreases with the rise in temperature and vice versa, According to 


LU 
Ferguson, T T, |! a. | Where T, is surface tension at 0°C, 0 is absolute temperature of the liquid, 


0, is the critical temperature and n is a constant varies slightly from liquid and has means value 1.21. This 


formula shows that the surface tension becomes zero at the critical temperature, that is why machinery 


parts get jammed in winter. 


The surface tension of a liquid change appreciably with addition of impurities. For example, surface 


tension of water increases with addition of highly soluble substances like NaCl, ZnSO, etc. On the other 


hand surfi 


tension of water gets reduced with addition of sparingly soluble substances like phenol, 


soap etc. 


Viscosity 


When a layer of a fluid slips or tens to slip on another layer in contact, the two layers exert tangential 


forces on each other. The directions are such that the relative motion between the layers is opposed. this 


of a fluid to oppose relative motion between its layers is called viscosity. The forces between 


proper 
the layers opposing relative motion between them are known as the forces of viscosity. Thus, viscosity 
may be thought of as the internal friction ofa fluid in motion. 

Ifasolid surface is kept in contact with a fluid and is moved, forces of viscosity appear between the solid 
surface and the fluid layer in contact. the fluid in contact is dragged with the solid. If the viscosity is 


sufficient, the layer moves with the solid and there is no relative slipping. When a boat moves slowly on 
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the water of a calm river, the water in contact with the boat is dragged with it, whereas the water in 
contact with the bed of the river remains at rest. Velocities of different layers are different. Let v be the 


velocity of the layer at a distance z from the bed and v +dy be the velocity at a distance z +dz (figure) 


Thus, the velocity differs by dv in going through a distance dz perpendicular to it. The quantity dv/dz is 


called the velocity gradient, 
The force of viscosity between two layers of a fluid is proportional to the velocity gradient in the direction 
perpendicular to the layers. Also the force is proportional to the area of the layer. 
Thus, if F is the force exerted by a layer of area A on a layer in contact, 

F a Aand F a dv/dz 
or, F--nAdvidz 


The negative sign is included as the force is frictional in nature and opposes relative motion. The constant 


of proportionality n is called the coefficient of viscosity 
n be easily worked out from equation. It is N-s/m? , However, the corresponding. 


The Sl unit of viscosity 
CG 
We have 


unit dyne-s/cm is in common use and is called a poise in honour of the French scientist Poiseuille. 


1 poise = 0.1 N-s/m 
Terminal velocity 


The viscous force on a solid moving through a fluid is proportional to its velocity. When a solid is 


dropped in a fluid, the forces acting on it are 
(a) weight W acting vertically downward. 

(b) the viscous force F acting vertically upward and 
(c) the buoyancy force B acting vertically upward. 


The wei 


ht W and the buoyancy B are constant but the force F is proportional to the velocity v, initially, 


the velocity and hence the viscous force F is zero and the solid is accelerated due to the force W — B. 


Because of the acceleration, the velocity increases. Accordingly, the viscous force also increases, At a 


certain instant the viscous force becomes equal to W-B. the net force then becomes zero and the solid 


falls with constant velocity. This constant velocity is known as the terminal velocity 
Considera spherical body falling through a liquid. Suppose the density of the body = p, density of the 


liquid = c, radius of the sphere =r and the terminal velocity =v, . The viscous force is 


F =6xnrv 


the weight 


and the buoyancy force 


62 


We have 
4 às 
6mpv,- W-B- — lmrpg- I arog 
2r (p-o)g 
or E on 
Hllustration: 


A large wooden plate of area 10 m floating on the surface ofa river is made to move horizontally 
with a speed of 2 m/s by applying a tangential force. If the river is 1 m deep and the water in 
contact with the bed is stationary, find the tangential force needed to keep the plate moving. 


Coefficient of viscosity of water at the temperature of the river — 107 poise 


Sol — The velocity decreases from 2 m/s to zero in 1 m of perpendicular length. Hence, velocity gradient. 
dv/dx = 2s 


" F/A 
ON 77 |dvidx 
N-s F 
o 9: —; i 
" ID (omy 2s) 
or F-002N 
Mlustration : 


The velocity of water in a river is 18 km/hr near the surface. If the river is 5 m deep, find the 
shearing stress between the horizontal layers of water. The coefficient of viscosity of water = 10 


poise. 


Sol. The velocity gradient in vertical direction is 


dv _18km/hr 
& 5m 


-108^ 


The magnitude of the force of viscosity is 


The shearing stress is 


FA- n5. =i 1.05) - 10? N 
F 0 poise) (1.0 s 0? Nim 
1 gx 7 (10? poise) ) 


Solved Example 


e 


A conical glass capillary tube A of length 0.1 m has diameters 10° m and 510+ mat the ends, When 


itis just immersed in a liquid at 0°C with larger in contact with it, te liquid rises to 810 m in the tube. 


In another cylindrical capillary tube B, when immersed in the ame liquid at 0°C, the liquid rises to 610 


m height. The rise of liquid in tube B is only 5.5 < 10 m when the liquid is at 50°C. Find the rate at 
which the surface tension chages with temperature considering the chage to be linear. The density of 
liquid is (1/14) * 10* kg/m’ and the angle of contact is zero. Effect of temperature on the density of liquid 
and glass is negligible. 

The situation is shown if figure. 

Letr, and r, be radii of upper and lower ends of the conical capillary tube. The radius rat the meniscus 


is givenby 


0.1- 0.08) 
o1 Jj 


104) + (2.5104) 


30*10* m 
The surface tension at 0°C is given by 
rhpg [7] 


was 
tt , B 


(3.0107 )(8x107)(1/4x 10* 9.8) 


oc 


0.084 Nim 
For tube B. 
T, h, 6x10? 12 


T, hy 55x107 11 


eo melee Leones tom 


Considering the change in surface tension as linear, the change ; in surface tension with temperature is 


givenby 
Ty - 
T 


0.077 — (0.084) 
0.084x0.077 


ELE 
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Q2 


Sol. 


A non-viscous liquid of constant density 1000 kg/m’ flows in a streanline motion along a tube of variable 


cross-section. The tube is kept inclined inthe vertical plane as shown in the figure.the area of cross- 


sectionof the tube at two points P and Q at heights of 2 mater and 5 meter are respectively 4 x 10? m? 


and 8x 10° my. The velocity of the liquid at point P is 1 m/s. Find the work done per unit volume by the 


pressure and the gravity forces as the fluid flows from point P and Q. 


As gravitational field is conservative i.e., W=- U 


A dw dt mg(h, —h,) 
o. av B = h) 
So work done by the force of gravity per unit volume 

(aw ) J 

7 | = pg (h,-h,) =- 10 x 98(5-2)- -294 x10" 

(av) = Peh, -h) 6-2) a 
Now in case of ideal fluid motion by conservation of mass, i.e. 

( dm dm) 

A | =| a] and (pAv), =(pAv), 

or — (pAv) =(pAv). [as p= constant (given)] 


Aj, 4xIO^ xl. 1 
m/s 


m 8x10 2 


Now as work done per unit volume by pressu 
{ dw | PdV 

dV), dV 

Butby Bernoulli's theorem, 


=P=(p, -p:) [as dW = PdV] 


1 " s 
| 2294x10* +- 10'((0.5 —]- 29025] 
Lav), 2 


(i) 


(ii) 


(iii) 


Sol 


Sol, 


A cylindrical tank Im in radius rests on a platform 5 m high. Initially the tank is filled with water up toa 


height of 5 m. A plug whose area is 10“ m? is removed from an orifice on the side of the tank at the 


bottom. Calculate (a) initial speed with which the water flows from the orifice 


(b) initial speed with which the water strikes the ground (c) time taken to empty the tank to half its 


original value (d) Does the time to empty the tank depend upon the height of stand. 


(a) — Asspeed of efflux is given by 


v, 7 Ogh) sohereu= /2x10x5 = 10 m/s 


(b) — Asvertical speed with which water strikes the goumd, 


v, 7 vj, +0? 21042 -14.1m/s x 
(c) — Whentheheight of water level above the hole is y, Sm 
velocity of flow will bev = /2gy and so rate flow 
dv 
Ayv= A, gy 
at = 
or—Ady = (2gu) A, dt [as dV - - Ady] 


Which on integration gives 


xxl 
3 
10" Vio! 
(d) — No,asexpression of tis independent of height of stand. 


V(5/2)]=9.2«10's =2.5h 


Under isothermal condition two soap bubbles of radii a and b coalesce to from a single bubble of radius 


c. Ifthe external pressure is p, show that surface tension, 


polc? -a! -b') 
7 4a? +b? c") 
As excess pressure for a soap bubble is (4T/r) and exteranal pressure p, 
+(4T ir) 

[, ,4T] {, 4T aT] 
$ p= [Pot P= [Pot | md p.=|Po+ >| (i) 

4 4 4 
and Tm Vim ad Vim (ii) 
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Q5 


Sol 


Q6 


Now as mass is conserved , 
B.V, PoVe AA 
Rt, RT, RT, 
As temp, is constant, i.e., T,= 
p,V,+p,V,=P.V. 
Which in the light of Eqn. (i) and (ii) becomes 


ie. asPV=pRT,ie,p=2¥ | 
i l RT 


7T, the above expression reduces to 


The fresh water behind a reservoir dam is 15 m deep. A horizontal pipe 4.0 cm in diameter passed 


through the dam 6.0 m below the w 


ter surface as shown in figure. A plug secures the pipe opening. (a) 


and pipe wall. (b) The plug is remove. What volume of water 


Find the friction force between theplug 
flows out of the pipe in 3.0 hour? 


(a) As the plug secures the pipe opening, the force of friction between plug and pipe wall 


F=A(p,-p)) 

But p =pand p,=p, +hpg 

so — F-Ahpg om 4] 
F = nx (210°) «65 10 x 98—74N T 


(b) — Asthevelocityofefflux. 


10x67 11m/s 
so assuming the level of water in the tank to be constant (i.e., area = o ) as it is not given the volume 


coming out per second will be 


M 
r= Ve Av= 
dt 


x10) x11 mis 


so the volume of the water flowing through the pipe in 3 hours 
V=R*t=44 = 3.14 * 10* x 3 * (60 * 60) = 150 m. 


A cylindrical vessel of base are A has a small hole of cross-section ‘a’ punched near its base. At time t= 


0, water is supplied into the vessel at a constant rate *a^ m'/s. Find 
(a) The maximum water level h,..in the vessel 


(b) The time ‘t when water level becomes h (<h,,..). 


Copied to clipboard. 
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Sol. (a) Water level will have maximum height when inflow rate = outflow rate and there will be no futher 


change in level. 


a=av 
o, a= ay2gh,, [ 
On hu =g 


(b) — Letthe water level by y at timet. 


ly 
Here ^r is positive as y increase with time instantaneous effux velocity v 


Rearranging the above equation 


Integration under the given limits, we get the required time 


A |a, (a—ayagh ) 

t i| E |- J 
aga | a Jj | 

This gives the time t as a function of h. For any valume h(< h,,..), the corresponding time t and be 


evaluated. 


Q7 — Acylindrical vessel of (radius r) containinga liquid spins continously with constant w 


angular velocity was shown in the Shown that the pressure at a radial 


distancer from the axis is 


P-P,* por 


where P, = atmospheric pressure. 


Sol, Consider a particel of the fluid at a point P (x, y) w.r.t. the corrdinate axes as shown in the figure. The 
force acting on This particle are max (the centrifugal force) and the weight mg. 
The net force F acting at P should be perpendicular to the free surface, so that 


mo'x ox 
tan 0= 
mg g 


Q9 


Sol 


dy mof 

or, = 
dx og 

o 
or, y= 


This equation represents a parabola; for which the elevation from origin at 


x=rwill bey 


Pressure P (1) - P, + pgy =P, + 


0 


A vertical U-tube of uniform cross-section contains mercury in both arms. A glycerine (relative density= 1.3) 


column of length 10 em is introduced into one of the arms. Oil of density 800 kg m” is poured into the 


other arm until the upper surface of the oil and glycerine are at the same horizontal level. Find the length 


of the oil column. Density of mercury is 13.6 * 10" kgm 


Pressure at A and B must be same 


Pressure at A = p, + 0.1 * (1.3 * 1000) | wl 
where p, = atmospheric pressure * 
R 10cm 
Pressure at B = p, +h * 800 * g + (0.1 — h) * 13.6 * 1000 g on 
+0.1 x 1300 g 
Pa + 0.1 « 1300 x g A e| 
800 gh + 1360 g— 13600 * gx h 


or — h-96cm 


For the arrangement shown in the figure, what is the density of oil? 


Partoe = Po * PB 
Pss = Py * Pa (I+ d)g 


p, — 1000035) 
= PaT ed) 7 0354123) 


=916 kg 


Q.10  Apipeofcopperhavingan intemal cavity weighs 264 gm in air and 221 gm in water. Find the volu 


the cavity. [Density of copper is 8.8 gm/cc.] 


Sol, ‘The buoyant force on the copper piece, F = Vpg 


F _ (264-2218 _ 430 


Hence, volume of the copper piece V 


The volume of the material of the copper piece 


_ mass of copper piece — 264 


density of material ^ 3.8 


Hence, volume of the cavity = V — V,=43 -30 = 13 cc 


Q.11 Apiece of brass (alloy of copper and zinc) weighs 12.9 gm in air. When completely immersed in water, 
it weighs 11.3 gm. What is the mass of copper contained in the alloy? 
[Specific gravities of copper and zinc are 8.9 and 7.1, respectively.) 
Sol, — Letthemassof copper in alloy =x gm. 
Amount of zinc — (12.9 — x) gm 


xx 


Volume of copper, Vo, go and 


Volume of zinc V,, 


Total volume of the alloy, V= V,+ V, 


(12.9-x) | x 
o v + 
d 74 8.9 09 


Buoyant force F = V g= loss of weight 
-(129-11.3g- l6g 


Substituting the value of V in eq 


tion (i), we get 


x=7.6 gm 


Q.12 A cubical block of iron of edge 5 
(a) What is the height of the block above mercury level? 


‘emis floating on mercury in a vessel 


(b) Water is poured into the vessel so that it just covers the iron block. What is the height of the water 
column? 


[Relative density of Hg = 13.6 and that of Fe = 


70 


Sol (a) Leth be the height of the iron block above mercury. 
Incase of flotation, bt 
Weight of the block = buoyant force 


ies x pg [(x- b) og] X 


or hex [1-2 «5 f1- 
s 


(b) Lety bethe height of the water level. 


For equilibrium of the block, * * [Water | 
He 


x'pg=[o,gy +9, g(x -y)] X 


xo7(x-y)o,, * yo, 


or 


ch has come to mean a small visible 


Q.13. The ‘tip of the iceberg" in popular spe action of something that is 
mostly hidden. For real icebergs, what is this fraction? (p, =917 kg/m’, P., „u= 1024 kg/m’) 
Sol  W.-pVg. Woo ve = p. V, 


For floatation, p.V.2=p,V, 


917 107 


0.45% 
v 1024 ^ 194^! 


Fraction of the volume subme: 


Q.14 A bent tube is lowered into the stre 


m as shown. The velocity of the stream relative to the tube is equal 


to V. The closed upper end of the tube is located at height h,. To what height h will the water jet spurt? 


Sol — Lettube’s entrance be a depth "y" below the surface. Take point 1 at entry and point 2 at the maximum 


height ofthe fountain. This is a tube of flow. Now let's apply Bemoulli’s theorem, 


P, + pgh, + 


i + pgh, + 5 pv 


71 


[Sol 


Q.16 


Sol 


Q17 
Sol 


Taking, h, =0, h,=(y+h, +h), V, =V, V, 70 
P, + pay, P, = P. 


1 1 
0+ > pV- P, * pg(y*h,*h)* > pO? 


Substituting, P, + pgy + pg 


1 
5 PV? = pg (h, +h) or 


Water enters a house through a pipe with inlet diameter of 2.0 cm at an absolute pressure of 4.0 x 10° 
Pa (about 4 atm). A 1.0 cm diameter pipe leads to the second floor bathroom 5.0 above. When flow 
speed at the inlet pipe is 1.6 m/s, find the flow speed, pressure and volume flow rate in the bathroom. 


Let point 1 and 2 be at the inlet pipe and the bathroom, then from continuity equation. 


ay, ay > v,=6.0m/s 


Now, applying Bernoulli's equation at the inlet (y = 0) and at the bathroom (y, = 5.0 m) 


1 
As p+ Lov? + ogy = constant 
Hence, p, — p. ‘nly vi)- rg; - Y) 


Which gives p, =3.3 * 10° Pa 


LANE 
The volume flow rate =A,v, = A,v 40. 0674.7 x I0* m". ] 


Water coming out the jet having across section: | with a speed v strikes a stationary plate and 


stops after striking. Find the force exerted by the water jet on the plate. 


The change of momentum of water in time dt — 0 — pav/dt i = —pav?dt i where i isa unit vector in the 


direction of the velocity of the jet. The rate of change of momentum of water jet = -pan 


Thus the force exerted on the water jet by the plate =-pav? i 


The force exerted on the plate by the water jet = pa: 


What is the surface energy of an air bubble inside a soap solution? 


E=T*A=4nr'T, as it has only one surface. 
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Q.18 A metal plate 0.04 m” in area is lying on liquid layer of thickness 10? m and co-efficient of viscosity 140 


Sol 


poise. Calculate the horizontal force needed to move the plate with a speed of 0.040 m/s. 
Area of the plate, A — 0.04 m: 


Thickness, Ax = 10^ m 


Ax is the distance of the free surface with respect to the fixed surface. 


Av 004 
Ax 10 


Velocity gradient, =40s" 


ficient of viscosity, n= 14k 


Let F be the required force. 


Then, F=nASY =22.4N 
Ax 


Electrostatics 


Introduction 


Electromagnetism is, almost unarguably, the most important basic technology in the world today. 


Almost every modem device, from cars to kitchen appliances to computers, is dependent upon it. Life, 


for mostofus, would be almost unimaginable without e 


romagnetism. In fact, electromagnetism cuts 
such a wide path through modem life that the teaching of electromagnetism has developed into several 
different specialties. Initially electricity and magnetism were classified as independent phenomena, but 
after some experiments (we will discuss later) it was found they are interrelated so we use the name 
Electromagnetism . In electromagnetism we have to study basic properties of electromagnetic force 
and field (the 
particles is one of the fundamental forces of nature. We begin this chapter by describing some of the 


m field will be introduced in later section) The electromagnetic force between charged 


basic properties of one manifestation of the electromagnetic force, the electrostatic force between changes 
g electrostatics. 


(the force between two charges when they are at rest) under the hea 


Electric Charge 


A number of simple experiments demonstrate the existence of electric forces and charges. For example, 


after running a comb through your hair on a dry day, you will find that the comb attracts bits of paper. The. 


attractive force is often strong enough to suspend the paper. The same effect occurs when certain 


with fur. When materials behave. 
Ily charged.A neutral body 
charged only by transfer of electrons, thus the lowest unit of free charge that may appea 


charge of electron whose magnitude is e. When a body gets n electrons from other body charge on it 


materials are rubbed together, such as glass rubbed with silk or rubber 


in this way, they are said to be electrified, or to have become electri 


n get 


on a body is 


becomes - ne while charge on body loos 


ng n electrons becomes + ne. 


Unit of charge. 


Slunit:coulomb(C). c.gs.unit:e.s.u (electrostatic unit) or stat coulomb. 


1C = 2.998 x 10 esu 


Basic properties of electric charge 


(i) There exist two types of charges in nature : positive and negative 
Experimentally, it was found that there are two kinds of electric charges, which were given the names 
positive and negative by Benjamin Franklin (1706-1790). We identify negative charge as that type 
posses 
Secondly, it should also be noted that naming one charge as (+)ve and the other as 


sed by electrons and positive charge as that possessed by protons. 


(Ove isa matter of convention; there is no intrinsically compelling reason for this choice. 


(ii) Like charges repel and unlike charges attract. 
To verify this, suppose a hard rubber rod that has been rubbed with fur is suspended by a sewing thread, 


as shown in Figure. When a glass rod that has been rubbed with silk is brought near the rubber rod, the 


two attract each other (Fig. a). On the other hand, if two charged rubber rods (or two charged glass 
rods) are brought near each other, as shown in Figure b, the two repel each other. This observation 
shows that the rubber and glass have two different types of charge on them. On the basis of these 


observations, we conclude that charges of the same sign repel one another and charges with opposite. 


signs attract one another. 


(i 


(-)ve don't have any algebraic meaning due to the property of the charges that equal amount of two 


) Charges are additive i.c. the charges add algebraically despite the fact that the words (+)ve and 


types of charges present at a point neutralize the effect of one another and hence, the presence of none 
can be felt i.e. they behave like an uncharged state. 


(iv) Charge is quantized : Charge exists in discrete units equal to the integral multiple of electronic 


charge (Charge on one electron) 


Where e(>0) is the lowest possible magnitude of charge and n belongs to the set of integers 


and 


c = magnitude of charge on one electron = 1.6 x 10°C 


Our advanced nuci 


ar rese: 


rch, however, suggests that the elementary particles of Hadron family, like, 
protons and Neutrons have internal structures. They are composed of basic units called "Quarks" having 


charges -$e (down quark 'd') and « 2e(up quark 'u'). Proton is made up of three quarks, two up 


ture of Neutrons is 'udd' 


quarks and one down quark and its structure is uud. Similarly the stru 


Despite the overwhelming evidence of quarks having fractional electronic charges, we have sufficient 
theoretical grounds to state that the liberation of a single quark isa physical impossibility ie. quarks don't 
have independent existence. They always exist in such groups that the net charge of that group is equal 
to the integral multiple of electronic charge and we still state the principle of quantization of charge as 


Q=ne 


Since loss or gain of electron is responsible for creating 


ona body and electron is a particle with 


mass, every charged body will have mass also. 


Illustration: 


on the nucleus of each atom is 29e, what 


A copper sphere contains about 2 x 10” atoms, The charg 


fraction of the electrons must be removed from the sphere to give ita charge of +2 C? 


Sol, The total number of electrons is 29 (2x10? ) - 5.8 x 10” 
Electrons removed = (2x10 °C) /(1.6x10 "C) = 1.25 x 10", 
So the fraction removed = electrons removed / total number electrons 7 2.16 x 10. 


(V) Charge is conserved : The total charge of universe remains constant. It may alternatively be stated 


as follows : "The total charge of an Isolated system remains constant i.e. fora closed system of particles. 


* Const. 


The above principle suggests that 


d. 


(a) Charge can neither be created nor be destroy 


(b) Only (+)ve or only (-)ve charge can never be created. 


(c) Simultaneous production of equal and opposite charges or simultaneous annihilation of equal and 


opposite charge don't violate the principle of conservation of charge. 


Illustration: 


Three metallic spheres say X, Y and Z have charges 10C, —10C, 10C respectively. X, Y, Z are brought 


in contact such that charge on each of A and B becomes 3C what is charge on Z. 


Sol Netcharge initially on X, Y and Z = (+1010 +10) = 10C 
Final net char; 


con X, Y andZ - q, * q, *q, 
34344, 710€. q -4C 
Classification of Substance on the Basis of Electrical Passage 


Wecanclassif 


materials generally according to the ability of charge to move through them. Conductors 


are materials through which charge can move rather freely 


xamples include metals (such as copper in 


common lamp wire), the human body, and tap water. Nonconductors-also called insulators -are materials 
through which charge cannot move freely; examples include rubber (such as the insulation on common 
lamp wire), plastic, glass, and chemically pure water. Semiconductors are materials that are intermediate 
between conductors and insulators; examples include silicon and germanium in computer chips. 


Superconductors are materials that are perfecl conductors, allowing charge to move without any hindrance, 


4 


Charging of body 


®© 


(ii) 


(iii) 


Mainly there are following three methods of charging a body 
Charging by rubbing 

The simplest way to experience electric charges is to rub certain bodies against each other. When a glass 
rod is rubbed with a silk cloth the glass rod acquires some positive charge and the silk cloth acquires 
negative charge by the same amount, The explanation of appearance of electric charge on rubbing is 
simple. All material bodies contain large number of electrons and equal number of protons in their 
normal state. When rubbed against each other, some electrons from one body pass onto the other body. 
The body that donates the electrons becomes positively charged while that which receives the electrons 
becom 
positively charged because it donates the electrons while the silk cloth becomes negatively charged 
because it receives electrons, Electricity so obtained by rubbing two objects is also known as frictional 
electricity. The other places where the frictional electricity can be observed are when amber is rubbed 
with wool ora comb is passed through a dry hair. Clouds also become charged by friction. 


negatively charged. For example when glass rod is rubbed with silk cloth, glass rod becomes 


Charging by contact 
When a negatively charged ebonite rod is rubbed on a metal object, such as a sphere, some of the 


exces 


electrons from the rod are transferred to the sphere. Once the electrons are on the metal sphere, 


where they can move readily, they repel one another and spread out over the sphere’s surface. The 


insulated stand prevents them from flowing to the earth. When the rod is removed the sphere is left with 
milar manner the sphere will be left with a positive 
charge after being rubbed with a positively charged rod. In this case, electrons from the sphere would be 
transferred to the rod. The process of giving one object a net electric charge by placing it in contact with 
another object that is alre urged is known as charging by contact. 


a negative charge distributed over its surface. In. 


Charging by induction 
To understand how to charge a conductor by a process known as induction, consider a neutral (un- 
charged) conducting sphere insulated from the ground, as shown in Fig. a. There are an equal number of 


electrons and protons in the sphere if the charge on the sphere is exactly zero. When a negatively 
charged rubber rod is brought near the sphere, electrons in the region nearest the rod experience a 
repulsive force and migrate to the opposite side of the sphere. This leaves the side of the sphere near the 
rod with an effective positive charge because of the diminished number of electrons, as in Fig b. (The left 
side of the sphere in Fig b is positively ch 
ber that itis only electrons that are free to move.) This occurs even if the rod never actually touches the 


ed as if positive charges moved into this region, but remem- 


sphere. Ifthe same experiment is performed with a conducting wire connected from the sphere to the 
Earth (Fig. c 
negative charge in the rod that they move out of the sphe 


, some of the electrons in the conductor are so strongly repelled by the presence of the 
through the wire and into the Earth, The 


symbol melee atthe end ofthe wire in Fig c indicates that the wire is connected to ground, which means 


a reservoir, such as the Earth, that can accept or provide electrons freely with negligible effect on its 
electrical characteristics. Ifthe wire to ground is then removed (Fig.d), the conducting sphere contains 
an excess of induced positive charge because it has fewer electrons than it needs to cancel out the 
positive charge of the protons. When the rubber rod is removed from the vicinity of the sphere (Fig.e), 
this induced positive charge remains on the ungrounded sphere. Note that the rubber rod loses none of 
its negative charge during this process. Charging an object by induction requires no contact with the 


Copied to clipboard. 


object inducing the charge. This is in contrast to charging an object by rubbing (that is, by conduction), 
which does require contact between the two objects. 


Now similarly you can explain why a comb rubbed on hair attracts bits of paper. 


A process similar to induction in conductors takes place in insulators. In most neutral molecules, the 


coincides with the center of ne ence ofa 


center of pos 


ive charge. However, in the pr 
charged object, these centers inside each molecule in an insulator may shift slightly, resulting in more 
positive charge on one side of the molecule than on the other. This realignment of charge within individual 
molecules produces a layer of ch 


about induction in insulators, you should be able to explain why a comb that has been rubbed through 


on the surface of the insulator, as shown in Figure 23.5a. Knowing 


hair attracts bits of electrically neutral paper and why a balloon that has been rubbed aga 


st your 


clothing is able to stick to an electrically neutral wall 


Insulator 


Induced 


object / charges 


(a) [7] 
Note : 

1. Ifthe charge on one ball is large as compared to the similar charge on the other, the ball with large 
charge will induce a large charge of opposite kind on the other ball. Asa result, attraction will result 
inspite of repulsion. 


2. Repulsion is the sure test for electrificaiton. 


Copied to clipboard. | 


Note 
@ 


Gi) 


ii) 


Coulomb's Law 


On the basis of “Torsion balance” experiment "Charles Augustine Coulomb” put a quantitative law for 
the force of attraction or repulsion on the charges which states that- 

"The force of attraction or repulsion on one charge q, placed at some separation from another charge q, 
(whose dimensions are small compared to their distance of separation) in infite homogeneous medium, is 
directly proportional to the product of the magnitude of charg 
of the distance between them.” 


ics and inversely proportional to the square 


Fæ lala: 


pa 4: a? y 398 
Where k is a constant of proportionality. In C.GS. Unit i.e. if F is measured in dyne, q, and q, in stat 


coulomb and r in cm, then k 1 


Inc.gs. unit F 


But ifthe force is measured in newton, q, and q, in coulomb and r in metre then 


1 1 
Then k= 4... inairorvacuumand k= = inan infinite homogeneous material medium other 


than air. 
So if the intervening medium between the charges is air or itis vacuum then in S.I. Units 
1 ET 
des r 
„is called permittivity of free space. 


e is called absolute permittivity of the given material medium. 


The ratio of the absolute permittivity of a given medium and that of the permittivity of free space is called 


relative permittivity of that medium or its dielectric constant ( represented by symbol e, or K) 


cor K= p E= «e, orK e, 
10 — 1 
Hence, Fmedum = grg 2 


K, the dielectric constant ofthe medium (also called relative permittivity) being ratio oftwo like quantities, 
isa dimensionless constant. 


Air or vacuum has minimum relative permittivity (K — «,/«, = 1). The relative permittivity of all other 
media is greater than 1 usually and K = infinite fora conducting medium. 

When the charges are placed in infite dielectric medium then dielectric medium is getting polarized and 
force on q, orq, is not simply due to q, or q, but due to polarized charges also and net force on q, or q, 


1 
becomes — times. (See next Illustration) 


Illustration : 


Two equal point charges (10 'CJare placed 1 cm apart in medium of dielectric constant K 
(a) Find the interaction force between the point charges 
(b) Net force on any of the charge. 


Sol. 


(a) Interaction force between point charges 


oo?) 
(o7 


$32 919) 


(b) Net force 


9x10 (io 
5 


(to 


Illustration = 
Two small balls each of mass m and charge q on each of them are suspended through two light 
insulating string of length | from a point. Find the expression for angle 0 made by any of the string 
with vertical when under static equilibrium. 


Sol Let angle of any string with vertical be 0 as shown 


EN 4 


v =Tsin® (i) for horizontal directio 
"axe, Grand) i) for horizontal direction 
T cos 0 = mg (ii) for vertical direction 
Dividing (i) by (ii 

F 
tan @ = 


mg 


() The force of electrostatic interaction between two ch: 


ges is operative along the line joining the charges. 

G) The force obeys inverse square law 

Gi) 1fq,q,> 0 (it means the product of the two charges is positive) this implies that charges are similar, i.c., 
either both positive or both negative. Hence, repulsion will result 


(iv) If q,, <0, it means the product of the magnitude of the charges is negative. In other words, these are 
unlike charges, i.e., one charge is positive and the other charge is negative, Hence, the electrostat 
between them is attractive. 


force 


Like charges repel each other unlike charges attract 


(v) The force on q, due toq, is equal and opposite to the force on q, due to q, 


=-F 


i.e, The force of electrostatic interaction between two charges obey Newton's 3rd law. It should, however, 
be noted that the equality F12 = — F 21 breaks down when one charge is accelerated towards the other 
i.e, Newton's 3rd law doesn't hold . This is why Newton's 3rd law is supposed to be a weak law of 


physics. 


Force Between Two Charges in Terms of Their Position Vectors : 


Consider two like charge q, and q, located in vacuum at positions Aand B n 
of Aand B with referen 


pectively. Let the positions 
tothe orign O of the coordinate frame be given by position vectors 


i and p respectively ie., OA =r, and OB =r, 


Now, h+ AB - b (triangle law of vectors) 


AB-0B-OÀ-r-rn-r; 


According to Coulomb's law, force on q, due to q, is 


Se ae leg 


10 


> 1 a 
i “Gee, 
Similarly, L2: 


Itshould be noted that 
© ^ Forcoulomb's law to give precise result the spatial extent of charges should be very small in comparison 
to their separation 


(i) ^ Coulomb's law is valid for wide range of distance . 


Illustration : 


1 
Two point charges A and B have charges respectively — C and 2 C with their position vectors 


respectively as (1 jk) and (-1- j 3k). Find the force on charge at A due to B. 


Sol. 
qa i =i+j+k 
Gp 72€ iy =-i-j+3k 
Fo ie don 
i 
LiB) erit 2 ES 


dne, 
AB 


9x10" «(4 j-) 
fy 


SUPERPOSITION OF ELECTROSTATIC FORCES 
Experimentally it is verified that force on any charge due to a number of other charges is the vector sum 
ofall the forces on that charge due to the other charges, taken one at a time. The individual forces are 
unaffected due to the presence of other charges. This is termed as the principle of superposition 


The principle of superposition says that in a system of charges q, Qj. q, the force on q, due toq, is 
the same as given by Coulomb’s law, i.e., itis unaffected by the presence of the other charges q,. q,,.. 


q,. The total force Ë, on the charge q,, due to all other charges, is then given by the vector sum of the 


forces F, 


D 


| Copied to clipboard. 


E) 
The vector sum is obtained as usual by the parallelogram law of addition of vectors. All of electrostatics 
is basically a consequence of Coulomb's law and the superposition principle. 


Illustration : 
Three charges each of 204C are placed along a straight line, successive charges being 2 m apart 


as shown in Figure. Calculate the force on the charge on the right end. 


Sol. 
r= 
P x10") 20x10") os $— gg, 
4 == 
p- 12:0) _ x10") 20510") ous 
oa 2 
F = 0.225+0.9 = 1.125 N to the right 
Illustration: 


Four identical point charges each of magnitude q are placed at the corners of a square of side a. 
Find the net electrostatic force on any of the charge 


Sol. Si; 
D 
à 


F 


Let the concerned charge be at C then charge at C will experience the force due to charges at A, 


B and D. Let these forces respectively be F,, Fy and Fp thus forces are given as 


1 @ a fi 1l 
A = Tag ACD Mong AC = 5 Ug ul 
along BC = 3 » 
q 
along DC = à 


neoa 


12 


Mlustration: 
Two point charges +4q and +q are placed at a distance L apart. A third charge is so placed that 
all the three charges are in equilibrium. Find the location, magnitude and nature of third charge. 
Discuss also, whether the equilibrium of the system is stable, unstable or neutral. 


Xe Lx 
Sol. DERO - 
4 Tg 


Third charge should be placed between 4q and q so that force on third charge to be zero (let at 
distance x from 4q). Third charge should be —ve (let ~q’) for the equilibrium of other charges 
For equilibrium of third charge 
Keaggy’) — K(q)q' ) 
EE 
for equilibrium 4q 


2L 


Ka’) _ Key) 
L T ow. 


Practice Exercise 


Q.1 — Three particles, each of mass 1 g and carrying a charge q, are suspended from a common point by 
insulating massless strings, each 100 cm long. If the particles are in equilibrium and are located at the 
ch particle. ( g= 10m/s?) 


comers of an equilates 


| triangle of side 3 cm, calculate the charge q on ci 


Q.2  Fivepointcharges, each of value +q are placed on five vertices ofa regular hexagon of side L m. What 
is the magnitude of the force on a point charge of value -q coulomb placed at the centre of hexagon? 


Q3 — Twoequal point charges q are fixed atx =~a and x =a along the x-axis. A particle of mass m and charge 
q/2 is brought to the origin and given a small displacement along the (a) x-axis and (b) y-axis, Describe 
the motion in the two cases. 


Answers 


Q1 316x10*C Q2 (a) Accelerated motion (b) SHM 


E) 
The vector sum is obtained as usual by the parallelogram law of addition of vectors. All of electrostatics 
is basically a consequence of Coulomb's law and the superposition principle. 


Illustration : 
Three charges each of 204C are placed along a straight line, successive charges being 2 m apart 


as shown in Figure. Calculate the force on the charge on the right end. 


Sol. 
r= 
P x10") 20x10") os $— gg, 
4 == 
p- 12:0) _ x10") 20510") ous 
oa 2 
F = 0.225+0.9 = 1.125 N to the right 
Illustration: 


Four identical point charges each of magnitude q are placed at the corners of a square of side a. 
Find the net electrostatic force on any of the charge 


Sol. Si; 
D 
à 


F 


Let the concerned charge be at C then charge at C will experience the force due to charges at A, 


B and D. Let these forces respectively be F,, Fy and Fp thus forces are given as 


1 @ a fi 1l 
A = Tag ACD Mong AC = 5 Ug ul 
along BC = 3 » 
q 
along DC = à 


neoa 


Practice Exercise 


Q.1 — Aparticle having a charge of 2.0. 106 C and a mass of 100 g is placed at the bottom of a smooth 
inclined plane of inclination 30 . Where should another particle B, having same charge and mass, be 
placed on the incline so that it may remain in equilibrium? 


Q2 A copper atom consists of copper nucleus surrounded by 29 electrons. The atomic weight of copper is 
63.5 g/mol. Let us now take two pieces of copper cach weighing 10 g. Let us transfer one electron from 
one piece to another for every 1000 atoms in a piece. What will be the coulomb force between the two 
pieces after the transfer of electrons if they are 10 cm apart? [e= 1.6 * 10C, (I/4ne,)= 910" and 
Avogadro's number -6* 10" per mol] 

Q.3 Twospherical conductors B and C having equal radii and carrying equal charges with them repel 


each other with a force F when kept apart at some distance. A third spherical conductor having 
same radius as that of B but uncharged is brought in contact with B, then brought in contact with C 
and finally removed away from both. What is the new force of repulsion between B and C ? (When 


- ata 
two conductors of identical geometry having charges q, and q, if touched have final charges 


on each conductor ) 


Q4 — Aringofradius 0.1 m is made our of a metallic wire of area of cross- section 10 ^m'. The ring has a 
uniform charge of x coulomb. Find the change in the radius of the ring when a charge of 10 * coulomb is 
aced at the centre of the ring 


Young's modulus of the metal is 2» 10" N/ m°. 


Answers 


Q.1 27cm from the bottom Q.2 2.08 x 10"N Q3  3F/8 
Q4 * 10? m 


Vector form of coulomb's law : 


By stating coulomb's law in vector form more information 


an be packed in it 


cA r 0 D 


a unit vector in the direction of 


Let the position vector of charge q, relative to chargeq, be r and r is 


so, 


r 
Coulomb's law, in vector form, may be written as 


144: 
dne r 


m 


From the above form of the coulomb's law, It may be justified that, 


Copied to clipboard. 
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Mlustration: 
Two point charges +4q and +q are placed at a distance L apart. A third charge is so placed that 
all the three charges are in equilibrium. Find the location, magnitude and nature of third charge. 
Discuss also, whether the equilibrium of the system is stable, unstable or neutral. 


Xe Lx 
Sol. DERO - 
4 Tg 


Third charge should be placed between 4q and q so that force on third charge to be zero (let at 
distance x from 4q). Third charge should be —ve (let ~q’) for the equilibrium of other charges 
For equilibrium of third charge 
Keaggy’) — K(q)q' ) 
EE 
for equilibrium 4q 


2L 


Ka’) _ Key) 
L T ow. 


Practice Exercise 


Q.1 — Three particles, each of mass 1 g and carrying a charge q, are suspended from a common point by 
insulating massless strings, each 100 cm long. If the particles are in equilibrium and are located at the 
ch particle. ( g= 10m/s?) 


comers of an equilates 


| triangle of side 3 cm, calculate the charge q on ci 


Q.2  Fivepointcharges, each of value +q are placed on five vertices ofa regular hexagon of side L m. What 
is the magnitude of the force on a point charge of value -q coulomb placed at the centre of hexagon? 


Q3 — Twoequal point charges q are fixed atx =~a and x =a along the x-axis. A particle of mass m and charge 
q/2 is brought to the origin and given a small displacement along the (a) x-axis and (b) y-axis, Describe 
the motion in the two cases. 


Answers 


QI 316x1l0*C Q2 (a) Accelerated motion (b) SHM 


Copied to clipboard. 
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ELECTRIC FIELD 
Introduction 
Now a question arises how a charge q, exerts force on another charge q;. The answeris q, influence its 
surrounding electrically and this electrically infuluenced surrounding exerts force on q,. Here we say that 
q, Setup its electric field and this electric field exerts force q,. This electric influence of a charge is 
measured by a vector called intensity of electric field (or loosely speaking electric field) and represented 


by E 


Exerts 
setup, 


Electric eon 


) field 


To define electric field of a charge q (called source charge) at a point P in its surroundi 


s place a small 


positive charge q, (called test charge 
of qat P is defined as 


at point P. Ifq exerts force F on q, then inesity of electric field due 


É- Lim E 
wt do 


q, is taken positive so that F give direction of E . q is taken small because if it is taken large it can 


disturb q. It should be also kept is mind that Ë is proper 
absent. 


Electric field due to a point charge 


‘of q ic. itwill still p 


nt if test charg 


A point charge q is placed at point O. We have to express its electric field at point P whose position 


vector with respect to point P is F 


kago ; 
g-f-+ A 
w 4 Z 
A 
kq . 
lg 
E r 4 
magnitude of electric fied is given by o 
k| 
p. c 
r 


Its direction will be radially outward is q is positive and will be radially inward ifq is negative 


Electric field of a plot of electric field of a 
positive point charge positive point charge at different 
points on x-axis 


‘LZ i 
— 0 — 


ZJN In 


Electric field due to a point positive charge is 


radially outward. 
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Electric field of a plot of electric field of a 
negative point charge negative point charge at different 


Si 
——Q-—— 
as 


Electric field due to a point negativ 


charge is radially 


Mlustration : 
Three point charge q, = + q. d; =~ 24 and q; = + q are placed at corners A, B and C of square 
ABCD of side ‘a’ find electric field at D. 


kq E 


Sol. (alone KD) E 
K\-2q|  2kq 
E (2a) a 
Kd (a longDB) 
a 
kq 
(a long CD) 
a 
kq ka Kk 
a y ca W2-1) 
Mlustration : 


Two point charges each having charge q are placed at separation 21 find the electric field at a 


point on the perpendicular bisector at a distance x from its mid point. 


Sol Electric field due to any of the charge will be 


gH 


Ecos, E cos 0 


Resolve the electric field into two components. E cos 0 
and E sin 0 (fig.). Horizontal components of electric field 
of both charges nullifies each other. Hence the net elec- 
tric field will be. 


2kq z 2kqz 
-2Ecos 0= Xt =a 
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Illustration : 
Four identical charges are fixed at the corners of a square of side a. Find electric field at point p. 


which is at a distance z lying on the line perpendicular to the plane of the square passing through 


the centre of square. 


Sol. 


ki ino 
q Esino g 


This electric field can be resolved into two components 
E cos 0 (horizontal) and E sin 0 (vertical). From 
symmetry it is clear that sum of horizontal components 
of electric field will be zero. 
Hence the net electric field will be 

E, = 4E sin 0 (vertical) 


eua d qz 
Pr ^ Amey (a? 
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Illustration : 
Two charged particles lie along the x-axis as shown in figure. The particle with charge q, = +8uC 
is at x = 6.00 m, and the particle with charge q, = + 24C is at the origin. Locate the point whre 
the resultant electric field is zero. 

Sol. 


SL 


Two charged particles kept on the x-axis. 


Before calculating, let us physically see the location of the point where the electric field can be 
zero. At points other than the x-axis, say above the x-axis, both the charges will have a component 
of the electric field in the positive direction. This y component of the electric field does not cancel 
out. So the net electric field at that point will not be zero. The same statement also holds true for 
points which are not in xy-plane. 

On the x-axis also we can see that on the points beyond x = 6 m and points on the negative x-axis, 
both the electric fields will be in the same direction. So the net electric field cannot be zero. At 
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some point between the two charges, the electric field due to both f them will be in opposite direction. 
So the electric field will be zero at a point between x = 0 and x = óm. 
To find the electric field at any point, we can apply the superposition principal as in equation. 


kx2x10% kx8x10* 
Bx QEXMCU = 0) 


(6x) 


Solving we get x = 2m. We are ignoring the other trivial solution. 
To analyze this situation more deeply, let us draw a graph of the net electric field at different 
points on the x-axis versus the position on the x-axis. 


Electric field at various points of x-axis due to q, and q, 


This point where the electric field is zero is called a neutral point. We can also say that if the 
electric field at this point is zero, a charged particle kept at this point will not experience any 
force. 


F 
q 


i 
Then F = qË . Hence, at this point any charged particle will be in equilibrium. 


Practice Exercise 


Q.1 Two particles A and B having charges of + 2.00 106C of 400. 106C respectively are held fixed 
ata separation of 20.0 cm. Locate the point(s) on the line AB where the electric field is zero 

Ans  483cm from Aalong BA 

Q.2 Three identical charges, each having a value 1.0 108 C, are placed at the corners of an equilateral 
triangle of side 20 cm. Find the electric field at the centre of the triangle. 

Ans — zero, 

Answers 
Q.1 4&3cmfrmAalongBA — QJ zero, 


47 


Continuous charge distribution 


We have so far dealt with char 


configurations involving discrete char 


65, q- q, One reason why 
we restricted to discrete charges is that the mathematical treatment is simpler and does not involve 
calculus. For many purposes, however, itis impractical to work in terms of discrete charges and we 


need to work with continuous charge distributions. For example, on the surface of a charged conductor, 
itis impractical to specify the charge distribution in terms of the location 


of the microscopic charged 


constituents, It is more feasible to consider an area element AS on the surface of the conductor (which 


is very small on the macroscopic scale but big enough to includea very large number of electrons) and 
specify the charge AQ on that element. We then define a surface charge density c at the area element by 
,AQ dQ 
AS ds 
n do this at different points on the conductor and thus arrive at a continuous function c called the 


Wee 
surface charge density. The surface charge density a so defined ignores the quantisation of charge and 


the discontinuity in charge distribution at the microscopic level. represents macroscopic surface ch: 


density, which in a sense, is a smoothed out average of the microscopic charge density over an ar 


elei 


nt AS represi 


ts macroscopic surface charge density, which in a sense, is a smoothed out average 


of the microscopic charge density over an area element o are C/m'. 


Similar considerations apply for a line charge distribution and a volume charge distribution, The linear 
charge density } of a wire is defined by 

AQ _ dQ 
A dl 

Where A/ isa small line element of wire on the macroscopic scale that, however, includes a large number 


À- Lim 


ofmicroscopic charged constituents, and AQ is the ch sd in that line element, The units for. 


arge conta 


fined in a similar 


are C/m. The volume charge density (sometimes simply called charge density) is d 
manner: 

Li AQ dQ 

w+ AV dV 

Where AQ is the charge included in the macroscopically small volume element AV that includes a large 


number of 


icroscopic charged constituents, The units for p are C/m*, The notion of continuous change 


distribution is similar to that we adopt for continuous mass distribution in mechanics, When we refer to 
the density ofa liquid, we are referring to its macroscopic density. We regard it as a continuous fluid and 
ignore its discrete molecular constitution. 


Electric field of a continuous charge distribution 


The total electric field at P due to all elements in the charge distribution is approximately. 


Esx Y M 


Considering the charge distribution as continuous, the total field at P in the limit Aq, > 0 is 


eagal 


Bar lim y eg [8 
2» 


Copied to clipboard. 
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Steps for calculating the electric field for continuous charge 
distributions 


1, Identify the type of charge distribution and compute the charge density A, 6 or p. 
2. Divide the charge distribution into infinitesimal charges dq, each of which will act as a tiny point 
charge. 
3. The amount of charge dq, i.c., within a small element di, dA or dV is 
dq=Ad! (charge distributed in length) 


dq=odA (charge distributed over a surface) 
dq = p dV (charge distributed throughout a volume) 
4. Drawat point P the dE vector produced by the charge dq. The n 


nitude of dE is 


JES anes r 


Vector dE is along radial line joining dq to P, dE is directed away for positive charge dq while 
directed towards dq for negative dq, 

5. Resolve the dE vector into its components, Identif 
whether any component(s) of the field that 

6. Write the distance rand any trigonometric factors 

ld is obtained by summing over all th 


£- (ai J 


Aner 


al symmetry features to show 


y sp 


ancelled by other components. 


not 


terms of given coordinates and parameters. 


infinitesimal contributions. 


8. Perform the indicated integration over limit of integration that include all the source charges. 


Electric field intensity at any point due to a uniformly charged rod 
(of linear charge density X) at a point on its axis 


Consider an element, dx at a distance, x from the point, P, where we have to find the electric field. The 
elemental charge, dq -Adx 


Now, electric field due to elementry part will be 


d -kÀ* 


Then, electric field due to entire rod will be 


Thus 
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Electric field intensity at any point due to a uniformly charged rod 
(of linear charge density 4) at a genaral point 


[ dE -dEcost 


Consider an element, dx at a distance, x from the point, P, from normal, The elemental charge, dq -Adx 
Now, electric field due to elementry part will be 


dx 
= 


dE =k. 


This electric field has two components dE =dEcos@ and dE =dEsin@ 


The x-component of resultant electric field will be 
E, = jet, = fdEsino ~j{.2%*)/*) of 89 
om (a +x) 
substitute 
x= atano > dx= asec! ado 
and 
(a? «x! =(a? «a tav 0)" -a'sec'o 
Then, x-component of electric field due to entire rod will be 
" (atano)(asec? odo) ij * 
E, = fae, «Ia — 9 — ia ( ES E. f sinodo 
re)” See? a 


kà 
= “^ (cos0, - cosó, ) 
a 


The y-component of resultant electric 


dEcoso = f(k 22/2 


E, = Jae, 


Again using, dx-asectodo and (a? «x')" = (a? «a'tan'o)" =a sec’ 0 


Y-component ofelectric field due to entire rod will be 


asec? odo _ K 
af ane 


5, = [eta uA 


[3 
do = P^ [sino 
cosodo = P [sino] 


| Copied to clipboard. | 
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E, = (sino, «sino, ) 
a 2 


Special case 1 
Ifthe wire is semi infinite 


0,=0 9, 
ka w. 
E, - — and E, = [7-3 3 x t 
a 
E xe 
a 


E, 
tanü- —- - 15 0-45 
E 


Special case-2 Im 
Ifthe wireis infinite 
z " 
[LI 
22 
E,-0 E - 29. 
a 
2k), 
F a 


Electric field due to uniformly charged circular arc (of linear charge 
density À) at its centre 


Consider an element at an angle 6 from bisctor and haivng angle dé at centre. 
Length of the elementry part will be 


di - Rdé. 
Elementry charge 
dq = XRdé 


Electric field due to this elementry part will be 


k(Rd$) _ KA 
= db 
R R 


This electric field has two componets dE, = dE cos and dE 


= dE sing. From symmetry it is clear that 
sum of dE, will be zero 
Hence the net electric field will be sum of dE, i.e. 


= far i: = fat cosó 


T 2X. 0 
= cosódé = 5; 
J g 590 = sins 


Copied to clipboard. | 


Practice Exercise 


Q.1 — Findtheelectric field at centre of semicircular ring shown in figure. 


Answers 


Electric field due to uniformly charged circular ring at a point on its axis 


(ata point P lying a distance x from its center along the central axis perpendicular to the plane ofthe ring) 


The magnitude of the electric field at P due to the segment of charge dq is 


dq 


dE-k 


This field hasan x component dE, = dE cos 0 along the x-axis and a component dE , perpendicular to 
long the x-axis because the perpendicular components of the 
lement is canceled by the perpendicular component created by an element 


thex-axis, The resultant field at P must lie: 
field created by any charge e! 
on the opposite side of the ring. 


All elements of the ring make the same contribution to the field at P because they are all equidistant from. 
this point, Thus, we can integrate to obtain the total field at P 


Electric field on the axis of a uniformly charged disc (of surface charge 
density c) 


Consider field dueto aringof 


disc of uniform surface charge density *o".Let us calculate the electr 
r, from the centre and having a width, dr. 


charge situated at adistan 


= 


7 , directed along the line OP. 


kxdq 


dE 
(x +P) 


[Here we are using the expression for electric field intensity fora charged ring of radius rat a point on the 


: og : 
axis at a distance x from the centre, E= 7, 77 directed along the axis outwards from the centre.] 
Now, the area of the ring, dS = 2nr. dr, — dq = o2xrdr, 


Thus, 


Fl. = [ae - i] S2 


se se) 
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——*_, |- 2 (1-c0s0), 
(eer)? [ra 


where 0 semi vertical plan 


Plot of electric field due to uniformly charged disc on its axis 


gle subtend by the disc at P. 


Also, as Rx > E 


which is the electric field in front of an infinite plane sheet of cha 


Electric field due to non uniform charge distribution 


Illustration : 


Figure shows circular arc which is non uniformly charged. The linear charge density on the arc is 
given by 

2=A,cos 0 
where 0 is measured from x-axis. Find the electric field at centre of arc 


2(0) = ,cos 0. 
ay 


dee —À 8. 


Sol. 


di 


let us take an elemetry charge at location 6 from x-axis and subtending angle d at centre of the 
are 
elementry charge is 
dQ = hdl = (À,cos0) (RdO) 
Electric field due to this elementry charge will be 


kdQ  kA,Rcos0dÓ — kA, cosOd0 
Re R p R 


dE = 
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This electric field can be resolved into two components dE, = dE cos 0 (along x-axis) and dE, = 


dE sinO (along y-axis) 
The net electric field along x-axis will be 

cos 0d0cos 0 
R 


E, = fdE, = [dE cos0 = 


The net electric field along y-axis will be 


cos d0sinO KA, 1 


Jae, = [dEsino- " n 


Practice Exercise 


Q.1 Arodoflength L has a total charge Q distributed uniformly along its length. Itis bent in the shape of a 
eof the semicircle, Fi 


semicircle, Find the magnitude of the electric field at the centre of curvatu 


magnitude of the electric field at the centre of curvature of the semicircle, 


a 
py 


Q.2  Acircular wire-loop of radius carries a total charge Q distributed uniformly over its length. A small 
length dL of the wire is cut off Find the electric field at the centre due to the remaining wire. 


Qd. 
Ans. 
Answers 
a Qd. 
QU ou Br'ga* 


Electric filed lines 


According to Michael Faraday we can visualize electric field with the help of lines, These imaginary 
lines or curves are termed as electri field lines or electric lines of forces. They are drawn such that tangent. 
ves the direction of the field at that point. 


at any point on an electric line of force 
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ection of electric field (force on unit positive test charge) due to a positive 
second figure represents corresponding electric field lines. 


The first figure represents d 
charge at some points where: 


The number density of lines (number lines crssing unit area normally) represent the relative strength of 
the field.In other language at points where the intensity is low, the lines of forces will be widely separated 
and where the intensity is higher, the lines of force will be closely packed. 


Another person may draw more lines, But the number of lines is not important. In fact, an 
infinite number of lines can be drawn in any region. It is the relative density of lines in 
different regions which is important. 


Electric field lines penetrating two surfaces. The magnitude of the field is greater on surface A than on. 
surface B. 


Properties of electric lines of force 


(i) Electric lines of forces originate from (+)ve charge and terminate (end) on negative charge i.e. (^)ve 
charges are sources of electric lines of forces and (-) ve charges are sinks for them. 


(ii) Electric lines of forces are open curves (not closed curves like magnetic lines of forces). This property 
of electric lines of forces signifies the fact that electric field is a conservative force field. 


(iii) Two electric lines of force never cross each other because if they do cross then there will be two 
directions of field at same point. 


(iv) The number of lines drawn leaving a positive charge or approaching a negative charge is proportional 
tothe magnitude of the charge. 


If magnitude as well as direction of electric field is same then electric field is said to be uniform otherwise 
nonuniform 


In the first figure the magnitude as well as direction is uniform. In the second figure magnitude of the 
id is uniform where as direction is non uniform. In the third figure direction of the electric field 
is uniform where as magnitude is non uniform. In the fourth figure the magnitude as well as direction is 
non uniform, 


electric 


— — — 
LI RS —À 
=. TEL =$ 
The first figure represent uniform electric field where as the remaining three figures represent non unifor 


electric field 


Illustration 


Figure shows the sketch of field lines for two point charges 2Q and — Q. 


The pattern of field lines can be deduced by considering the following points 

(a) Symmetry : For every point above the line joining the two charges there is an equivalent point 
below it. Therefore, the pattern must be symmetrical about the line joining the two charges 

(b) Near field : Very close to a charge, its own field predominates. Therefore, the lines are radial 
and spherically symmetric 

(c) Far field : Far from the system of charges, the pattern should look like that of a single point 
charge of value (2Q — Q) = + Q. i.e., the lines should be radially outward. 


(d) Null point : There is one point at which E = 0. No lines should pass through this point. 


(e) Number of lines : Twice as many lines leave + 2Q as entre — Q. 


Practice Exercise 


The electric field of two point charges separated by 4.14 cm is as shown in figure. 


(a) What is the nature of charges? 


(b) What is the ratio of magnitude of charges? 


(c) Is the field uniform? 
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(d) Apart from infinity where is the neutral point ? 


(e) Will a positive charge follow the line of force if free to move? 


(f) Where do the extra lines end? 


Answers 


Q.1 (a)Ais-veand B is +ve (b) iq, 


| (c) Feild is not uniform (d) BC = 10 cm (e) No (f) at infinity 


Equilibrium and Motion of Charged Particles in the presence of Electric Field 


When a particle of charge q and mass m is placed in an electric field E, the electric force exerted on 


D 
the charge is qË according to Equation Ë a If this is the only force exerted on the particle, it must 


be the net force and causes the particle to accelerate according to Newton's second law. Thus, 


qË 
m 


ä 


Ifthe particle has a positive charge, its force is in the direction ofthe electric field. Ifthe particle ha 
negative charge, its acceleration is in the direction opposite the electric field. 


Illustration: 


A positive point charge q of mass m is released from rest in a uniform electric field E directed 


along the x-axis, as shown in figure. Describe its motion. 


Sol The acceleration is constant and is given by qE/m. The motion is simple linear motion along the 
x-axis. Therefore, we can apply the equations of kinematics in one dimension 


1 
x,7x *vt* zar 


vay tar 
v? = v? + afe, x) 

Choosing the initial position of the charge as x, = 0 and assigning v, = 0 because the particle 
starts from rest, the position of the particle as a functa of time is 


1 5, i 
x,= 5at= > 
2 2m 
The speed of the particle is given by . 
o b% 
=o © © 
vy at t d 
m 


The third kinematics equation gives us 
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We can also obtain this result from the work-kinetic energy theorem because the work done by the 
electric force is F,Ax = qEAx and W = AK. 


Illustration: 
4 particle of charge WC and mass 1 gram is suspended in air near surface of the earth such that 
weight of particle is balanced by electrostatic force on particle. Find the electric field at position 
of the particle. 


Sol — Electric force is equal and opposite to weight such that F, +W = 0 
E qË + mg(-) -0 


mg 
Ì = 10" N/C vertically upward. 


Illustration: 
A uniform electric field E is created between two parallel, charged plates as shown in figure. An 
electron enters the field symetrically between the plates with a speed u, The length of each plate 
is ¢. Find the angle of deviation of the path of the electron as it comes out of the field. 


cE 
Sol. — The acceleration of the electron is a = 7. in the upward direction. The horizontal velocity re- 


mains u, as there is no acceleration in this direction. Thus, the time taken in crossing the field is 
1 


Uy 


] 
The upward component of the velocity of the electron as it emerges from the field region is 
cE 
u ats 
The horizontal component of the velocity remains 
u =u 
The angle Q made by the resultant velocity with the original direction is given by 


u, _ eEl 
tang =— = 
u, mu 


Thus, the electron deviates by an angle 
u, cE 


O=tan!— = 
u, mu 


Practice Exercise 


Q.1 — Anelectron anda proton are situated in a uniform electric field. What is the ratio of their acceleration? 
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Q4 


Qs 


Q7 


Qs 


An infinite plane of positive charge has a surface charge density c. A metal ball B of mass m and charge 
qis attached to a thread and tied to a point A on the sheet PQ. Find the angle 0 which AB makes with the 


plane PQ 


A simple pendulum of length / and bob mass m is hanging in front of a large 
nonconducting sheet having surface charge density c. If suddenly a charge +q is 
Figure shows tracks of three charged particles in a uniform electrostatic field. Give the signs of the three 
charges. Which particle has the highest charge to mass ratio? 


given to the bob & itis released from the position shown in figure. Find the maximum 
angle through which the string is deflected from vertical 


A simple pendulum consists ofa small sphere of mass m suspended by a thread of length 1. The sphere 
carries a positive charge q. The pendulum is placed in a uniform electric field of strength E directed 
vertically upwards, With what period will the pendulum oscillate ifthe electrostatic force acting on the 
sphere is less that the gravitational force? Assume the oscillations to be small 


An inclined plane makes an angle of 30? with a horizontal is placed in a uniform horizontal electric field 
E=100 Vm”. A particle of mass 1 kg and charge 0.01 C, is allowed to slide down from a height of 1 m. 
If the coefficient of friction is 0.2, find the time taken by the body to reach the bottom of the inclined 
plane, 


A pendulum bob of mass 80 millig cof2 x 10^ coulombíisat equilibrium. ina 
horizontal uniform electric field of 20,000 Vm '. Find the tension in the thread ofthe pendulum at equilibrium 


ms and camying ach 


Auniform electric field of strength 10° V/m is directed vertically downwards. A particle of mass 0.01 kg 
and charge 10“ coulomb is suspended by an inextensible thread of length 1 m. The particle is displaced 
slightly from its mean position and released. Calculate the time period of its oscillation, What minimum 
velocity should be given to the particle at rest so that it completes full circle in a vertical plane without the 
thread getting slack? Calculate the maximum and minimum tensions in the thread in this situation. 


Answers 


Q4 


] 
| 

T = 2n| —— | Q.6 13sec Q7  &8x10*N 
| 
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GAUSS'S LAW 
Area as a Vector 


face area or small elemental area of a 


In some calculations it is useful to use area as a vector. Plane sul 
cuved surface can be treated as vector quantities. Its direction is taken along the outward normal drawn 
on the surface and m jitude is equal to its area. It should be noted here that the direction of outward 
normal ata given point of a closed surface is unique but in case of open surfaces the terms outward and 
inward are not well defined and so the choice of outward normal is purely arbitrary 


Flux of a vector field 


When a planel area represented by an area vector 4 is placed in any uniform vector field (let X ) then 
a flux(represented by the symbol ®) of that vector field is said to be linked through that area and defined 
as 


D=XKA 


To understand its meaning clearly let us take example of velocity field. We imagine a hypothetical 
cylindrical having cross-sectional area A, Lowered ina flowing river in which velocity of water is uniform. 


flux of the vector velocty vector on left cross section 
«, - V-À - VAcoS180* =-vA m’/sec 

flux of the vector velocty vector on right cross section 
4b, =¥-A =vAcos0® = +vA m’/sec 

flux of the vector velocty vector on on any elemental area of curved surface 


4b, = V-À =vAcos90° =0 m'/sec. 


As the unit suggests the flux of ; through A atleftend gives the net inflow of water across the left cross 
section of the pipe per-sec Similarly the flux of y through A at right end gives the net outflow of water 
across the right cross-section of the pipe per-sec . Zero flux on curved surfa 
flow through curved surface. 


ice represents there is no 


Overall we can say that flux of any vector field through an area vector placed in that field 
defines the net inflow or net outflow of something across that area. (-)ve flux indicates inflow, 
(*)ve flux indicates outflow. 
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Flux of electric field 
Flux of electric field through an area placed in that field represents the part of the electric 
field intercepted by that area or the net inflow or outflow of electric lines of forces normally 
through that area. 


Whena small area represented by an arca vector d A is placed in any vector field then a flux of that field 


is said to be linked through that arca. 


Considering a small surface represented by area vector d A , placed in an electric field È in such a way 


that angle between E and d A is 0 then the flux of electric field E through the area d A is defined as the 


dot product of the field vector and that of the area vector and is given by 
d= E-dA = EdA cos R 
dq. =(E coso) dA = Product of the arca and É 


that ofthe component of É along dA i.e., along the normal 


to the area or, 


do -E(dAcos0)- Product of E and the projection of the area vector normal to the direction of È 


To calculate the flux of nonuniform electric field through a surface of any arbitrary shape we divide the 


whole surfz 


into little patches which are so small that over any one patch the surface is practically flat 
appreciably from one part of a patch to another. The area of a patch 


and the el 


xtric field doesn't chang 


normal to its surface gives its direction, We calculate 


has a certain magnitude and the outward pointi 


the fluxes of electric field through each such patches and the algebraic sum of the fluxes through individu 


patches gives the total flux of electric field through the given surface of arbitrary shape because flux is a 


scalar quantity 


The flux of nonuniform electric field over: 


arbitrary surface A is given by the 


- [db - [E-dX - [EdAn 


where 5 isthe unit vector in the direction of normal to the surface 


In case of closed surface flux is written by special sumbol 


=[dd=fEdA - fEdAn 


Muatration: 
Consider a uniform electric field g oriented in the x direction.Find the net electric flux through 


the surface of a cube of edge length ¢, oriented as shown in Figure 


Sol — The net flux is the sum of the fluxes through all faces of the cube. First, note that the flux 


through four of the faces (,@ and the unnumbered ones) is zero because Ẹ is perpendicular 


to gi on these faces 


The net flux through faces @ and Q) is 

$ = [EuA + [Ed 
For face Q. is constant and directed inward but gj, is directed outward (07 180°); thus, the 
flux through this face is 

4 = EWA = [EdAcos180° - -EA = -E 
For face @. £ is constant and outward and in the same direction as gj, (0 0°); hence, the flux 
through this face is 

4 = EWA = [EdAcost* -EA - E 


Therefore, the net flux over all six faces is 


= EP «(-EP)«0«0«0«0-0 


Mluatration: 


A nonuniform electric field is given by the expression E ~ ayi +bz) +cxk , where a, D, and C are 


constants, Determine the electric flux through a rectangular surface in the xy plane, extending 
from x 2 0 to x = wand from y = 0 to y =h. 


Sol The direction of area vector is along z axis hence there will be no flux due to x and y 


component of electric field. So let us calculate flux due to z component of electric field. 


Fass 1 chw 
= Jip = [dA = (ena) = 77 


Solid Angle 


A plane angle is a two dimensional concept. Solid angle is a three dimensional generalisation of the two 
dimensional concept of plane angle. A plar is formed ata point by a line segment or an arc buta 
surface is responsible for the formation of solid angi n point, The S.I. unit of plane angle is 
whereas that of solid angle is steradian (Sr). 


AB is the line segment Sis the surface segment 
forming plane angle 0 at O forming solid angle 0 at O 


A 


Plane angle formed by a small solid angle formed by a small 
arc of a circle at its centre is area of a sphere at its centre is 
defined as. do - 3 defined as. d0 


dA 
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If a small length element d / is 
oblique such that normal to the. 
length element (ñ) is making 
an angle 0 with radial direction 
(È) then the plane angle is 


If a small surface element dA is 
oblique such that normal to the 
surface element (ñ ) is making 
an angle 6 with radial direction 
(F) then the plane angle is 


defined as do = 2/0080 defined as an - $4250 
r F 
aes 
aeee d dAcosó a 
E r 


Mlustration: 
Find the solid angle formed by a disc at a point on its axis where its radius forms plane angle 0 
Sol. Let us first calculate the solid angle formed by elementry ring of radius r and width dr 


dAcosé (2mxdx)cosé 


an 
T r , 
substitute x= (tang => dx = (sec édé and L4 
j te, 
r= VP oe = JE (rami = (sect r (f A 
(2xetangr sec! 4d6)c0s {A | 
an 2zcosédà 
(seco) 


n fan - [2zcosidé = 2n(1-cos0) 


Practice Exercise 


pint charge Q is located on the axis ofa disc of radius R ata distancea < > 
Q.1 A point charge Q is located on theaxisofadiscofradiusRatadistancoa < 5 


from the plane of the disc. Ifthe soild angle subtended by disc at the point A 


charge is 3/2, then find the relation between a & R. 
‘Q 


Answers 


Some important results regarding solid angle 


(i) A closed surface subtends a solid angle of 4«(Sr) at an internal point. 
Considering a three dimensional closed surface S of any arbitrary shape. 
Let O bean interior point. Again, consider a spherical surface of radius 

"P having its centre at'O'. Let a small part of the surface, having surface 
area dA' is contained inside a solid angle do. This cone emerging from 


point O encloses an arca dA' of the spherical surface. 


So Solid angle subtended by dA at point O =d0= solid angle 


dA' 
subtended by dA'at point O= 73" 


Every small area, on the surface S of any arbitrary shape, may be shown in correspondence with an area 
on the spherical surface. So, total solid angle subtended by a closed surface of any arbitrary shape at an 
internal point. 


Ifthe boundary of a hemispherical surface is gradually closed then the solid angle © start decreasi 
when it takes the shape of a closed surface, the solid angle subtended at the external point becomes 
zero. 

Mlustration 


What is the solid angle subtended by square at the point P. 


10cm 
Tocem 


Sol Ifa consider a cube of side 10 cm point P will be at its centre. The total solid angle subtended 
by all the six surface of the cube at P is 47 staradian. Also from symmetry it is obvious that 
solid angle formed by each surface at P is equal hence equal to 


1 a 
=F (An) staradian 


Copied to clipboard. | 


Practice Exercise 


Q.I .— Whatisthe solid angle subtended by hemisphere (shown in figure) at point P. 


Q2  Findthesolida 


e subtended by a cube at its comer 


Answers 


Q. Zero. Q2 


Illustration 


Find the flux of electric field of a point charge over a closed surface of arbitrary shape if point 


shape point charge is placed 


(i) inside closed surface 


(ii) outside closed surface 


Sol Flux on elementary area will be 


q q_ dAcos0 q 

dé -E-dÀ = EdA cos 07 4, dAcosQ ost - aan 
Where dQis the solid angle subtended by elemen- 
tary area at the location of point charge 

; a 
Total flux joe - t3 fan a 

Where Qis the total solid angle subtended by area 
at the location of point charge. 
If the point charge is placed inside the surface 

Q-4z >=] 
If the point charge is placed outside the surface . 

Q-0 26-0 5 Ee 

dA 


Here we get a result 


charge 


Electric flux due to a point charge on any surface= (solid angle subtended by the sur- 


face at the location of point charge) 


| Copied to clipboard. 


Practice Exercise 


Q.1 A point charge qis placed on the axis ofa disc (imaginary) of radius R at a distance x from the centre of 
the disc. Find the flux of electric field of the charge q on disc. 
Ans. 
E] a 
QI fuxé- gt = z2-(1- cost) 


Gauss theorem 


The flux of net electric field (due to the charges enclosed by the surface as well as the charges 
outside it) through any imaginary closed surface(called gaussian surface) of any arbitrary 


shape is equal to the total charge enclosed by the surface divided by £. 


[AE 


Some points to be emphasized about the gauss law : 


0) 
(i) 
(ii) 


(iv) 


Itis true for any closed surface no matter what its shape and size. 
The q includes algebraic sum of all charges enclosed by the surface. 


In situations when the surface is so chosen that there are some charges inside and some outside, the Ë 


(whose flux appear in the equation) is due to all char 
charge inside. 


s, just term *q' in the law represents only total 


The gaussian surface should not pass through any discrete charge however, it can pass through a 
continuous charge distribution. 
Gaussian surface should not contain any finite non zero charge. 


Mluatration: 


Sol. 


A charge Q is placed at the centre of an imaginary hemispherical surface. Using symmetry argu- 
ments and the Gauss 5 law, find the flux of the electric field due to this charge through the surface 
of the hemisphere 


Let us imagine another hemispherical surface over identical given one. 
Both being symmetric with respect to Q. hence flux will be same through both the hemisphere 


($ =.) 


Net flux 


y 


as 


Hlustration: 


Three point charges -q, +q and Q are placed in a region as shown. P 
is a point on imaginary Gaussian sphere enclosing -q and *q and Q is 
outside -Q 


Will it be correct to say that flux at every part of sphere due to Q is zero. 


Sol. No flux at every part of sphere due to Q is not zero because electric field is intercepted by some 


area 


Q.1 A point charge q is placed at one comer ofa cube of edge a. What is the flux through each ofthe cube 
faces? 


Q2  Apointchargeqis placed at near infinite plane. What is the flux through the plane? 


m directly above the centre of a square of side 10 cm, as shown in Fig, 
flux through the square? 


Q.3  Apointcharge q is adistan 
What is the magnitude of the electri 


Q4 A point charge Qis located just above the center of the flat face of a hemisphere of radius Ras shown 
in Figure , Whatis the electric flux (a) through the curved surface and (b) through the flat face? 


Copied to clipboard. 
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Applications of Gauss Theorem 


Choice of gaussian surface in evaluating electric field. 
Definition of a Gaussian surface : 
While applying Gauss’s law we are in 


$,7 feaa 


for which the flux is calculated is generally an imaginary or hypothetical surface, 
called a Gaussian surface. Whenever we apply Gauss's law we may choose a surface of any size and 
shape as our Gaussian surface. But selecting a proper size and shape for a Gaussian surfa 
factor for determining flux and electric field. Here are the list of different types of the Gaus: 


ested in evaluating the integral 


The closed surfi 


to be chosen fora given charge distribution. 

Charge distribution Gaussian surface Electric field 
Point charge Spherical Radial 

Spherical charge distribution Spherical Radial 

Line of charge Cylindrical Radial 

Planar charge Cylindrical Normal to surface 


(i) Electric field due to a point charge 
fEaÀ = fEdA =f dA = E4nr? 


Xa. =Q 
A 
from Gauss" law o S- 
Q 
E4nr = - 
=» Es 


(ii) Evaluation of el. fd. due to uniformly charged spherical shell (charge Q): 
Case 1 At external point ( r*R) 


from Gauss’ law E4nr? = 


Case 2 At internal point ( r<R) 


y 
w 
" 


| Copied to clipboard. 
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Plot of variation of electric field 


T 


(iii) Evaluation of el. fd. due to uniformly charged spherical volume (charge Q) 


Casel At external point (r>R) 


from Gauss’ law « 


E4nr? 


Case 2:- At internal point ( r<R) 


from Gauss’ law 


Q (4 
LIE 
E(4nr^) 
s EO Py 
= An R? 36 


féak- [EaA« f 
[n 


a4 


= J EdAcos90°+ | EdAcoso’+ f EdAcos90 
= 0 FdA © Ber aa 

4 
[2x memeZ A 


from Gauss's law 


E2n r1 - M 


a 


2ze,r 


(V) Electric field intensity at a point near an infinitely charged plane sheet having surface 


charge density 
fiaA= JEaA+ [EaA« [Ea 


J EdAcoso’+ f EdAcosg0*+ [ EdAcost! 


£ dA 0 Éd& EA 0 EA 26 


Xa. =9S 


from Gauss’ law 2ES 


oS 


Mluatration: 


A closed surface with dimensions a = b = 0.400 m and c = 
0.600 m is located as in Figure. The left edge of the closed , 

surface is located at position x =a. The electric field ` 
throughout the region is nonuniform and given by 


E=(3+2x")i N/C, where x is in meters. Calculate the net 1 
electric flux leaving the closed | 
surface. What net charge is enclosed by the surface? 


Sol The net flux is the sum of the fluxes through all faces of the cube. First, note that the flux 


through four of the faces ( parallel to y-z and x-z plane) is 2 


ro because Ẹ is perpendicular to 
dA on these faces 
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For face parallel to y-z plane lying at x-a , Ẹ is constant and directed inward but gj, is 
directed outward (0= 180°); thus, the flux through this face is 


4, fda JEdA cos180° -EA =- 


For face parallel to y-z plane lying at x=a+c , Ẹ is constant aand outward and in the same 


direction as gh, (8=0°); thus, the flux through this face is 


4, = [aA = fedacoso” = «EA = +[3+2(a +c)? Jab 
Therefore, the net flux over all six faces is 


$=-[3+2a" Jab +[3+2(a +c)" |ab+0+0+0+0 


Mluatration: 
Assystem consists of a ball of radius R carrying a spherically symmetric charge and the surround- 
ing space filled with a charge of volume density p=a/t where a is a constant, r is the distance 
from the centre of ball. Find the ball s charge at which the magnitude of the electric field is 
independent of r outside the ball. How high is this strength? 

Sol. Let us consider a spherical surface of radius (> R) concentric with the ball and apply Gauss $ 
Law. 

q 


I s 


Let Q total charge of the ball 


zyE(Anr!) - Q^ 


syE(4nr!)-Q 


"E Qm, 


Anz, 


An 


For E to be independent ofr 
Q=2raR? 
and the value of E is 


Practice Exercise 


Q.1 Along cylindrical volume contains a uniformly distributed charge of density p. Find the electric field at 
a point P inside the cylindrical volume ata distance x from its axis in the figure. 

Q.2 A nonconducting sheet of large surface area and thickness d contains uniform charge distribution of 
density p. Find the electric field ata point P inside the plate, at a distance x from the central plane. 

Q.3 Consider the classical-model of an atom such that a nucleus of charge + e is uniformly distributed 
within a sphere of radius 2A. An electron of charge (~e) at a radial distance 1A moves inside the 
sphere. Find the force attracting the electron to the centre of the sphere. Calculate the frequency with 
which the electron would oscillate about the centre of the sphere. [* This is the earliest model of atom 
proposed by J.J. Thomson.] 

Answers 

px ox 

Ql Q2 Q3 9x10" Hz. 
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ELECTRIC POTENTIAL ENERGY 


Whenever a charge is moved in an electrostatic field, work is done by electrostatic forces, An electro- 
static field is a conservative force field. Therefore, any work done against the field is stored as potential 
energy. Change in electric potential energy will be AU =-W.,, where W is the work done by electro- 
static forces. 


Electric potential energy between two point charges 


Consider two charges Q and q separated by a distance r, Ifthe charge q is moved along the line joining 
the charge and the final separation becomes r,, then the work done by the electric force during the 
process is 

>, 


ar 


w, =f 980r ka 1 


The change in potential energy is defined as 


1 
U,-U,=-W, = kQq |: 


The potential energy of a two-charge system is taken to be zero, when the distance between the charges 
is infinity. i.e. U - O ifr » 
Now, the potential energy ofa two charge system when their separation is r, is 


[11 
U(r) -0- kQq|7 7. | 

kQq  ! Qq 
U0= Ate 


For like charges U is ve & for unlike charges U is-ve. 


Electric potential energy between more than two point charges 
The above equation gives the potential energy of a pair of charges. In case of three charges (say q,, q, 
and q,) there are three pairs (q,. q,). (q... q;) and (q,, q,). Thus the total potential energy of the system 
will have three terms. 


_ kava, keds, kaya 


l 


Illustration: 
Three charges Q, +q and +q are placed at the vertices of a right 
angled isosceles triangle as shown in the figure. The net e 


static energy of 
the configuration is zero., if Q is equal to 


Sol Net electrostatic energy 


kQq , kQq | kaa n 
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Illustration: 
4 particle of mass 100 gm and charge 2 uC is released from a distance of 50 cm from a fixed 
charge of 54C. Find the speed of the particle when its distance from the fixed charge becomes 3 
m. Neglect any other force. 
Sol. Loss of potential energy = gain in kinetic energy 
U,- U, = AK. 


14 
KQd| -r |= me - 0 


[xoa nn] [2:910 x5x10* «2107 «25 
Vm ins J^Y 0.18«05 


v amis. 


Illustration: 


Two fixed positive charges, each of magnitude 5x10 are located 
at points A and B, separated by a distance of 6 m. An equal and 
opposite charge moves towards them along the line COD, the 
perpendicular bisector oflien AB. The moving charge, when reaches 
the point C at a distance of 4 m from O, has a kinetic energy of4 smeh 


joules. Calculate the distance of the farthest point D which the 
negative charge will reach 
before returning towards C 


Sol — The kinetic energy is lost and converted to electrostatic potential energy of the system as the 
negative charge goes from C to D and comes to rest at D instantaneously 
Loss of KE = gain in PE 
4-U, -U, 
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Illustration: 
4 particle of mass 100 gm and charge 2 uC is released from a distance of 50 cm from a fixed 
charge of 54C. Find the speed of the particle when its distance from the fixed charge becomes 3 
m. Neglect any other force. 
Sol. Loss of potential energy = gain in kinetic energy 
U,- U, = AK. 


14 
KQd| -r |= me - 0 


[xoa nn] [2:910 x5x10* «2107 «25 
Vm ins J^Y 0.18«05 


v amis. 


Illustration: 


Two fixed positive charges, each of magnitude 5x10 are located 
at points A and B, separated by a distance of 6 m. An equal and 
opposite charge moves towards them along the line COD, the 
perpendicular bisector oflien AB. The moving charge, when reaches 
the point C at a distance of 4 m from O, has a kinetic energy of4 smeh 


joules. Calculate the distance of the farthest point D which the 
negative charge will reach 
before returning towards C 


Sol — The kinetic energy is lost and converted to electrostatic potential energy of the system as the 
negative charge goes from C to D and comes to rest at D instantaneously 
Loss of KE = gain in PE 
4-U, -U, 
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Illustration : 


What is work done by the electrostatic field when we put the four charges together, as shown in 
the figure. Each side of the square has a length a. Initially charges were at infinity 


Sol. U, =0 [Where charges are separated by infinite distance] 
1 f-4 | q Cay) 
Uu s exa | [for 6 pairs of charges] 
Work done by fiela 
AU - U, -U - L-8-|4- 32] 
am, al a) 
Practice Exercise 
Q.1 — Three point charges of 0.1 C each are placed at the comers of an equilateral triangle with side L= 1 m 
If this system is supplied energy at the rate of 1 kW, how much time will be required to move one of the 
charges on to the mid point of the line joining the two others? 
Q.2 Two fixed, equal, positive charges, each of magnitude 5 x 10 C, are located at points A and B separated 


by a distance of 6 m. An equal and opposite charge moves towards them along the line COD, the 
perpendicular bisector of the line AB. The moving charge, when it reaches the point C a cof 


m from O, has kinetic energy of 4 J. Calculate the distance of the farthest point D which the negative 


charge will reach before returning towards C 
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a 
Q.3 Consider the configuration ofa system of four c 5 
value+q. Find the work done by external agent in changing the E A 
configuration of the system from figure (i) to fig (i). 3 
is 7 


Answers 
QA 5Ohrs. Q2 8485m Q3 ka’ 6.45) 
a 


Electric potential 


Elect 


ic potential (represented by symbol V) due to a point charge ora charge configuration at a point is 
defined as 


uU 
V =q ZPE. per unit test charge. 


omr 


In other words it is amount of work d 
cen at infinity) to g 


by external agency to bring a unit positive chan 
» point 


Electric potential due a point charge 
In the electric field ofa point charge Q electric potential at a pont will be. 
kag 


r kQ 


wr) 


Potential is a scalar quantity.Electric potential due to a positive charge is taken to be positive and that due 
toa negative charge is taken to be negative. The potential ata point due to more than one charge can be 
found simply by adding the potentials due each charge separately. 


plot of electric potential 


electric potential due to positive charge electric potential due to negative charge 
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Practice Exercise 


Q.1 The electric potential at point A is 20V and at B is -40V. Find the work done by an external force and 
electrostatic force in moving an electron slowly from B to A. 


Q.2 Find the work done by some external force in moving a charge q=2 1 C from infinity to a point where 
electric potential is 19* V. 


Q3  Findoutthe points on the line joining two charges +q and -3q (keptat a distance of 1.0m) where electric 
potential is zero. 


Q4 — An infinite number of charges each equal to q are placed along the x-axis at x = 1, x = 2, 
x - ,... and so on. Find the potential and the electric field at the point x — 0 due to this set of charges. 
What will be the potential and electric field if, in the above set up, the consecutive charges have opposite 
sign? 


Q.5 Four point charges +q, -q, + q, and - q are placed respectively at the corners A, B, C and D of a 
square of side a, (a) Calculate the electric potential at O, the centre of the square. (b) if E and F are the 
midpoints of sides BC and CD respectively, what is the work that will be done in carrying an electron 
from : (i) O to E, and (ii) O to F? Given q = 1.0 * 10* C, a = 0.10 m and charge on an electron 

16*10"C 


Answers 


QJ. -96x10"J.96x10"*J Q2 20 
Q.3 The potential will be zero at point P on the axis which is eitherQ.5 m to the left or 0.25m to the right of 


charge +q. 
2q 1 ]_1 [4 
; 4|. q 
Q^ xe Axel 33 fas, 51] 
Q5 (a0 (b()0 (ii) 


Electric Potential due to a Charged Ring 


A charge Qis uniformly distributed over the circumferes 
at an axial point ata distance r from the centre of the ring. 


ce of aring. Let us calculate the electric potential 


The electric potential at P due to the charge element dq of the ring is given by 


Z 4ne, (RP +r) 


Hence, the electric potential at P due to the uniformly charged ring is given by 
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1 dq 
rs (+P)? 


1 Q 
Ani, R? +r?) 


plot of electric potential 


Electric Potential Due to a Charged Disc at a Point on the Axis: 


A non-conducting disc of radius ‘R’ has a uniform surface charge density a C / m^ . Let us calcuate the 


potential at a point on the axis of the disc at a distance ‘r’ from its centre, The 


xemtry of the disc tells 


us that the appropriate choice of element is a ring of radius x and thickness dx. All points on this ring are 
at the same distance 7 = yx? + ¢2 , from the point P. The charge on the ring is dq = adA = o(2nx dx) 


and so the potential due to the ring is 


er P 
ay- 99. 1 on x dv) 
4m, Z A yx! sr Jerr] |r 
Since potential is scalar 
The potential due to the whole disc is given by 2m 


2 [n ey? ud (x B) 


Letus see this expression at large distance when r >> R 


„wher 77^c is the total charge on the disc. 


eQ 


4ney r 


Thus, we conclude that at large distance, the potential due to the disc is the same as that of a point charge 


Q. 
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plot of electric potential 


Relationship between electric field and electric Potential 


Place a charge q in electric field Ẹ This field e 


erts a force -qE on the charge.If you displace the 


ie by by g7 then field will do some work dW = F-d T =q E-d r onthe chi 


Change in 


tric potential energy during this displacement will be given by 


dU--qÉdr 


Therfore potential difference between initial and final point will be given by 
dV-- É-dr 


Calculation of electric potential difference from electric field 


dv--É.dr 


> fav je dr 


2 VGD- VGL = fav 


In cartesian coordina 


ystem 


dr -dxis dy j+dzk 


> Edr = E,dx-& E, dy & E dz 


dr jest Jew fe 


=V) = 


Mluatratrion: 


Electric field in a region is given by E = (2i + 3j 4k) Vim. Find the potential difference between 
points (0, 0, 0) and (1,2,3) in this region 
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Sol p.d. across the points 


y- fear = -Jë = fno T E,dz 


6 + 12 = 4 volts 


Practice Exercise 


Q.1 — Anelectric field of 20 N/C exists along the X-axis in space. Calculate the potential difference V, - V, 
where the points A and B are given by, A= (0,0); B. (4m, 2 m) 


Q2. In figure, two points A and Bare located within a region in which there is an electric field. 
(i) The sign of potential difference AV 7 V - V. 
(ii) A negative charge is placed at A and then moved to B. The sign ofc 
charge-field system for this process is 


in potential energy of the 


Q.3 Two points A and B are 2em apart an ight line AB directed 
from Ato B with E-200 N/C. A particle of charge 40 *C is taken from A to B along AB. Calculate (a) 


a uniform electric field E acts along the str 


the force on the charge (b) the potential difference V, ~ V, and (c) the work done on the charge by è 


Answers 


QI -80V Q2 ü ve Gi) +ve Q3 — 2«10*N, Avoltand 4107 


Calculation of electric potential from electric field 


For our convenience we select potential of a point to be zero. This point is called reference point. Usually 
reference point is taken at infinity. In the above equation let us take 7 = o and p. = p then the potential 


ata point can be written as 


Muatratrion: 


The electric field in a region is given by E=(A/x)'i. Write a suitable SI unit for A. Write an 
expression for the potential in the 
Sol. The Sl unit of ele 


gion assuming the potential at infinity to b 


v. 


tric field is N/C or V/m. Thus, 


n 
or Var 


The unit of A is 


Vix, y 


A 


Practice Exercise 


Q.I Anelectric field Ë = Ï Ax exists in the space, where A= 10 V/m*. Take the potential at (10 m, 20 m) to 


be zero, Find the potential at the origin. 


Answers 


QI S00V 


Calculation of electric field from electric potential 


dV=-Ear 
dV - -(Ecos0) dr 


SV peo ^ 
dr 


(i.e., Rate of decrease of potential) 


Where E cosg is component of field in the direction of displacement. From the above expression. 


: dV 
eld, 9=0°. It is also clear that,- y is maximum in the 


s at maximum rate in the 


Potential decreases maximum in the direction of 


direction ofthe field, so, we may conclude that, the electric potential decreas 
direction ofthe field. 


The 


rtesian component of electric field can be written as 


«Ej «Ek: 


andan infinitesimal displacement is d; = dvi + dy j + dz Å 
Thus, 

dV =-Ed? 

=+{E, dx +E, dy+E, dz] 
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fora displacement in the x-direction, 


dy-dz-0 and so 


dV =-E, dx. Therefore, 


(av) 
(ax 


A derivative in which all variables except one are held constant is called partial derivative and is written 


with ð instead of d. The electric field is, therefore, 


iculated taking help of the above relations as 


Illustration : 


Potential in the x-y plane is given as V = S(x + xy) volts. Find the electric field at the point 
(1, -2) 


Sol. 10+ 10 — 0 E Sx = -5 Vim 


Practice Exercise 


Q.1 — Theelectric potential existing in space is V(x, y,z)=A(xy, + yz + zx). (a) Write the dimensional formula 
of A. (b) Find the expression for the electric field. (c) IfA is 10 IS units, find the magnitude of the electric 


field at (1 m, 1 m, 1 m). 


Answers 


Q1 G) MTT! (b) -Afity+z)+ jz ex) Kc y) e 
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Equipotential surfaces 


A locus of points in space that all have the same potential is called an equipotential surface. 


Properties of equipotential surfaces : 


(i) Work done in moving a charge over an equaipotential surface is zero. Thus the work done in moving 
a charge +q from one point A to another point B on a equipotential surface is gi 


Wy, =-a(V,-V,)=-a(0)-0 


(ii) The electric field is always perpendicular to an equipotential surface. Referring to figure, we have, 


dV=-E-d/ 
Since dV =0 for an equipotential surface, 


Edi-0 53s 
s that E is perpendicularto d 7 


In other words, electric field (or electric lines of force) are perpendicular to the equipotential 
surface. 


PES Bt EN S ERA ee 
Peed 
LFFILTTI 
P303 | | IE EEA 
equipotential surface of equipotential surface of electric 
uniform electric field field of a charge +q 


equipotential surface of electric equipotential surface of electric 
field of charges +q and +q field of charges +q and +q 
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(iii) The spacing between equipotential surfaces enables us to identify regions of strong and weak field. 
dv 

We know that E--—— 
dr 


ven dV (i.e., constant dV), E « 1/dr. This means that where the equipotential surface 


Fora 


crowded, the electric field intensity is greater and vice-versa. 4 


In the above fig 
surfaces are shown. Near the point charge equ 


re equipotential surfaces having constant potrntial difference between two consecutive 
potential surfaces are crowded, the electric field intensity 


is greater 


ect, then 


(iv) Two equipotential surfaces can be never intersect. If two equipotential surfaces could intei 
at the point of intersection there would be two values of electric potential which is not possible, 


Example: 


(i) In the field of a point charge, the equipotential surfaces are spheres centered on the point charge. 
(ii) In a uniform electric field, the equipotential surfaces are planes which are perpendicular to the fields 
lines 

(iii) Inthe 
axes at the li 


infinite line charge, the equipotential surfaces are co-axial cylinders having their 


Illustration : 


Sol. 


wv 
EM 

The adjoining figure shows the lines of constant potential ina ev US 

region in which an electric field is present. The value of potentials 

are shown. At which of the points A, B and C is the magnitude = - 

ofthe electric field the greatest? " 


E. SV 
dr 
The potential difference between any two connective line dV=V V. — 10v -constant and hence E will 
be maximum where the distance between the lines minimum. ie. at B where the lines are closest 


Electric Potential due to a uniformly charged spherical shell 


Ifthe charge on the shell =q 


(i)for r>R , 
e- 
E 
" he 
“sp 
ài 4 


(ii) for r<R 
E=0(r<R) 


Jere fe ar| =J" ar - joa 


plot of electric potential 


Electric Potential due to a uniformly charged spherical volume 


Ifthe total charge - Q 
(i) for r>R, 


Volume charge density p 


rR 
3 
E(r>R) = "9 
v [2 are 
r r 
ka 
(ii) for r=R,V= R 
pr ar 
Gi) reR Ee R)- 2-5 
Em 
3 3i 
Qr kar 
R 
EIR)" ae R 


V=- [e ar + [ear |- - [AQ ar- FOF ae F3 È 


plot of electric potential 


Copied to clipboard. | 
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Illustration : 


Find the potential difference between to points for a infinite line charge having linear charge 
density 4 
Sol. 


y,- [Ear - fear t 


Practice Exercise 


Q.1 Find the potential difference between to points for a infi 
c 


te sheet having uniform surface charge density 


Find the work done by external agent to bring a charge q from centre of shell to centre of spherical 
charged volume. 


Q Q 


Q.3 Acircularring of radius R with uniform positive charge density  perunit length is located in the y-z plane 
with its centre at the origin O. A particle of mass m and positive charge q is projected from the point P 


[ ¥3R, 0, 0] on the positive x-axis directly towards O, with initial speed v. Find the smallest (non zero) 


value of the speed such that the particle does not return to P. 


Answers 


Qu DO 02 gg o Q3 


Expression for interaction energy of n charged particle system in terms 
of potential 


u=52,Vai 


Where 
q, 7 charge on i-th particle and 
V,7 potential at the location of -th particle due to remaining charge particles 
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Illustration : 


a 
Find interaction energy of. the system FONS 
1[3kC79) ,3ka k(-9)] ; 


7 1< 
So U-TYNa I] 


a a2 a3 


as because of (-q) is also same. 


Energy Density of an Electric Field : 


electrostatic system. This work is stored as energy in the field. The energy 


y density U, of the field is given as 


Work is done in cres 
per unit volume or the ene 


U=} KE 


Mlustration 
A charge Q is uniformly distributed over a spherical surface of radius R. Obtain an expression for 
the energy of the shell (termed as self energy) 


Sol. In this case, the electric field exists from surface of the sphere to infinity (ie only outside the 
shell). Potential energy is stored in electric field with energy density 


Electric field at a distance r is (r > R) 


Practice Exercise 


Q.1 Twouniformly charged spherical shells have charges q, and q, and radii r, and r,. Find the potential 
energy of the system if their cerntres are separated by a distnace r. 


Answers 


59 


Electric Dipole 


An arrangement of two equal and opposite charges separated by a small distance is known as an electric. 
dipole. 


Let q and -q be two charges separated by distance 2/. The dipole moment of the dipole is 


Boa 
It isa vector quantity and is directed from -ve charge towards the ^ ve charge. The line joing -q to +q is 
known as the axis of the dipole 


Electric field due to a dipole 


Electric field at axis 
Electri 


ine joining the charges) 


field due to a short dipole on its axis at a point A at a distance r from dipole ( ¢ <<r) 


^C dne (i -ey 


after using dipole approximation r 


Electric field at equator : (Line perpendicular to axis passing through centre) 


Electric field at a point distance r from the centre of the short dipole ( ¢ <r) 


Ne. 
Eres 


Copied to clipboard. 


[1] 


| 
| — a leoo 


&=2 l 
CAZ) | 


2q t 


E 


w^ 4ne (ret) VE +r 


g dipole approximation. 
>p 


Éa = Jne, p CVesign indi 


ate that field is oppositly directed to dipole direction) 


Electric field at any point A (r, o) due to dipole 


Let Abe a point at a distance r from the mid-point O of the dipole. Let 9 be th 
the dipole moment p. Since dipole moment isa vector so we can resolve its components pcoso and psind 
along and perpendicular to OA. Due to pcos (axial point) electric field will be in the direction of pcoso 
and due to psino (equatorial position) electric field will be opposite to psino 


angle between OA and 


kpsino 


P 2kpcos0 
r 


pcosü 


Electric field at A 


i à =, 
ETE n 
Wor r r 


E 
& tana-Es- SAO _ tane 
2cosd 2 
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Electric potential due to dipole 
Electric field at any point A (r, 6) due to dipole 


v-v av Ke), keD Keg), ka k2) 
n r 7F-080 rsi cos0 P-P cos 0 
after using dipole approximation tecr weget 
v=} 
T 


Illustration: 


4 nonunifom charge given on the ring according to the equation À—3,cos (where 0 is measured 
from x-axis).Find its dipole moment. 


Sol. 
In the figure shown the two symmetric elements are equal and opposite charge whose dipole 
moment will be 

dp = (A, 6080)(Rd0)} {2R.cos0} =24,R* cos? 040 
p= [do - zi,R' | cos? odo - i 

Illustration: 

For a given dipole at a point (away from the center of dipole) intensity of the electric field is E. 
Charges of the dipole are brought closer such that distance between point charges is half, and 
magnitude of charges are also halved. Find the intensity of the field now at the same point 

Sol. 


=n 0,-0, 


i e3cos! 0 


Practice Exercise 


Q.1 — Three point charges q, -2q and q are located along the x-axis as shown in figure. Show that the electric 
field at P (y>> a) along the y-xis is, 


Dipole in an external uniform electric field 


Ifa dipole is placed in a uniform electric field E, 


Force on the dipole is zero. 


Torque on the dipole is given as 


qE 
Here the net force is zero, but there can be a torque. 


t= (aE)(2/sin 0) = pE sin 0 


In vector form 7 = px E 
This torque has a tendency to orient dipole moment vector in the direction of field 
Potential energy due to action of electric field 


t=pE cosa 


2 Wa= [aW =pE [cosa da - pE[sin a] * = pEcoso 


pEcos--p.E (taking U=Oat 0 — 90") 


When 0 =0°, the dipole moment p is in the direction of the field E and the dipole is in stable equilib- 
rium. Vitis slightly displaced, it performs oscillations. 


When 0 = 180°, the dipole moment p is opposite to the direction of the field E and the dipole is in 
unstable equilibrium. 


Illustration: 


A dipole of dipole moment P lies in a uniform electric field E such that dipole direction is along 
field. If dipole is rotated through 180° such that dipole direction becomes opposite to the field 
direction. Find the work done by the electrostatic field. 


Sol. U, =-P.E - -PEcosO - -PE 
U, - -PE.cos(180* ) = PE 
work done by the field = — AU =U, - Uç =-2PE 


Illustration: 


an electric dipole formed by two particles fixed at the ends of a 

light rod of length /. The mass of each particle is m and the chargers are -q > 
and *q, The system is placed in such a way that the dipole axis is parallel to 
auniform electric field E that exists in the 


m. Thedipoleisslightly rotated +r 
about its centre and released, Show that for small angular displacement, the 
motion is angular simple harmonic and find its time period. 


Sol. 


Suppose, the dipole axis makes an angle @ with the electric field at an instant. The magnitude of the 
torque on itis 


HELE: 
ql Esind 


This torque will be restoring & tend to rotate the elipole back towards the electric field. Also, for small 
angular displacement sin = 0 so that 


t=-q/E0 
Itthe moment of inertia of the body about OA is I, the angular acceleration becomes. 
asis- gE e a--o00 
H 1 E 
VE 
where œ° = E: 


Te Valk 
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Practice Exercise 


Q.1 — Adipole of dipole moment p is placed at origin along x-axis. Another dipole of dipole moment p is kept 
at (0, 1, 0) along y-axis. Find the resultant potential and electric field at (1, 0,0) 
Q2  Duetoelectric dipole, electric field at a distance ron axial position is E, and at distance r on equatorial 
position is E,. What is the relation between E, and E. 
Q.3 Three charges Q, Q and -2Q are placed at the three comers of an equilateral triangle of side a. Find the 
dipole moment of the combination. 
Answers 
242 (842-3). 1 i 
k k i 
QI A EY aa! É, = -2É. 
Q3 p= V3qa 


Dipole in an external non uniform electric field : 


Ifa dipole is placed in non uniform electric field then let electric field at the location of 
positive charge will be £, and at the location of —ve charge be Ë, . Usually for non 


uniform electric field Ë, + È, hence dipole will experience a net force (usually) which is 


E, =4E, +(-@E 


7 q(E, - E.) 


aË: 


D 


, OE P Py R ^" 
Where < = rate of change of electric field in the direction of dipole moment 
a 


Torque of t 


s electric field about geometric centre of dipole is still given by 


t=pxË 


CONDUCTOR 


Inametal, the outer (valence) electrons part away from their atoms and are free to move. These electrons 
are free within the metal but not free to leave the metal. The free electrons form a kind of ‘gas’; they 
collide with each other and with the ions, and move randomly in different directions. The positive ions 


made up of the nuclei and the bound electrons remain held in their fixed positions, 


Inside a conductor, electrostatic field is zero 


Considera conductor, neutral or charged. There may also be an external electrostatic field. In the static 
situation, when there is no current inside or on the surface of the conductor, the electric field is zero 
everywhere inside the conductor. This fact can be taken as the defining property of a conductor. A 
conductor has free electrons. As long as electric field is not zero, the free change carriers would experi- 
ence force and drift. In the static situation, the free charges have so distributed themselves that the 
electric field is zero everywhere inside. Electrostatic field is zero inside a conductor. 


Further Explanation 
What happens if conductor is placed in an extermal field. 
Lets keep a positive charge q near a neutral or a charged conductor then the electrons goes close toq. 


The redistribution of electrons inside conductor takes place which generates an intemal electric field Ë 


So ane’ experience E 


VE, # E,,, then thee” move such that they will create a stronger Ë, which will tend to cancel E, 


This constitutes current and therefore energy conservation is not valid. 


acy has to be O instantaneously. 


The interior of a conductor can have no excess charge in the static 
situation 


A neutral conductor has equal amounts of positive and negative charges in every small volume or surface 
element. When the conductor is charged, the excess charge can reside only on the surface in the static 
situation, 

Explanation 

This follows from the Gauss's law. Consider any arbitrary volume element v inside a conductor. Ifwe 
consider any small gaussian surface inside 


j£ -0 [as E - 0] 


On the closed surface 5 bounding the volume element v. electrostatic 

flux through Sis zero. Hence, by Gauss's law, there is no net charge 
4-70 

se the surface S can be made as small as you like, i.e., the volume v can be made vanishingly small. 


eld is zero. Thus the total electric 
nclosed by S 


— kb 


This means there is no net charge at any point inside the conductor, and any excess charge must 
reside at the surface. 


Note : Thus Solid * conducting" sphere is same as a shell. 
Note : You may emphasise again but q,, = 0 does not imply that E = 0 from gauss law 


At the surface of a charged conductor, electrostatic field must be 
normal to the surface at every point 


IFE were not normal to the surface, it would have some non-zero component along the surface. Free 
charges on the surface of the conductor would then experience force and move. In the static situation, 
therefore, E should have no tangential component. Thus electrostatic field at the surface of a charged 
conductor must be normal to the surface at every point. (For a conductor without any surface charge 
density, field is zero even at the surface.) 


Cavity inside a conductor containing no charge inside it 


Cavity is a place surrounded from all sides by the condu 


can't reach ca 


tor such that without touching the body we 


ity 


Electrostatic shielding 

Consider a conductor with a cavity, with no charges inside the cavity. A remarkable result is that the 
electric field inside the cavity is zero, whatever be the size and shape of the cavity and whatever be the 
charge on the conductor and the extemal fields in which it might be placed. We have proved a simple 
case of this result already: the electric field inside a charged spherical shell is zero. The proof of the result 
for the shell makes use ofthe spherical symmetry of the shell. But the vanishing of electric field in the 
(charge-free) cavity of a conductor is, as mentioned above, is a general result. A related result is that 
even if the conductor is charged or charges are induced on a neutral conductor by an external field, all 
charges reside only on the outer surface of a conductor with cavity 

Whatever be the charge and field configuration outside, any cavity in a conductor remains shielded from 
outside electric influence: thefield inside the cavity is always zero. This is known as electrostatic shielding. 
‘The effect can be made use of in protecting sensitive instruments from outside electrical influence. Figure 
gives a summary of the important electrostatic propertiesof a conductor. 
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If there is no charge present inside the cavity then field inside it is zero. 
(This does not mean that we are implying "no net charge”. If there is some charge present here 
and there in cavity such that there sum total is zero then the following disscussion will not be 


valid) 

Let us consider a gauesion surface just near to cavity 
fi dA =0 
Gin = 9 


From this we don’t have proved that no charg 
cavity surface is O. 
Now suppose 


resides on cavity but have proved that net charge on 


conductor of arbitrary shape contains a cavity as shown in figure. 


Let us assume that no charges are inside the cavity. In this case, the electric field inside the cavity must be 
zero regardless of the charge distribution on the outside surface of the conductor. Furthermore, the field 
in the cavity is zero even ifan electric field exists outside the conductor. 

To prove this point, we use the fact that every point on the conductor is at the same electric potential, 
therefore any two points A and B on the surface of the cavity must be at the same potential, Now ima 
thata field E exists in the cavity and evaluate the potential difference Vy — V , defined by equation. 


=- Jes 


au 
qo 


AV = 


8 
[ras 
A 


Because Vp — V., =0, the integral of E - ds must be zero for all paths between any two points A and B 
on the conductor. The only way that this can be true for all paths is if E is zero everywhere in the cavity. 
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Thus, we conclude that a cavity surrounded by conducting walls is a field-free region as along no charges 
are inside the cavity. 


Cavity inside a conductor containing charge inside it 
1. — Equal and opposite charge is induced on the inner surface of cavity. 
Figure shows a conductor with a cavity inside it. A charge q is placed inside 


cavity 
In electrostatic equilibrium cha 


distribution will be as shown in figure 


charge on inner surface of cavity is - since material of 
charge appears on outer surfac 


onductoris initially neutral, equal and opposite 


P // Gaussian surface 


Let us considera gaussian surface just outside cavity inside material of conductor. As Ẹ in material of 
conductor is zero. 


dA 70 enctosed 7 9 
Thus equal and opposite charge is induced on the inner surface of cavity 
2. — Theelectricfield due to charges on the inner surface of conductor nullifies the electric field of 
point charge all the points outside the inner surface 


The electric field due to charges on the outer surface of conductor is zero for all the points 
inside the outer surface seperately 


Consider a charged conductor having charge +q, and Q is kept inside the cavity. Lets call charge Q 
inside cavity as A, the induced charge -Q on the surface of the cavity as B and the charge on the surface 
of the conductor Q +q, at C 


Now field inside the conductoris, E,.,and E , . È, and E, are fields due to charge A,B and C inside 
the conductor. 


and, Ë, = E 


Now the electric field due to charges on the outer surface of conductor is z 


ero for all the points 
inside the conductor seperately and the È, + È, is zero seperately 

Special case : When spherical cavity in present inside spherical conductor and charge is at the centre. 
Then field inside the cavity is just due to charge A only as new field lines are already L to B and E due to 
B=0. [Symmetrical distribution] 


Note: When if we displace the cl 
charge distribution at C will rema 


q inside the cavity, it will only affect the charge distribution at B the 
unaffected. 


Electrostatic Pressure 


Ifa small piece of radius b is removed from a charged spherical shell of radius a (>>b), calculate el 
intensity at the midpoint of the aperture, assuming the density of charge to be c. 


E ZN 


T 


Consider the shell to be made up ofa disc of radius b and the remainder. If Ej, and E, are the intensities 
due to disc and the remainder respectively at P, then for a c 


arged spherical shell (or conductor) 


E 
and E, -0 


Now as for outside the shell both E,, and Ep will be directed outwards while inside E, will be outwards 
while E,, inwards so that 

E, = Eg + Ep and E, = Ep- E 
And hence equating Eqs. (1) and (2), 


D 


s 
and E, 


id Ep 


ice, field at the aperture will be (5/2: 
As intensity on the. 


€p) directed outwards. 
(element) the to remainder is (6/2¢,), electric force on it will be, 


s 
dF- dqE-(ods) |3; 


So force per unit area on a charged conductor due to its own charge 
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= 1 E fe idi E= 
ds 2n 720 [as fora conductorE - 5] 
This force is called or electrostatic pressure. 1 


Illustration : 
Find electric field at P. the conductor is neutral. and cavityis having a charge q inside the cavity 


B R 


Sol. 


Illustration : 


A charge of 4 10° C is distributed uniformly on the surface of a sphere of radius 1 cm. It is 
covered by a concentric, hollow conducting sphere of radius 5 cm. (a) Find the electric field at a 
point 2 cm away from the centre. (b) A charge of 610° C is placed on the hollow sphere. Find 
the surface charge density on the outer surface of the hollow sphere. 


Sol. 


m (b) 


(a) Let us consider figure. Suppose, we have to find the field at the point P. Draw a concentric 
spherical surface through P. All the points on this surface are equivalent and by symmetry.the 
field at all these points will be equal in magnitude and radial in direction. 


The flux through this surface = (ES 


= eas = £ fas 
-4nxXE 
Where x-2cm-2 * I0" m. 
From Gauss's law, this flux is equal to the charge q contained inside the surface divided by &, 
Thus 
4nxrE 7 qie 
a 
or E- 
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4x10 


= (9x10 x C t. 
4x10 *m* 


Nem) 


= 9x10 NIC. 
(b) See figure. Take a Gaussian surface through the material of the hollow sphere. As the electric 


field in a conducting material is zero the flux ES through this Gaussian surface is zero. Using 


Gauss's law the total charge enclosed must be zero. Hence, the charge on the inner surface of the 
hollow sphere is — 4 107* C. But the total charge given to this hollow sphere is 610 C. Hence, 
the charge on the outer surface will be 10x10 C 


Illustration : 


Sol. 


Two conducting plates A and B are placed parallel to each other. A is given a charge Q, and B a 
charge Q, Find the distribution of charge on the four surface. 


Consider a Gaussion surface as shown in figure. Two faces of this closed surface lie completely 
indie the conductor where the lectric field is ze 
The flux through these is, therfore 
the conductor are parallel to the 


^. The flux through these face is, therfore, zero. 
ero. The other parts of the closed surface which are outside 
lectric field and hence the flux on these parts is also zero. The 
total fulx of the electric field through the cloesed surface is, therefore, zero. From Gauss's law, the 
total charge inside thsi closed surface should be zero. The charge on the inner surface of A should. 
be equal and oposite to that on the inner surface of B. 


A B A B 


The distribution should be like the one shown in figure. To find the value of q , consider the field 
at a point P inside the plate A. Suppose, the surface are of the plate (one side) is A. Using the 
equation E = o/(2,), the electric field at P. 


due to the charge Q, -q (right) 


due to the charge +q = 


4 
due to the charged = Fy, 


(right) 


Q.*q 


and due to the charge Q, +4 = “>, (left) 


The net electric field at P due the all the four charged surface is ( in the right direction) 
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As the point P is inside the conductor, this field should be zero. Hence, 
0,-4-Q,-4-0 


Q-Q, 
or 4-7 ( 
Q +Q: 
Thus, Q,-4- am (ii) 
Q+Q 
and O,+q= 


Using these equations, the distribution shown in the figure can be redrawn as in figure 


A B 
(21402) 


Important : 
(i) Thus facing surfaces have equal and opposite charges 
(ii) Using this also prove that outer faces of the two last plates have equal charges. 


Illustration: 


Tiwo spherical conductors of radii r, and r, are separated by a distance much greater than the 
radius of ither sphere. The spheres are connected by a conducting wire, as shown in figure. The 
charges on the spheres in equilibrium are q, and q, , respectively, and they are uniformly charged. 
Find the ratio of the magnitudes of the electric fields at the surfaces of the spheres 


Sol Because the spheres are connected by a conducting wire, they must both be at the same electric 


potential. 
kg, 
v m 
] 5 
Therefore, the ratio of charges is 
ELT 1 
( 
P ) 


Because the spheres are very far apart and their surfaces uniformly charged, we can express the 
magnitude of the electric fields at their surfaces as 
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Hence, the field is more intense in the vicinity of the smaller sphere even though the electric 
potentials of both spheres are the same 


Practice Exercise 


Ql 


A hollow, uncharged spherical conductor has inner radius a and outer radius b. A positive point charge 


*qisin the cavity at the centre of the sphere. Make the graph E and potential V(r) everywhere, assuming 


that V=0atr=o 


A solid conducting sphere having a charge Q is surrounded by an uncharged concentric conducting 
hollow spherical shell. Let the potential difference between the surface of the solid sphere and that ofthe 


outer surface of hollow shell be V. What will be the new potential diffe 


nce between the same two 
surfaces if the shell given a charge -3Q ? 
Shell 


‘Two conducting plates X and Y, each having large surface area A (on one side), are placed parallel to 


each other as shown in the fi 


ure. The plate X is given a charge Q whereas the other is neutral. Find (a) 


the sur 


rge density at the inner surfa 


of the plate X, (b) the electric field at a point to the left of 


the plate: 


(c) the electric field at a point in between the plates and (d) the electric filed at a point to the 
right ofthe plates, 


o 


«t 


74 


Answers 
Qu 
Q2 v 
Q Q 
Q3 (b) Zag, towards left (c) 54 — towards right (d) 5,4 — towards right 
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Q4 


Sol. 


Sol 


Charge on the elementry part will be 


Solved Example 


Aring has charge Q and radius R. Ifa charge q is placed at its center, then calculate the increase in 


tension in the ring, 


Let us take an elementry part subtending an angle do at centre. 


aQ- -2 (raoy= Cao 
dQ- Fry (Rd0) = 5 


Free body diagram will be 


taf 2 uo 


10 — kQq 
For qeuilibrium 2T sin © 3 qo 


2 7 2nR 
dð kQq 
227 S ! ao [: forsmall 0, sin0 = 0] 
2 ~ DnR? 
kQa 
DIS 


Arigid insulated wire frame in the form ofa right-angled triangle ABC, 
is set ina vertical plane as shown in Fig. Two beads of equal masses m 
each and carrying charges q, and q, are connected by a cord 


of length land can slide without friction on the wires 
Considering the case when the beads are stationary, determine 
(a) the angle a (b) the tension in the cord and (c) the normal reaction on the beads. 

Ifthe cord is now cut what are the value of the charges for which the beads continue to remain stationary? 


Tension and electrostatic force are in opposite direction and along the string, Now each bead is in 


equilibrium under three concurrent forces. 
(i) Normal reaction (N) 

(ii) Weight (mg) and 

(iii) T-F, 


where F, 


sin20-a) ^ cosa 


@ 
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Sol. 


mg 


sin(60°+a) ^ sima ^ cos30° 9 
Dividing equation (i) by (ii), we have 
cos30 
tan = osoo T 3 sce 
| |a 
4m.) D Gi) 


|, = v3 mgand N, - mg 
From Eq. (iii) T= 0 when string is cut 


or — qg,--(anz)mg F 


A positive charge Q is distributed uniformly over the circumference ofa thin circ 
metres. Calculate the force on a positive point charge q 


© as pl 
it was placed at the centre ofr 


ing of radius a 


ed ata distance x from the centre of the ring along its axis 


ig. 


(iii)  Atwhat point on the axis will the force be maximum. 


Gv) Draw a qualitative graph of force v/s the distance of the chas 


from the centre of the ring. 
(V) Calculate the time period of that S.H.M for small oscil 
fixed. 


lation if q is replaced by - q and ring is 


(i) Take an elementry charge dQ on the ring 


dQ 


Force due to this elementary charge on the point charge will be dF =~ 
n 


This force can be resolved into two rectangular components 
one along the axis (dF cos 0) and other along perpendicular 
to the axis (dF sin 0). If we take another elementary charge 
diametrically opposite to dQ we observe that the vector sum 
of dF sin 0 for these two charge become zero. Hence vector 
sum of dF sin @ for all the charges result to zero. So the 
resultant force on the charged particle will be only sum of 
dF cos 0. Therefore total force on the point charge due to 
entire ring will be given by 


F = {dFcos 0 = 


(ii) forcentrex=0 


Q x 
[Er RE 
oF 2-0 
dx re, (RP +x?) 
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Q4 


Sol. 


(v) 


agx 
F=- FaR? 
Qax 
Now ma =~ Fee 
dx — Qq 
dt Ga Rm ~~ “KX 
Qa 
K= ans Rom 
mA [ans mg 
TN qa 


A small point mass m has a charge q, which is constrained to move inside a narrow frictionless cylinder 
At the base of the cylinder is a point mass of charge Q having the same sign as q. Show that ifhe mass 
mis displaced by a small amount from its equilibrium position and released, it will exhibit simple ha 
monic motion with angular frequency «= (2g/y," where y, is the equilibrium position of charge q. 
In equilibrium position, gravitational force is balanced by coulombic repulsive force 

Qq 
= Anny 
If charge q is displaced in positive y-direction, such that y << y, from Newton's second law, 


mi 


Equilibrium 
position 


ei 
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Sol. 


Qq 


Anz (y, * y) 


mg-ma 


or 


or 


Which is equation for SHM with o | 


Two small identical balls lying on a horizontal plane are connected by a weightless spring. One ball (ball 
2) is fixed at O and the other (ball 1) is free. The balls are changed identically as a result of which the 
spring length increases n -2 times Determine the change in frequency. 


bamm: 


When the balls are uncharged, v, 


z , where k is force constant of the spring and m= mass of 
2nVm 


the oscillating ball (ball 1). When charged we have in the equilibrium position of ball 1 
1 


Gren? 7Kal-D-kQ- 1) 


q 
Anz n (- Dk 


When the ball 1 is displaced by a small distance from the equilibrium position to the right, the unbalanced 
force the right is given by 
Resultant force to the right 


-xy 


From Newton's law, we have 


kl (n - 1) - kx 
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Q.6 


Sol. 


2x 
-kln-)-kx 
wei 


x 
de "nm 
30-2 k 
oro c 
nm 


or 


30-2 
Thus the frequency is increased ~~ times. 


Hence h - 2 and so frequency increases ./3 times. 


Four point charges (each having charge q) are placed at corners of a square of side a. Find the intensity 


ofthe field at the (a) Centre of the square (b) Mid point of any side. 


(a) Let position of charges be A, B, C and D and O is centre of square 
Let field at O due toA, B, C, D respectively be E ,, Ëy 
each point charge are same as OA = OB = OC = OD thus 


Ëe and Ej .AtO magnitude of field due to 


Copied to clipboard. 
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(b) 


nz Sa^ V5 


Q.7 Athin insulating rod is hinged about one of its ends; it can rotate on a smooth surface in a horizontal 
plane. The charge density on the rod is defined as 
L 


asa, o^ O<xs > 


where a and bare positive constants. An electric field E,, in the horizontal plane and perpendicularto the 
rod is switched on. Find the value of and n, if the rod has to remain stationary 


be -L2—} +e $42 
a 
hsa 2,4 -bx 


Sol According to given charge distribution the rod is positively 


ge in 0 <x <L/2 and negatively charge 


Copied to clipboard. 
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Sol. 


L 
in — «x <L. The electric force acting on the rod produce torque about hinge; for equilibrium ne torque 


should zero. 
Torque on differential element of left half of the rod. 
dz, =E, (4, dx) x 


1, = JEo(ax‘dx)x 


Torque on the right half of the rod. 
dz, =—E, (A, dx) x 


x, =~ JEo(bx"dx)x 


Eb 2-1 
" 
n+2 
According to condition ofthe problem, 
7 lel 
Ealt Eb [27-1 
fw m) 


On comparing coefficient of L, we get n 2.7 4 orn 2 and 


a 
w^ bti 

Inan electron ray tube, an electron enters an electric field E between the two plates with a velocity V, as 
shown in figure and emerges from the field with a velocity V so as to strike the screen. The separation of 
the screen from the centre ofthe plate is D and length of the plate is L. If the charge ofthe electron is e, 
then the deflection Y on the screen is (m is the mass of electron) 


Copied to clipboard. | 


cE L 
tan@=— =—— 
ín Vi Ba) 
tan@ 
or tanÓ (i) 


From (i) and (i), we get 


or Y 


Q.9  Anelectronofmassm initially at rest moves through a certain distance in a uniform electric field in time 
t, Aproton of mass m also initially at rest takes time t, to move through an equal distance in this uniform 


1 


electric fi ind the ratio of 7 


Id. Neglecting the effect o 


Sol. — Forceonacharge particle in a uniform electric field 
F=qE 

tion imparted to the particle is 

qE 

m 

The distance traveled by the particle in timet is 


The 


12 2 3 (8E) 


Q.10 


Sol. 


QI 


Sol. 


particle of charge q and mass m moves rectilinearly under the action of electric field E — A — Bx, where 
Bis positive constant and x is distance from the point where particle was initially at rest then find the. 
distance traveled by the particle before coming to rest first time and acceleration of particle at that 
moment 

F-qE-q(A-Bx) 

ma - q(A-Bx) 


a=“ (A Bx) m 
m 


jd 
YY = Q(A - Bx) 
dx 


vdv- S (A — Bx ix 
m 


; a 
fw-sj A - Bx dx. 


AX Be 0 


0, 
x-0x- 55 (2) 


From eq. (1) and (2) 


3 (4 -px)- S(A-p2^) 
m m B 
S (a -2A)« 8^ 

m m 


Ona long smooth horizontal plane, over which a horizontal electric field E exists, a charged ball with 
mass m and charge q is dropped from a height h over the plane. Coefficient of restitution for collision 
between plane and ball is e. Find the ratio of maximum height attained and horizontal distance moved 
during the interval of nth collision to (nI)th collision. 

Time taken to first collision drop. 


[2h 
Er 


Velocity on hitting. 


V= J2gh 
Vertical velocity upward after Ist and 2nd collisions, 


2V, XV 


g g 


At 
Vertical velocity upward after 2nd and 3rd collisions, 
,=eV =V 
Time gap between 2nd and 3rd collisio 
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Vertical velocity after nth collision, 
VeV 
Maximum height attained during time gap between nth to (n+ 1)th collision, 


(e V) 
he 


qE 
During these collisions, the ball is moving with acceleration ^7" horizontally 
n 


Distance moved from nth collisions T, to (n+ )th 


Collision, ,, 


Copied to clipboard. | 


Q.12 Findthe interaction force between ring of uniform cha 
D 


ge Q and rod having uniform linear charge density 


Q 


oo 


Sol. 


Let us take an elementry charge on the line chai x from 


charge of elementry part will be 
dq =i dx 
Electric field due to ring atthe location ofc 
kQx 
(R? ex) 
Force due to ring on elementry charge will be 
kQx Adx 
(Rex) 
Therefore the total force on the rod due to ring will be 


of length dx and at distan ntre of ring. 


smentry charge will be 


dF = Edq 


T kQx Adx 
: ! [ex] 


KQ}. 


Q.13 Two point charge Q, and Q, lie along a line, at a distance from each other. Figure shows the potential 
variation along the line of charge. At which points 1, 2 and 3 is the electric field zero ? What are the sings 
of the charges Q, and Q, and which of the two cha 


sisgr 


cater in magnitude? 


dv 
Sol. The electric field veetoris zero at point 3. As — ^, = E, the negative of slop of V vs r curve represents 


component of electric field along r. Slope of curve is zero only at 3. 
Near positive charge net potential is positive and negative near a negative charge. Thus charge Q, is 
positive and Q, negative, From the graph it can be seen that net potential due to two charge is positive 
in the region left of charge Q, is greater than due to Q,. Therefore absolute value of charge Q, is greater 


Copied to clipboard. 


Q.14 
Sol. 


Sol. 


Q.16 


Sol. 


than due to Q,. Secondly, the point 1 where potential due to two charge is zero, is nearer to charge Q, 
thereby implying the Q, has greater absolute value. 


In the figure shown find the flux of electric field on curve surface. Assume that electric field is uniform 
As the field is uniform ne flux on the total surface is zero. 


Yared sa 


> $ 


s 180° = 


A sphereof radius R is made of a nonconducting material that has a uniform volume charge density p. 
(Assume that the material does not affect the electric field.) A spherical cavity of radius ( r<R) is now 


removed from the sphere such that centre of the cavity is at position 7 with respect to the centre of 


a 
Bala 
ndis given by E= 3; 


sphei ity is uniform 


The cavity can be considered as superposition of two charge density +p and -p 
tric field due to positive charge 


E, =} 


ative charge 


Two charge +q, and q, are placed at A and B respectively. A line of force emanates from q, at angle a 
with the line AB. Atwhat angle will it termin: 


AL Eos 


4 q 


It is the property of the line of force that their number within a tube remains unchanged and the number 
of line of force is equal to the charge. The line of force emanating from q, spreads out equally in all 


directions. Hence lines of force per unit solid angle are 2 and the number of lines through cone of hal 
4 " 
angle ais 4°. 27 (1 — cosa) because solid angle of a cone is 2x (1 — cosa). 
Similarly the number of line of force terminating on —q, at p is 
a 
—2-2n(1—cosB) 
4n P 


By the property of lines of force. 


Copied to clipboard. | 
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Q17 


Sol. 


Q.I8 


er particle is at rest on a smooth 


‘Two particles of mass m and 2m carry a charge q each. Initially the he: 
horizontal plane and the other is projected along the plane directly towards the first from a distance d 
with speed u. Find the closest distance of approach. 

As the mass 2m is not fixed, it will also move away from m due to repulsion. The distance between the 


particles is minimum when their relative velocity is zero ie. when they have equal velocities 


Hence atclosestapproach, v; =v 


By conservation of momentum 


By conservation of energy 
Loss in KE = gain in PE 


1 (a isa) (1.1) 
mi? -[-mvi «-2mvi | | 
2 2 2 (x d 
a? (1.1) 
mu? -im (142)=4_| 
2 2"9 x d 
1 q (ra 
m? =-4_[ ) 
Arela d 
1 dons mu 
X d 3 
3 
, q'd 


3j anc md 


A charged particle having a charge q moves along the x-axis with a constant velocity v,, Another particle 
B with charge q and mass m is lying on thy y-axis at y — a. The particle B is constrained to move along 
the y-axis. While the particle A moves along the x-axis. 

Assuming that the velocity o, is very large, find the impulse imparted to Balong, the y-axis as the particle 
ato, assuming that the motion of particle B is negligible. 


A moves from 
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Sol. 


Q.19 


Sol. 


Firstwe will determine the angular speed a relative to B at angular position 0 shown in Fig. For particle 
A, 


dx d " 
dro gc (attan =v, i) 
do 
or asin? 0 =v, 
dt 
(40) v. 
( 
7 | S |- Pocos! 
or r3 ar Ail) 


As particle A is moving very fast, we can assume that when it crosses along the x-axis, the y- 


component of the force on B due to A is 


1 ¢ 
- i xcosü 
F, = ne, a sec? 0 ” 
F, dð 
Impulseon B= fF, dt la d) 


lq t [ens gg 


à! u,” cos 


^P. 


(iv) 


Anc av,) 


point charges q, 2q and 8q are to be placed on a 9 cm long stra 
the charges should be placed such that the potential energy of this syste 
field at the charge q due to the other two charges? 
The maximum contribution may come from the charge 8q forming pairs with others. To reduce its effect, 
itshould be placed at a comer and the smallest charge q in the middle. This arrangement shown in fi 
iq are at the largest separ 


Find the positions whe 
n is minimum. In this situation, 


what is the electric. 


ensures 
The potential energy is 


the charges in the strongest pair 2 


ion. 


U 


q [ 6,8 [m — — 


Ans, 9cm 9em 


This will be minimum if 


2, 8 
=24 isminimum. 
x ^ 9em-x 
dA 2 
Forthis, gy 


x? (9em-x) 
or, 9cm—-x -2x or, x=3 cm 
The electric field at the position of charge qis 
q(2.- s ) 
4n£, | x (9em- x) / 


-0. From (i). 


Q.20 Two points charge qand -2q are placed at a distance 6a apart. Find the locus of the point in the plane 
of charges where the field potential is zero. 
Sol, — Letustake the charge on X-axis; 
qat A (0, 0) and -2q at B(6a, 0) 


Potential at a point P(x, y) is 
v 
v=0 
q Aq 


x+y? (x-é +y 
» — thelocusis (x - 6a) =4x? +3y? 
3x? +3y? + 2(6a)x - 36a? 


+4ax - 12a? 


(x 2a)! +y? - 162 


A circle with centre (-2a, 0) and radius 4a. 


Q.21 ThearcAB with the centre C and the infinitely long wire having linear change density 2, are lying in the 
same plane. Find the minimum amount of work to be expended to move a point charge q, from point A 
to B through a circular path AB of radius a is equal to 


Sol. E 


x ne 


Acircular ring of radius R with uniform positive charge density 2, per unit length is located in the Y-Z 
ntre at the origin O. A particle of mass m and positive charge q is projected from the 


o 


plane with its 
point P (R 4/3 , 0, 0) on the positive x-axis directly towards O, whit initial velocity v. Find the smallest 


(non-zero) value ofthe speed v such that the particle does not returen to P. 
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Sol. 


Q23 


Sol 


The situation is shown in figure. Total potential at the centre ofa ring is given by 


AR 


Va? +R) 


AR X 
oVIQ3R) +R?) ^ 4c 


Potential energy at P=Aq/4e, 


1 
Energy of particle at P= 5 mu? 
A d 


Total energy at P= 3p + 5 mv 


The poten 


jal energy at centre = (2q/2e,) 


The particle will not return to P, when 
^q d», H4 
mtm 
1 Àq Àq hg 
277 2n - de, ^ 4c, 


positively charged small ball 
ofthe first ball. As a result, the 


moved very slowly from a large distance until it is in the original position 
irst ball rises by h. How much work has been done 


(b) 


Using the notation of figure the equilibrium condition for the first ball is 


mp 1 

F x 
Where F =kqQ/x is the Coulomb force acting on the first ball and x is the distance between the balls 
carrying charges q and Q. 
Itis clear the triangles ABD and CAE are similar and that consequently 


91 


From the three equations above we can calculate the separation of the charge and the electrostatics 
energy ofthe system: 


aQ 
2mgh 
and Enk L 
x 
=2mgh. 
The work done is the sum ofthe changes in electrical and gravitational potential energy. 
W=2mgh+mgh 
=3mgh 
Note that the work done does not depend on either the magnitudes of the charges or the length of the 
thread. 


Q.24 A charge Q is uniformly distributed over a spherical volume of radius R. Obtain an expression for the 
energy of the system. 

Sol In this case, the electric field exists from centre of the sphere to infinity. Potential energy is stored in 
electric field with energy density. 


Energy field ata distance r is (r < R) 


2 (4e, R 


Volume of element, dV = ( 47r° )dr 
Energy stored in this volume, dU = u(dV) 


dU = (4ar?ar)* 


[n 


!T 0n, R o 


(ii) Energy stored outside the sphere (U,) 
Electric field at a distance ris (r > R) 


| Copied to clipboard. 


Q 
UT gan B 


Therefore, total energy of the system is 


Q Q 


s Q , Q 
U=L l 40nc,R  Smr,R 
3 Q 
l 20 xe R 
Q.25 A dipole of mass m is placed in front of a line charge at a separation x (as shown in figure). Find (i) 
interaction energy between point charge and dipole (ii) force acting on the dipole due to line charge(iii) 
what will be its velocity if it reaches at separation x 
Sol. 


(i) U=-p-E = -pE cos0° = -P 


dx ex F2 ; Ea 
(iii) using conservation of energy x 
K, +U, =K, +U, 


The shells 
appearing 


shows three concentric thin spherical shells A, B and C of radii a, b and c repectiv 
A and C are given charges q and ~q respectively and the shell B is earthed. Find the char 
on the surface of B and C. 


M 
A 
(4 (9 
L C 
@ (b) 
Sol. As shown in the previous worked out exmple. The inner surface of B must have a charge -q fr e 


Gauss's law. Suppose, the outer surface of B has a charge q'. The inner surface of C must have a charge 
q' from the Gauss's law. As the net charge on C must be ~q, its outer surface should have a charge q' 
q. The charge distribution is shown in figure. 

The potential at B due to the charge q on A 


due to the charge — q on the inner surface of B 


Anz b 


due to the charge q' on the outer surface of B 
q 


Ans, b 


due to the charge — q' on the outer surface of C 


and due to the charge q'—q on the outer surface of C 


ga 
= Amnc 
The net potential is 


Va 7 ang 


This should be zero as the shell B is eartdhed. Thus, 


m 
q- c4 


The charges on various surface are as shown in figure 
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Q27 Figure shows three plates A, B and C each of area$ in which A and C are joined by a conducting wire. 
Plate Aand B are given charge Q and 3Q respectively. Find the final charge distribution of each side of 
each conductor. 


Sol, Middle plate is isolated. Hi 
isolated system and using conservation of 


ge on left and right side will be 3Q. But left+right plate forms 
harge for this system. 


y+(-x)+{-(3Q-x)}+2=0 (i) 

but y=z (ii) [^ E70 inside conductor] 

Also left and right plate have same potential. Hence potential difference between A and C will be zero. 
ie, 

[E9620 


fe a+ [-ar =0 
E,d+E,(2d)=0 


[x oly, [30-x 

(za s"? | za s "2/090 " (iii) 
After solving (i), (ii) and (iii) we get 
x=2Q yaQ 
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GRAVITATION 


Introduction 


So far we have discussed various forces : pushes and pulls, elastic forces, friction, and other forces that 
act when one body is in contact with another. In this chapter we study the properties of one particularly 


important noncontact force, gravitation, which is one of the fundamental and universal forces of nature. 


Origin of the Law of Gravitation 


From at least the time of the ancient Greeks, two problems were puzzling : (1) the falling of objects 
released near the Earth's surface, and (2) the motions of the planets. Although there was no reason at 


that time to connect these two problems, today we recognize that they result from the effect of the s 
force — gravitation. In fact, this force also determines the motion of the Sun in our Milky Way 
well as the motion of the galaxy in our Local Cluster of galaxies, the motion of the galaxy 
Cluster of galaxies, the motion of the Local Cluster in the Local Supercluster, and so on through the 
universe, In short, the gravitational force, and the law that describes that force, controls the structure, the 
ind the eventual fate of the universe. 


developement, 


‘The earliest serious attempt to explain the motions of the planets was due to Claudius Ptolemy (A.D. 2nd 
century), who developed a model of the solar system in which the planets, including the Sun and Moo 
revolved about the Earth. Unfortunately, to explain the complicated orbits of the planets in this geocentric 
fi ; Ptolemy was forced to introduce epicycles, in which a planet moves around a sn 
circle whose center moves around another larger circle centered on the Earth. Of course, today we 
would reject such a model because it violates the law that every accelerated motion must be accounted 
that 


rame of refere 


for by a force due to a body in its environment - there is no boy at the center of the small cirel 
would supply the force necessary for the centripetal acceleration. 


Famous Indian astronomer and mathematician, Aryabhat, studied motion of earth in great detail, most 
likely in the 5th century A.D., and wrote his conclusions in his book Aryabhatiy. He established that the 
earth revolves about its own axis and moves in a circular orbit about the sun, and that the moon moves 
in a circular orbit about the earth. But these ideas could not be communicated to the world. 


It was not until the 16th century that Nicolaus Copernicus (1473-1543) proposed a heliocentric (Sun- 
centered scheme, in which the Earth and the other planets move about the Sun. Like Ptolemy's model, 
Copernicus’ solar system was still based only on geometry because the notion of a force had not yet 
between introduced. 


Based on careful analysis of observational data of histeacher tyco brahe (1546-1601) on planetary 
motions, Johannes Kepler (1571-1630) proposed three laws that describe those motions. However, 
Kepler's laws were only empirical-they simply described the motions of the planets without any basis in 
terms of forces. It was a great triumph for the newly developed field of mechanics later in the 17th 
century when Isaac Newton was able to derive Kepler's laws from his laws of mechanics and his 
proposed law of gravitation. With this tunning development, Newton was able to use the same concept 
to account for the motion of the planets and of bodies falling near the Earth's surface. 


The year 1665 was very fruitful for Isaac Newton aged 23. He was forced to take rest at his home in 
Lincolnshire after his college at Cambridge was closed for an indefinite period due to plague. In this year, 
he performed brilliant theoretical and experimental tasks mainly in the field of mechanics and optics. In 
this same year he focussed his attention on the moiton of the moon about the earth. 


The moon makes a revolution about the earth in T — 27.3 days. The distance of the moon from the earth 
T=27.3 days. The distance of the moon from the earth is R — 3.85 x 10° km. The acceleration of the 
moonis, therefore, 


An! x (385x105 km) 


a=@R= = 0,0027 ms*. 


(27.3 days) 
The first question before Newton was that what is the force that produces this acceleration. The acceleration. 
is towards the center of the orbit, that is towards the centre of the earth. Hence the force must act 
towards the centre of the earth. A natural guess was that the earth i 
that Newton was sitting under an apple tree when an apple fell down from the tree on the earth, This 
sparked the idea that the earth attracts all bodies towards its centre. The next question was what is the 
law governing this force. 


attracting the moon. The saying goes 


Newton had to make several daring assumptions which proved to be turning points in science and 


philosophy. He declared that the law of nature are the same for earthly and celestial bodies, The force 
operating between the earth and an apple and that operating between the earth and the moon, must be 


governed by the same laws. This statement may look vary obvious today but 


the era before Newton, 
there was a general beliefin the western countries that the earthly bodies are governed by 
and the heavenly bodies are governed by different rules. In particular, this heavenly structure was supposed 
to beso perfect that there could not be any change in the sky. This distincition was so sharp that when 
Tycho Brahe saw a new star in the sky, he did not believe his eyes as there could be no change in the sky. 
So the Newton's declaration was indeed revolutionary 

The acceleration of a body falling near the earth's surface is about 9.8 ms. Thus, 


rtain rules 


9.8ms 
0.0027 ms 


= 3600. 


P moon 
Also, 
distance of the moon from the earth 
distance of the apple from the earth 
diwon _ 3.85 «10° km 
dope 6400km 
ape | [m 
Tu, DU =|} 
moon dai ) 


Newton guessed that the acceleration of a body towards the earth is inversely proportional to the square 
ofthe distance of the body from the centre ofthe earth. 


" 


Thus, ax 
r 
Also, the force is mass times acceleration and so it is proportional to the mass of the body. 
Hence, 
m 
Fx 
E 


due to the body. Therefore, this force should also be proportional to the mass of the earth. Thus, the 
force between the earth and a body is 


Mm GMm 


Newton further generalised the law by saying that not only the earth but all material bodies in the universe 
attract each other. 


Here G called the gravitational constant, has the experimentally determined value 
G= 6.67 * 10 N.m/kg 
Gisa universal constant, with the same value for any pair of particles at any location in the universe. 
Note : 


Ll. — Gravitation, the force that acts between bodies due only to their masses, is one of the four basic forces 
shout the universe : between bodies on Earth, where it is weak and difficult to 


icts throi 


of physics. I 
measure ; between the Earth and bodies in its vicinity, where it is the controlling feature of our lives ; and 
id galaxies, where it controls their evolution and structure. 


among the sta 


Normally, however, 
sized) that the effects of the gravitational force become sign 


is only when the mass of at least one of the interacting bodies is large (planet- 
t 


3 In this. 
This means we have a 


'gument, the distance of the apple from the earth is taken to be equal to the radiusof the earth. 
ssumed that earth can be treated as a single particle placed at its centre, This is of 
course not obvious. Newton had spent several years to prove that indeed this can be done. A spherically 
symmetric body can be replaced by a point particle of equal mass placed at its centre for the purpose of 
calculating gravitational force. 


Characteristics of The Gravitational force : 


(a) Gravitational force is always attractive and directed along the line joining the particles. 
(b) — Itisindependent of the nature of the medium surrounding the particles. 
(c) — Itholds good for long distances like inter-planetary distances and also short distances like inter-atomic 


distances, 


(d) Intera 


ction means that, both the particles experience force ofeq 


are the forces acting on particle 1 by particle 2 and particle 2 by particle 1 respectively, then 


the forces F, and F, areexerted on different bodies, they are known as action-rection pair. 

(©) _Itisaconservative force. Therefore the work done by the gravitational force on a particle is independent 
of the path described by the particle. It depends upon the initial and final position ofthe particle. Therefore 
no work is done by the gravity ifa particle moves in a closed path. 


(f —— Ifaparticle is acted by n particles, say, the net force F exerted on it must be equal the vector sum of the 
forces due to surrounding particles. 


where E, = force acted on the particle , by the i* particle. 


Illustration : 
Three identical particles each of mass m are placed at the vertices of an equilateral triangle of 
side a. Find the force exerted by this system on a particle P of mass m placed at the 


(a) the mid point of a side (b) centre of the triangle 


Sol — Using the superposition principle, the net gravitational force on P is F 


(a) As shown in the figure, when P is at the mid point ofa side, F, and F, will be equal in magnitude 


but opposite in direction. Hence they will cancel each other. So the net force on the particle P will 
be the force due to the particle placed at C only 


c 
" B 
f 4 » 
m.m m 4Gnr 
E =G =G = M along PC. 
(CPF ~ C fasinoo] ~ sy tone PC 
(b) At the centre of triangle O, the forces È, , E, and È, will be equal in magnitude and will subtend 


120° with each other. Hence the resultant force on Pat Ois F =F, +Ë, +È, =0 


Illustration : 
Two balls of mass m each are hung side by side by side by two long threads of equal length I. Ifthe 
distance between upper ends is r, show that the distance r' between the centres of the ball is given 


by gr (r-r)=21Gm 


Copied to clipboard. 


Sol The situation is shown in figure 


Following force act on each ball 
(i) Weight of the ball m g in downward direction 
(ii) Tension in thread T along string 


(iii) Force of gravitation attraction towards each other 


PLL 


Here for equilibrium of balls we have 


Gm 
Tsin 0= — (i) 


T cos 0= mg (ii) 
Dividing equation (i) and (ii), we get 
Gm 


or tan 0 E (ii) 
mgr 


In AACP tan 0 (iv) 


From equation (iii) and (iv) 


Gm 


21 ~ mgr 


gr (r-r)=21Gm 


Practice Exercise 


Q.1 Four particles of equal masses M move along a circle of radius R under the action of their mutual 
gravitational attraction. Find the speed ofeach particle. 

Q.2 In a double star, two stars (one of mass m and the other of 2 m) distance d apart rotate about their 
common centre of mass. Deduce an expression for the period of revolution. Show that the ratio oftheir 
angular momenta about the centre of mass in the same as the ratio of their kinetic energies. 


Answers 


Gravitational Field or gravitational field strength: 


All the bodies on or above ea 


rih's surface experience gravitational force known as the weight of the 


bodies. Therefore the space surrounding the earth, where the gravitational force (weight) is experienced 


is known as the gravitational field of the earth. Similarly the space surrounding each and every material 


particle is known as gravitational field of that particle. 


Gravitational field strength at any point is defined as gravitational force exerted on a unit 
point mass. It is equal to acceleration due to grav 


If we ask yourself, what is your strength ? Definitely you will think of your muscular power. A boxer is 


stronger than an ordinary man. That means he can exert a larger force. This reveals that strength is 
related to force. 


Now if we want to measure the strength of the gravitational field at any point we will have to calculate the 


force acting on a point mass placed at that point, We see that , different masses experience different 


forces, The larger the mass, the larger the force it will experience, When we take the ratio of the 
gravitational force F, and the point mass m we obtain a constant value for that point. This constant is 


known as the strength of the gravitational field. Ifthe field exerts a large force on the point mass, we say 


that the strength of the gravitational field is stronger at that point and vice-versa 


= The strength of the gravitationa (E, /m) 


field g 


> Gravitational field strength is defined as gravitational force per unit mass. 


weigl e particle _ W 
In earth's gravitational field g = “TBH OF the particle | W 
massof theparticle — m 


The above expression is equal to the acceleration due to gravity" 


Gravitational field unit is N/kg and dimensions LT. 


tance r : 


Gravitational field due to point mass at a 


We want to find g due to M at point Pas per the procedure, place a point mass m at P. Measure the force 


GMm 
imparted by M on the test mass m. That is equal to F, = 
r 


M 
E _ 1(GMm 


GM. 


Hence, Ë, â, „where à, =(F/r) 
> a 


Acceleration due to gravity on surface on earth 


GM 
g 
r 
N-m 
Where G=6.67 x 10"! ~g 7 (universal gravitational constant) 


M — 5.983 x 10 Kg (mass of earth) 
R —6,378 x 10° m (equation radius of earth) 


= distance between the particle and centre of earth 


ce)then =R +h=R 


Ifthe particle is very close to the earth's surfa 


Putting all the values we obtain 


879.8 m/sec? 


Note : (i) All objects on or above the earth's surface (at low altitudes) experience an acceleration of 9.8 m/sec? 


(approximately). The motion of particles under gravity is known as free fall. For example (a) releasing 
any object in earth's gravity (b) falling of fruits from the trees (c) falling of meteorites (d) motion of the 


satellites and (c) projectile motion. 


(ii) Newton's second law of motion for any particle falling freely under gravity can be written as 
F = mä = mg. Theacceleration due to gravity is independent of mass of the particle. That means all the 


particles move with same acceleration g ata particular point. 


Gravitational Field Strength due to a Ring 


Case-I: At the centre of ring 
To find gravitational field strength at the centre of a ring of mass M and radius R, we consider an 


elemental mass dm on itas shown in figure. 


M 


Here we can simply state that another element of same exactly opposite to dm on other half of ring will 
produce an equal gravitational field at C in opposite direction. Thus due to all the e 
net gravitational field at centre C will be vectorially nullified and hence net gravitational field strength at C 
will be 0. 


ents on ring, the 


Case-IHI: At a point on the axis of ring 
To find this we consider an element dl on ring as shown figure. The mass dm of this element can be given 
as 


dm di 


dm is dg then itis giv 


mer 


de= GEER?) 
Thus here net gravitational field strength at P is given as 


E 


g= fdgcoso = J 


M di 


Illustration : 


A uniform ring of mass m and radius a is placed directly above a uniform sphere of mass M and 
of equal radius. The centre of the ring is at a distance 4[3 a from the centre of the sphere. Find the 
gravitational force exerted by the sphere on the ring. 

Sol The gravitational field at any point on the ring due to the sphere is equal to the field due to single 
particle of mass M Placed at the centre of the sphere. Thus, the force on the ring due to the sphere 


is also equal to the force on it by particle of mass M placed at this point. By Newton's third law it 
is equal to the force on the particle by the ring. Now the gravitational field due to the ring at a 


distance d = J3 a on its axis is given as 


Gmd V3Gm 


E5 wd 


d= ia —4 
M m 


The force on sphere of mass M placed here is 
F - Mg 


Illustration : 


If the radius of the earth were to shrink by one percent, its mass remaining the same. What would 
happen to the acceleration due to gravity on the earth's surface. 

Sol. Consider the case of a body of mass m placed on the earth's surface (mass of the earth M and 
radius R). 


GM. 


ü 


Now, when the radius reduced by 1%, i.e. become 0.99 R, let acceleration due to gravity be g', 
then 

un 

8'- (599 id 


From equation (i) and (ii), we get 


10 


g R 1 
g (099R' (0.99) 


[s] 
a £ 8799 


or g'-102g 
Thus the value of g is increased by 2% 


Practice Exercise 


Q.1 Two concentric spherical shells have masses M, , M, and radii R,, R, (R, <R,). What is the force 
exerted by this system on a particle of mass m ifi is placed ata distance (R, + R,)/2 from the cer 


Q2 A particle would take a time t, to move down a straight tunnel from the surface of earth to its centre, If 


gis assumed to be constant, time would be t,. Find t, /t 


Q3  Asolidsphereof mass m and radius r is placed inside a hollow thin spherical shell of mass M and radius 
R as shown in figure. A particle of mass m is placed on the line joining the two centre at a distance x from 
the point of contact of the sphere and the shell. Find the magnitude of the resultant gravitational force on 
this particle due to the sphere and the shell if (a) r <x < 2r, (b) x <2R and (c) x > 2R. 


* 


Answers 


Gmm' 
(ry O (RY * xp 


2GM,m 
9! RFR, 2 


Variation in the value of g 
The acceleration due to gravity is given by 


R? 


where F is the force exerted by the earth on an object of mass m. This force is affected by a number of 
factors and hence g also depends on these factors. 
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(a) — heightfrom the surface of the Earth 
Ifthe objectis placed at a distance h above the surface of the earth, the force of gravitation on it due to 
the earth is 
GMm 
(Rh) 
where M is the mass of the earth and R is its radius. 
: _F__GM 
Tus 8= = Rap 
We see that the value of g decreases as one goes up. We can write, 
GM 
H h 
R14 | 
(t) 
GM 
where g 7 ^s; isthe value of gat the surface ofthe carth. Ifh << R, 
142) ehia 
RJ 
Ifone goesa distance h inside the earth such as in mines, the value of g again decreases. The force by the 
earth is, by equation 
F= Mm ay 
R 
F SM[ h | 
or, m RR 
(,_h) 
zl! 
g s| " | 
The value of gis maximum at the surface of the earth and decreases with the increase in height as well as 
with depth. 
Illustration : 
Calculate the value of acceleration due to gravity at a point (a) 5.0 km above the earth's surface 
and (b) 5.0 km below the earth's surface. Radius of earth = 6400 km and the valeu of g at the 
surface of the earth is 9.80 m s 
Sol. (a) The value of g at a height h is (for h < < R) 


2h 


2x 50km 


= (980m s?) | 1— 5100 km 


= 978 ms? 
(b) The value at a depth h is 


12 


(Lh 
í 
-gi- R J 
. — $0km 
798 ms?) (1^ sapokm 
-979ms? 


Variation with latitude (Due to rotation of earth) 


= V 


In n is amass placed ona wei 


m hing machine situated at a latitude of 


the real forces acting on it are 


(i) the gravitational force mg towards the center of earth. 
(ii) the normal reaction N of the weighing machine directed away from the center of earth, 


(iii) The horizontal reaction H of the weighing 


achine directed along the tangent as shown. 


In the reference frame 


ed to the earth’s surface the body would also be acted upon by the pseudo 
force (centrifugal force) mwr directed as shown 
where ris the distance of P from earth's axis, r= R,cosd, where R, is radius of earth. 
Now in this reference frame mis at rest. Resolving forces along the radial and normal direction we get, 
mg =moyrcosp +N 
= mo?R,cos? $ +N => N = mg-mo/R cos? 
and H = mo" R,cosġsinọ 
Now the effective weight of the body is the net force experienced by the weighing machine which is 
gh 


equal and opposite to the force exerted by the w z machine on the body. 


+H) (Ni Hi) 


m&g--(i 
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thus |g, «eg - o Rcos?ó 


Zn apparant according due to gravity at a latitude of 6 


* At poles, = 1/2 and hence g, 
* At the equator, à 0 and hence g, 


-g-oR 


Illustration : 


If earth stops spinning about its own axis, what will be the change in acceleration due to gravity 
on its equation ? The radius of earth is 6.4 * 10° m and its angular speed is 7.27 * 10 rad/s. 


Sol. Effective acceleration due to gravity is given by 


Pole D 


= Equator 


Hence change in acceleration due to gravity is given as 


g'7g- Ro cos’ 


Ag = g- g' = Ro? cos'ü 
at equator 0= 0 
64 x 10 x (7.27 x 10°} 
0.0338 m/s 


(c) Nonsphericity of the Earth 
All formulae and equations have been derived by assuming that the earth is a uniform solid sphere. the 
shape of the earth slightly deviates from the perfect sphere. The radius in the equatorial plane is about 21 
km larger than the radius along the poles. Due to this the force of gravity is more at the poles and less at 
the equator. The value of gis a 
rotation of earth also, the value of g is smaller at the equator than that at the poles. 


ordingly larger at the poles and less at the equator, Note that due to 


(d) ^ Nonuniformity of the Earth 
The earth is not a uniformly dense object. There are a veriety of minerals, metals, water, oil, etc., inside 
the earth, Then at the surface there are mountains, seas, etc. Due to these nonuniformities in the mass 
distribution, the value of gis locally affected. 

"Weighing" the Earth 
The exerted force by the earth on a body is called the weight of the body. In this sence "weight of the 
earth" is a meaningless concept. However, the mass of the earth can be determined by noting the 
acceleration due to gravity near the surface of the earth. We have, 


14 


o,  M-gR/G 
Putting g=9.8 m s?, R — 6400 km 


and G = 6.67 x 107 


the mass of the earth comes out to be 5.98 x 10?* kg. 


Illustration : 


At what rate should the earth rotate so that the apparent g at the equator becomes zero ? What 
will be the length of the day in this situation ? 


Sol — At earth's equator effective value of gravity is 
gy =8,- OR, 
If g, at equator to be zero, we have 


g-oR-0 
[s 
or on Vk 
Thus length of the day will be 
2x " |R, 
T= o Ve, 
64x10 
2x314 5074.77s 
V 98 


~ 84.57 min. 


Practice Exercise 


Ql Earth's mass is 80 times that of the moon and their diameters are 12800 and 3200 kms respectively. 
What is the value of g at the moon? g on earth = 980 cm/s 


Q2  Thediameterofa planet is four ti 


s that of the earth. Find the time period of pendulum on the planet, 
if itis a second pendulum on the earth. Take the mean density of the planet equal to that of the earth, 


Q.3  Atunnel is dug along a chord of the earth at perpendicular distance R/2 from the earth's centre, The wall 
ofthe tunnel may be assumed to be frictionless, Find the force exerted by the wall on particle of mass m 
when it is ata distance x from the centre of the tunnel 


Q4 Find the height over earth's surface at which the weight of a body becomes half of its value at the surface. 


Answers 


GM,m 
2R 
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Gravitational potential energy 


In analyzing the motion of planets and satellites, itis often easier and more informative to use 


ergy 
rather than force. In this section we shall evaluate the potential energy of a system consisting of two 
bodies that interact through the gravitational force. we obtained the potential ener; 
gravity fora body that moves through a height y near the Earth's surface : AU 
applies only near the Earth's surface, where (for changes in height that are small compared with the 
distance from the center of the Earth) we rd the gravitational force as approximately constant. 
Our goal here is to find a general expression that applies at all location, such as at the altitude of 


gy change due to 


mgy. However, this 


regi 


orbiting satellite 


The potential energy difference can be found from equation. AU — U, - U, = 
work done to configuration b. However, this equation applies only if the forc 


a Where W,, is the 
s conservative. 


Calculating the Potential Energy 


The gravitational force is conservative so we can calculate the potential energy. Figure shows a particle 


of mass m mov 


g from to b along a radial path. A particle of mass M, which we assume to be at rest 


at the origin, exerts a gravitational force on m. The vector 7 lo 


cates the position of m relative to M by 


the gravitational force is 


[SV ar - Gum [dr 


hr 


1) 


1 
3E GMm| " 


t) M a pmd b 


The negative sign in the first ine of this equation arises because the (attractive) force j and the infinitesimal 


radial vector dř point in opposite directions. Equation shows that, when r, >r, (as in figure), the work 


W,, is negative, as we expect. 


Applying equation (AU =- W ,), we can find the change in the potential energy of the 


moves 
between points a and b 


1 1 
AU-U, -- W, -GMm | FEES | 
ass m that moves from a to b, 


A particle of mass M exerts a gravitational force F ona particle of m 


If m moves outward from a to b, the change in potent That is, if the 


l energy is positive (U, > U,) 


stain kinetic energy K,,as it travels to bits gravitational potential 


particle passes through point a with a 
energy increases as its kinetic energy decreases (K, < K, ). Conversely, ifthe particle is moving inward, 


its potential energy decreases as its kinetic energy increases. 
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Note : 


Instead of differences in potential energy, we can consider the value of the potential energy ata single 
point if wedefine a reference point. We choose our reference configuration to be an infinite separation of 
the particles, and the we define the potential energy to be zero in that configuration, Let us evaluate 
equation for r, =% and U, = 0. Ifa represents any arbitrary point, where the separation between the 
particles isr, then equation becomes 


1 
U(æ)- U(r) = GMm 79 


Am 


[ 
o — U()--- 


We can reverse the previous calculation and derive the gravitational force from the potential energy. For 
spherically symmetric potential energy functions, the relation F=~dU/dr gives the radial component of 
icc equation, With the potential energy of equation, we obtain 


p=- d( GMm 


d di r 


GMm 
D 


The minus sign here shows that the force is attractive, directed inward along a radius. 

We can show that the potential energy defined according to equation leads to the familiar mgy for a small 
difference in elevation y near the surface of the Earth. Let us evluate equation for the difference in 
potential energy between the location at a height y above the surface (that is, r, =R, + y, where R, is the 
radius of the Earth) and the surface (r, 7 R, ) 


It a 
AU-U(R, y) -UR) - GM,m| x 
- GM,m(, 1 | 

R, | I+y/R, ) 
When y<< R,, which would be the case for small displacements of bodies near the Earth's surface, we 
can use the binomial expansion to approximate the last term as (1 4 x)! = 1 -x +... = 1x, which 


gives 


AU = 


using equation to replace GM,/R? with g 


four system contains more than two particles, we consider each pair of particles in tum, calculate the 
gravitational potential energy of that pair with Equation as ifthe other particles were not there, and then 
algebraically sum the results. Each of the three pairs of! for example, gives the potential energy of 
the system as 


igure, 


This pair has 


tential energy r; 
D Y t» Here too 


m Heretoo m, 


47 


Ifour system contains more than two particles, we consider each pair of particles in turn, calculate the 
gravitational potential energy of that pair with Eq. below as ifthe other particles were not there, and then 
algebraically sum the results. the potential energy of the system as 


Gravitational Potential 


The gravitational potential at a point in gravitational field is the gravitational potential energy per unit mass 
placed at the point in gravitational field. Thus at a certain point in gravitational field, a mass m, has a 
potential energy U the gravitational potential at that point is given as 

L 


m, 


M 


orifata point in gravitational field gravitational potential V is known then the interaction potential energy 
ofa point mass m, at the point in the field is given as 

U-m,V 
Interaction energy of point mass m, ina field is defined as work done in bringing that mass from infinity 
to the point. In the same fashion we can define gravitational potential at a point in field, alternatively as 
"Work done in bringing a unit mass from infinity to that point against gravitational force." 
When a unit mass is brought to a point in a 
field, Thus the work done in bring 
gray 


avitational field, force on the unit mass is à ata point in the 


this unit mass from infinity to a point P in gravitational field or 


ional potential at point P is given as 


ive of work done by gravitation field or itis the external 


required work for the purpose against gravitational force. 


Gravitational Potential due to a Point Mass 


ce a test mass m, at Pand we find the interaction ene 


y of m, with the field of m, which is given 


Gmm, 


x 


Now the gravitational potential at P due to m can be written as 
U_ Gm 
m, r 
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Gravitational potential due to a ring 
At the centre of ring 


In gravitational potential the situation is not like this as it is a scaler quantity and here the distane of centre 


from each element dm on ring circumference is equal to R, thus every element dm produces an equal 
gravitational potential at C, given as 


M 


Now due to the whole ring the gravitational potential at its centre C is given as 
fav jaim _ Gm 
c R R 


Now we have seen that most of the expressions of @ and V are same as that we have calculated in the 
topic electrost 


Note 


ics. So we will not prove them again rather we c 


n replace some sysbols as 


4nG 
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For Formula conversi 


Body Gravitational Field ;ravitational potential 


Gm Gm 
Point m 


: ; m 
Ring a nv - 
d Vx ER 
Disc -27 Go| Vx FR =x] 
——— 
infinite wire r AV 2 2GÀIn ^ 
n 


GAL 


wire 
i x(x+L) 


circular are|_G2. { (sin, +sin@, )i 


& rod r |-(cosó,- cos6.)7| 
Apex of : 
cone 
linfinite plate E-2zGc AV =2nGod 
Holl fe = 
follow 
s E FM 
Sphere I+ f rer 
" 
ju _4xGp, 
É R’ 3 
ISolid sphere | _ka; 


Illustration : 


The magnitude of g 
solid sphere of radius R and mass M are I, and I, respectively. Find the ratio of 1/1, if (a) r, 
and r,> Rand (b) r, < R andr, < R (c) r,» R andr, < R. 


avitational field intensities at distance r, and r, from the centre of a uniform 
R 


Sol Gravitational field intensity for a uniform spherical distribution of mass is given by 
M 
r 


1 forr>R and 
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forr « R. 


(a) r,> Rand r,> 
L (GMb) r 
Lo (GM) n 
(b) r, « Randr, « R 


L (GMAR'r r 
1 (GM/R' )r n 
(c) r,» Randr, « R 


Lo (GME) R 
1, 7 (GMR')r, > nir 
Illustration = 
A circular ring of mass M and radius R is placed in YZ plane with centre at origin. A particle of 
mass m is released from rest at a point x = 2R. Find the speed with which it will pass the centre of 
ring 


Sol. 


As shown in figure, first we find potential at A due to the ring, it is given as 


GM GM 
V=- JR? «QR VSR 
Now potential at origin O due to ring is 
GM 
R 
When m moves from A to O, work done on it due to gravitational force is 
. ( GM GM 
W-mQV,-V)-m|-Tsg* R 


_ GMm (45-1) 
R | 


This work done by gravitational force on m must be equal to the increase in kinetic energy of the 
mass m, thus we have 
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DGM | 
JiR | 


2 


This problem can also be solved simply by using energy conservation. These initially when m was 
at rest at point A. The total energy of system is only gravitational potential energy given as 


GMm 
E 
Finally when m passes through O, the total energy of system is 


E -m.V 


E,= Sm? + mi 
1 GMm 
jm - TR 


4s no external work is done on the system in this case, the total energy of system must be conserved, 
thus according to energy conservation we have 


E,- E, 

GMm 1 GMm 
RM -R 
2(45 - GM | 


Illustration : 


4 small mass m is transferred from the centre of a hollow sphere of mass M to infinity. Find work 
done in the process. Compare this with the situation if instead of a hollow sphere, a solid sphere of 
same mass were there 


Sol. We know at infinity, gravitational potential is taken zero. Thus if V „be the gravitational potential 
at centre of hollow sphere then external work required in the process is 
W-m(0-V) 


fo (GM j GMm 
or meN TIE 
GM 
Here V p Ihe potential at the centre of a hollow sphere of mass M and radius R. Ifa solid 


sphere we here, we have at its centre 
j 3 GM 
€ 2R 

Thus work required will be 


W=m]|0 


CIRI” 


We can see in second case more work is required for the process. 


Practice Exercise 


Q.1 — Find the kinetic ener ed to project a body of mass m from the centre of a ring of mass M and 
radius R so that it will never come back. 


Q2 — How much work is done in circulating small object of mass m around a sphere of mass m ina circle of 
radius R. 


Q.3 Find the gravitational potential due to a hemispherical cup of mass M and radius R, at its centre of 
curvature. 


Q.4 Findthe gravitational potential energy of system consisting of uniform rod AB of mass M, length Jand a 
point mass m as shown in figure. 


M 2 m 
mE - 
^ 1 B 
Answers 
Qj Mm 2x0 .  _GM o4 om (44) 
Q. R Q2 Q3 R Q. ; 


The motion of planets and satellites 


(a) — Planets 
Planets move round the sun due to the gravitational attraction of the sun. The path of these planets are 
elliptical with the sun ata focus. 

(b) — Satellite 
Satellites are launched from the earth so as to move round it. A number of rockets are fired from the 
satellite at proper time to establish the satellite in the desired orbit. Once the satellite is placed in the 
desired orbit with the correct speed for that orbit, it will continue to move in that orbit under gravitational 
attraction of the earth. 


We make two assumptions that simplify the analysi 

(1) We consider the gravitational force only between the orbiting body (the Earthy, for instance and the 
central body (the Sun), ignoring the perturbing effect of the gravitational force of other bodies (such as 
other planets) 


(2) Weassume that the central body is so much more massive than the orbiting body that we can ignore its 
motion under their mutual interaction. 


Let the speed of an artificial earth satellite in its orbits of radius r be v, The satellite is accelerating 


GMm 


towards the centre of earth by earth's gravitational pull 


Copied to clipboard. 
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. _ GMm 

> ng. 
mv; GMm 
f r 

os [om 

> yr © 
GM _ 


celeration due to gravity at the orbit), we obtain, 


Putting 77; 


> v,~ Ver (ii) 


When it orbits at an altitude h, putting r=(R+h) 


[GM GM gR 
G Yo" VReh  \R(I+h/R) ` \(1+h/R) 
Angular speed 
The angluar speed 
No 
o= 
Puti [om b 
; |Z, we obi 
nting v= V7, we obtain 
ÍGM GM 


OPV CYGeh) 


Angular momentum 
The angular momentum of an earth satellite or a planet is given as 
L=mvr 


[om 
mt 
=m /GMr 


Time period of Revolution 
The period of revolution 


xr 


Puting 
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Energy consideration in planetary and satellite motion 


GMm 
U(n-- 


Where r is the radius of the circular orbit. 
The kinetic energy of the system is 


1 p ls 
K= mv --mo'r 


the Sun being at rest 
GM 


o P= —— 
r 


so that (with v= or) 


GMm GMm GMm 
2r r 2r 


This energy is constant and negative. The kinetic energy can never be negative, but from equation we see 


thatit 

Note : 

(1) — Graphofkineticenergy K, potential energy U, and total energy E=K + U ofa body in circular planetary 
motion. 


A planet with total energy E, <0 will remain ina orbit. The greater the distance from the Sun, the greater 
(that is, less negative) its total energy E. 


(2) Gravitational binding energy 


Mm 
We have seen that ifa particle of mass m placed on the earth is given an energy mu" = = ™ or 


more, it finally escapes from earth. The minimum energy needed to take the particle infinitely away from 
the earth is called the binding energy of the earth-particle system. Thus, the binding energy of the earth- 
GMm 

R 


particle system is 
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Geostationary stati 


A satellite which appears to be stationary when seen from earth is called a Geostationary satellite 
Fora satellite to be geostationary. 

(i) Its orbit must be circular 

(ii) It must rotate about the same axis as earth, i.e. it must move in the equatorial* plane. 

(iii) Itmustrevolve form west to east. 

(iv) Its time period must be 24 hours. 


(R+h)= fov where T =24 x 3600 sec. 


Solving h=36000 km (approx) 


* Any satellite must rotate about the: 


X possible 


Orbit in equatorial plane 


Illustration : 


Estimate the mass of the sun, assuming the orbit of the earth round the sun to be a circle. The 
distance between the sun and earth is 1.49 * 10" m and G = 6.66* 10" Nm'/kg 
Sol Here the revolving speed of earth can be given as 
[GM 
Yr 
Where M is the mass of sun and r is the orbit radius of earth. 
We know time period of earth around sun is T = 365 days, thus we have 


[Orbital speed] 


2nr 


or 


or 


(3.14) «(1.49% 10. 
Lo 4x4) (149x 1011) 1.972% 10" kg 
(365% 24x 3600) x (6.66x 10  ) R 


Illustration : 


Sol. 


If the earth be one-half of its present distance from the sun, how many days will be in one year ? 


If orbit of earth's radius is R, in previous example we've discussed that time period is given as 


7 x 
T-?" Vau ~ JGM 9 
r 
If radius changes to r' = = , new time period become 
T (ii 


VGM 

From equation (i) and (ii) we have 
T (n) 

T 


or r=T|—| 


365 
3575 | days 


Illustration : 


Sol, 


An artificial satellite is describing an equatorial orbit at 1600 km above the surface of the earth 
Calculate its orbital speed and the period of revolution. If the satellite is travelling in the same 
direction as the rotation of the earth (i.e.. from west to east), calculate the interval between two 
successive times at which it will appear vertically overhead to an observer at a fixed point on the 
equator. Radius of earth = 6400 km. 

We know that the period of the satellite is 


E A E 
T=] = r 
JGM Vs 
Where r = 6400 + 1600 = 8000 * 10° m, 


g = 9.8 m/sec and R = 6400 * 10° m 
Substituting values we get 


(8000%10° | 
3. 
14 | 9.8x(6400% 10" | 


= 7096 x 
Futher, orbital speed, 


or —— |x (6400.10? ) 
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Let t be the time interval between two successive moments at which the satellite is overhead to an 
observer at fixed position on the equator. As both satellite and earth are moving in same direction 
with angular speed c», and w, respectively, we can write the time of separation as 


z 
86400 


Here a= Shop 


and o, = 
86400x7096 
86400 — 7096 


=7731s 


Thus we have 


Escape Velocity 


Definition: Ifa particle of massm, keptin an attractive gravitational field is given sufficient kinetic energy, 
it may escape the gravitational pull due to the field. The particle will escape to infinity depending on 
whether its path allows it to do so. For example, a particle of mass m kept on the surface of the earth 
requires a minimum velocity v, . so that it moves to infinity 


1 GMm 
my. 0 
2 R 


Where M is the mass of the earth and R is its radius. 


26M 
7 
Note : 


The escape speed does not depend on the direction in which the projectile is fired. The Earth's rotation 
which we have not considered in this calculation does play a role, however. Firing eastward has an 
advantage in that the Earth's tangential surface speed, which is 0.46 km/s at Cape Canaveral, provides 
part of the kinetic energy needed for escape, and thus less thrust from the rocket engines would be 
required to escape the 


h's gravity 


Mlustration : 
The minimum velocity of projection of a body to send it to infinity from the surface of a planet is 


1 
times that is required from the surface of the earth. The radius of the planet is c times the 


radius of the earth. The planet is surrounded by an atmosphere which contains monoatomic 
innert gas (y = 5/3) of constant density up to a height h(h << radius of the planet). Find the 


velocity of sound on the surface of the planet. 


Sol Escape velocity from the surface of the planet 


v2, 


Given v, = 
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=> g-6 
Pressure exerted by the atmospheric column of height h on the surface of the planet P = pg, h 4 
ü p- PRT 
sing equation of state P = ^7 
ZRT 


Hence speed of the sound v= | mh = J6rg.h = JTOgh 


M ~“ 


Practice Exercise 


tes Aand B of the same mass are orbiting the earth at altitudes R and 3R respectively, where 
R is the radius ofthe earth. Taking their orbits to be circular, obtain the ratios of their kinetic and potential 


energies, 


Q4 


Q2  Asatelliteisto revolve round the earth in a circle of radius 8000 km. With what speed should this satellite 
be projected into orbit ? What will be the time period ? Take g at the surface = 9.8 m./s' and radius of 
the earth = 6400 km. 


Q3 A satellite of mas 
R isthe radius of th 


10° kg has to be shifted from an orbit of radius 2R to another of radius 3R, where 
arth. Calculate the minimum energy required. 


Answers 


QI 2: Q2  708km/s.l18 minutes Q3 104x10"J] 


Kepler Laws : 


The empirical basis for understanding the motions ofthe planets is there laws deduced by Kepler (1571 


- 1630, well before Newton) from studies of the motion of the planet Mars, 


1, The law of orbits : All planets move in elliptical orbits having the Sun at one focus. Newton was 
the first realize that there is a direct mathematical relationship between inverse-square (1/r) force and 
elliptical orbits, Figure shows a typical elliptical orbit. 
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A planet of mass m moving in a elliptical orbit around the Sun. The Sun, of mass M, is at one focus of the 
elipse. F marks the other or "empty" focus. The semimajor axis a of the ellipse, the perihelion distance 
R, and the aphelion distance R, are also shown. The distance ae locates the focal points, e being the 
eccentricity ofthe orbit. 

other planets in the solar system, the eccentricities are small and the orbits are nearly circular. 

The maximum distance R, of the orbiting body from the central body is indicated by the prefix 
apo- (or sometimes ap-), as in aphelion (the maximum distance from the Sun) or apogee ( the maximum 
distance from Earth). Similarly, the cloest distance R, is indicated by the prefix peri-, as in perihelion or 
perigee. As you can see from figure R, =a (1 +e) and R, =a (1 — e). For circular orbits. R, =R, 


a 


The Law of Areas : A line joining any planet to the Sun sweeps out equal area in equal times 
Figure illustrates this law : in effect it says that the orbiting body moves more rapidly when it is close to 


the central body than it does when it is far aways. We now show that the law of arcas is identical with the 


law of conservation of angular momentum, 
Consider the small area increament AA covered in a time interval At, as shown in figure, The 
area of this approximately triangular wedge in one-half its base, r A0, times its height r. The rate at which 


1 
this area is swept out is AA / At= — (rA0) (r)/ At. In the instantaneous limit this becomes 


dA AA 
dp S9 AD os 


^0 gd 
At 2 


jar momentum of the orbiting 


rA0 


(a) © 


(a) The equal shaded areas are covered in equal times b 
demonstrating the law of a 
(b) Thearea AA is covered ina 


ine connecting the planet to the Sun, 


me At, during which the 


ve sweeps through an angle A0. 


tothe originat the central bod; 

to the plane of the orbit). Thus 
dA L 
dt 2m 

Ifthe system of M and m is isolated, meaing that there is no net external torque on the: 

a constant; therefore dA/dt is also constant. That 


according to equation L, =I @=mre (choosing the zaxis perpendi 


jem, the L, is 


in every interval dtin the orbit, the line connecting m. 
and M sweeps out equal areas dA, which verifies kepler's second law. The speeding up of a comet as it 


passes close to the Sun is an example of this effect and is thus a direct consequence of the law of 
conservation of angular momentum. 
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The law of Periods : The square of the period of any planet about the Sun is proportional to the 
cube of seminajor axis of the . Let us prove this result for circular orbits. The gravitational force 


provides the necessary centripetal acceleration for circular motion. 


If"T’is the period of revolution and 'a'be the semi-major axis of the path of planet then 


according to 


kepler's III Law, we have 
Tea 


For circular orbits, itis a special ca 


ie of ellipse when its major and mi 


oraxis are equal. Ifa planet is in 
acircular orbit of radius R around the sun then its revolution speed must be given as 
GM, 
pi 
LES 
Where M, is the mass of sun. There you can recall that this speed is independent from the mass of planet. 


Here the time period of revolution can be given as 


2nr 
T 
v 
or T (A) 
Ver 
Squaring equation no. (A) we get 
ar 
T= GM, (B) 


Equation (B) verifies the statement of Kepler'sthird law for circular orbits. Similarly we can also verify it 


from elliptical orbits. For this we start from the relation we've derived earlier for rate sweeping area by 


the position vector of planet with respect to sun which is given as 
L 


d/ 
dt 
Where L is the total angular momentum of planet during its motion consider the path of planet shown in 


figure is an elliptical path with sun on focus (-ae, 0). 


2b 
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Herer, andr, are the shortest and farthest distance of planet from sun during its motion, which are given as 


r,-a(1—e) 
and n-a(l*e) 
Where is the centricity. From geometry we know that the relation in semi major axis and semiminor 
axis beis givenas 
b=avi-e 


Ifv, and v, are the planet speeds at perihelion and aphelion points then from conservation of momentum 
we have 

L-mv r,7mvr, 
From energy conservation we have 


l 2 GMgm_ l 5 
mvp- sm LT aw] 
n 
m vi-v 26M, 
lho 
rg a 
vi| 1-7: | = 2GM, | | 
mn 


or v 


From equation (vi) and (vii) we have 
[GM, (1+6) 


Ya 


Now from equation (v) we have the total area of ellipse traced by the planet is given as 


2mmab 2mzab 
or T i 


L mvr 
2mzapyl- e 
or T EE. 
GM, (1e 4 6 
ma a lice 2 oj 
4r? R 
or T= Ge," 


Illustration : 
4 satellite is launched tangentially from a height h above earth surface as shown. 
1. Find v „50 that it just touches the earth’s surface 


3GM 


U. Ifh = Rand satellite is launched tangentially with speed = | 


find the mximum distance of satellite from earth center 


Sol. 


(I) Satellite just Grazes from surface of earth 


when 


GMm GMm 


Total energy (E) =- J =~ ORs iy 


GMm — GMm 
2 "" Rèh 2R«h 


2GMm| 1 
LR+h 2R+h} 


2GMR 2GMR 
(Reh)QR&h) — rR*r) 


[2GMR : 
Vonn = VrRr) wherer 


(II) To find maximum distance from center. 


GMm 1 GMm 


2a 2 2R 


1 3GM_GMm 
2R 


1 4 ta 
Ja 10R 2R JOR 


2a = SR = Major axis 


=3R 


h 


+R 


Fora body being projected tangentially from above earth’s surface, say at a distance r from earth's 
center, the trajectory would depend on the velocity of projection v 


Velocity 
[GM( 2R 
L Vir (rR 
à [GM ÍGM( 2R ) 
^ Yr Vy r \rtR) 
3 Velocity is equal to the critical velocity 
nan GM, 
ofthe orbit, - y^ 
4, — Velocity is between the critical and escape 
velocity of the orbit 
[2GM, GM, 
ro Ver 
2 [26M, 
5 v 
xe r 
6. v>v 


Orbit 


Body retums to earth following cllipitical Path 


Body acquires an elliptical orbit with earth as 


the far-focus wr. the point of projection, 


Circular orbit with radius r 


Body acquires an elliptical orbit with earth as 
the near focus wrt. the point of projection. 


Body just escapes earth’s gravity, along a 


parabolic path. 


Body escape earth's gravity along a hyperbolic 


path. 


Practice Exercise 


Q.1 Aplanet of mass M mov 


round the sun along an ellipse so that its minimum distance from the sun is 


equal to rand the maximum distance to R. Making use of Kepler's law, find the its period of revolution 


around the sun. 


Q2 — What should be the orbit radius ofa communication satellite so that it can cover 75% of the surface area 


of earth during its revolution. 


Practice Exercise 


[ce Ry 
26M, 


Ql LISR, 
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Broadcasting Region of a Satellite : 


Now as we know the height of a geostationary satellite we can easily find the area of earth exposed on 
the satellite or area of the region in which the communication can be mode using this satelline. 
Figure shows earth and its exposed area to a geostationary satellite. Here the angle 0 can be given as 


R, 
acis 


O= cos 


Axis of rotation 


of earth 


B». 


satellite 


Now we can find the solid angle Q which the exposed area subtend on earth's centre as 
Q-2n(1-cos0) 


R, | 2 
R,+h) R,+h 


Thus the arca of earth's surface to geostationary sate! 


2nhR 


S=OR2=2 Gh 


Solved Example 


Asatellite is revoling round the earth in a circular orbit a rasius a with velocity v,, A particle is projected 


from the satellite in forward direction with relative velocity v= (V574 — 1v, Calculate, during subsequent. 


motion of the particle its minimum and maximum distance from earth's centre. 


‘The corresponding situation is shown in fi 


(GM) 
Initial velocity of statellite wn Wa J 


When particle is thrown with the velocity v relative to satellite, the resultant velocity of particle will 


become 


zi [56M] 
PER | 
Le V4 a 
As the particle velocity is greater than the velocity requried forciruclar orbit, hence the particle path 
deviates from circular path to elliptical path. At positions of minimum and maximum distance velocity 


vector are perpendicular to instantaneous radius vector. In this elliptical path the minimum distance of 
th is v, and let the maximum distance and. 


ntre isa and maximum speed in the 


particle from earth's: 
minimum speed in the path is rand v, respectively 
Now as angular momentum and total energy remain conserved. Apply 
angular momentum, we have 


ervation of 


the law of cons 


mv, r=m(v,+v)a [m=mass of particle] 
(v, v)a 
or v 
r 
al [50m3] 
CM a 
= t| f$xama] 
HV 


Applying the law of conservation of energy 
1 > GMm_1 > GMm 
Zm- zm(wevy- 
2 PT a 


Sol. 


Sol 


or 
or 

Sa 
or r=aor 


Thus minimum dis: 


ce of the particle -a 


And maximum distance of the particle = 


A satellite is revolving around a planet of mass M 
orbital speed the satellite when itis at a distance r from the focus will be given by 


n elliptic orbit of semimajor axis a. Show that the 


v-GM|- 
lr aj 
Asin case of elliptic orbit with semi major axis a, of a satellite total mechanical energy remains constant, 
at any position of satellite in the orbit, given as 
GMm 
2a 
GMm 
or KE + PE 5 (i) 
2a 


Now, ifat postion r, v is the orbital speed of satellite, we have 


PM GMm 
KE = mv’ and PE : (ii) 
so from equation (i) and (ii), we have 
1 GMm  GMm [2 1 
mv = aie. vi=GM 
2 r a [ra 


A planet of mass m moves along an ellipse around the sun so that its maximum and minimum distance 
from the sun are equal to r, and r, respectively. Find the angular momentum of this plane relative to the 


centre of the sun. 


Ifv, and v, are the velocity or planet at its apogee and perigee respectively then according to conservation 
of angular momentum, we have 
my, r, 


my, F, 
or Vt 7 V, 


Perigee k: e n 
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y of the planet is also constant, we have 
1 


GMm 


As the total ener 
GMm ; 
= +4my = +4 
7 n 2 

Where M is the mass of the sun. 

NIE 1| =_* 

or iM R] 2 

or GM| 
or GM| 
2GM(-r)) — 2Gr 
* tn) -E) — nen) 
f 2GMr 
or ^ d seen] 
Now Angular momentum of planet is given as 
L=mv,r 
26M 
mmt) J 
QA — Aspaceshipissentto investigate a planet of mass M and radius R. While hanging motionless in space at 
R from the center of the planet, the spaceship fires an instrument package with speed v, as 
ies has mass m, which is much smaller than the mass of the spaceship. 
of the planet? 


adistance 
shown in the figure, The pack 
‘or what angle © will the pack 


~~ l ^ 
Posi C 
ge is v when it grazes the surface of the planet. 


H 
Let the speed of the instrument pack: 


ge just graze the su 


Sol. 
vo 
R 


^6 
SR sin (2— 0] 


Conserving angular momentum of the package about the centre of the planet mv 


sin 90° 


as 


Conserving mechanical energy 


iMm | ,  GMm 
*lmy-— 


1 
mv 


SR 
substituting the value of v from equation (I) in equation (ii) 


25 v;sin^ 0- v; 


1 8GM 
SVR J| 


or - sin" 


Q.5 A missile is launched at an angle of 60" to the vertica om the surface of the 


I witha velocity /0.75gR 


earth (R is the radius of the earth). Find its maximum height from the surface of earth. (Neglect air 


resistance and rotation of earth.) 


From conservation of mechanical energy 


1, GMm | GMm 
my mv (i) 
2 R 2 R+h 
Also from conservation of angular momentum 
my, R sin 60* — mv, (R +h) (ii) 
Sol i " 3GM 
Solving (i) and ii) and putting v, = V1 we get 
h=0.25R 
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Q.6 Find the minimum colatitude which can directly receive a signed from a geostationary satellite. 


Sol. The farthest point on earth, which can receive signals from the parking orbitis the point where a length is 
drawn on earth surface from satellite as shown in figure 
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Q7 


Sol. 


1 


Parking 
orbit 


AOR 


The colatitude A. of point P can be obtained from fig 
R, 1 

R,+h=7 

We know forapartkingorbit h= 6R, 


sind 


( 
Thus we have 1-sin?| 


A satellite of mass m is orbiting the earth in a circular orbit of radius r. It starts losing energy slowly at a 
constant rate C due to friction. If M, and R, denote the mass and radius of the earth respectively, show 
that the satellite falls on the earth in a limit timet given by 


. Gm, ( 1 1) 


2C \R, r 
Let velocity of satellite in its orbit of radius r be v then we have 
GM 
Vr 
When satellite approaches earth's surface, if its velocity becomes v then it is given as. 
[om 
VaR 
The total initial energy of satellite at a distance ris 


+U, 


|o GM.m 
2 T 
GM,m 


r 
ata distance R, is 


EE;  -K,*U, 


The total final energy of satel 


M.m 
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s satellite is loosing energy ata rate C, if it take a time t in reaching earth, we have 
€ 


A m| 


GMam[ 1 1] 


or =e |R, T] 


Q.8 Two Earth's satellites move in a comn 


satelliter 
the periodic 


on plane along circular orbits. The orbital radius of 
7000 km while that of the other satellite is Ar= 70 km less. What time interval sepa 
approaches of the satellites to each other over the minimum distance ? 


Sol, Now for first satellite which is revolving about the earth (mass M and radius r) the orbital speed is 


GM 
LES 
Let T, and T, be the time period for first and second satellites respectively. Then we know that 
Qnr xr 
T r 
voy JGM 
and T Ary’ 


(r 
JOM 


As second satellite is revolving in a radius (r— Ar). Know the period interval (T, — T) is given by 
2r [ "S 
z ġa] 
i vem | r) 
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Current Electricity 


Introduction 


In the last chapter we discussed electrostatics-the physics of stationary charges. In this chapter, we 


discuss the physics of electric currents-that is, charges in motion. 


Examples of electric currents abound and involve many professions. Meteorologists are concerned with 


lightning and with the less dramatic slow flow of charge through the atmosphere. Biologists, physiologists, 
are concemed with the nerve currents that control muscles 


and engineers working in medical technolo; 


and especially with how those currents can be reestablished after spinal cord injuries. Electrical engineers 


are concerned with countless electrical systems, such as power systems, lightning protection systems, 


information storage systems, and music systems. Space engineers monitor and study the flow of charged 


n wipe out telecommunication systems in orbit and even 


particles from our Sun because that flow 


power transmission systems on the ground 


In this chapter we discuss the basic physics of electric currents and why they can be established in some 


materials but not in others. We begin with the meaning of electric current 


Electric Current 


Note: 
a) 
(2) 


The time rate of flow of charge through any cross-section is called current. 
1Q dQ 
L 4t dt 


If flow is uniform then i 
unit is emu and is called biot (Bi), or 


t 
Current is a scalar quantity. Its S.I. unit is ampere (A) and C.G 
ab ampere. 1A - (1/10) Bi (ab amp.) 


Ampere of current means the flow of6.25 * 10" electrons/sec through any cross-section of the conductor. 
The conventional direction of current is taken to be the direction of flow of positive charge, ie. field and. 
is opposite to the direction of flow of negative charge as shown below. 


SS. mmm. 


g — 


The net charge in a current carrying conductor is zero. 


(4) 


(6) 


0 


(8) 


Fora given conductor current does not change with change in cross-se 


figure i,=i,=i 


tional area. In the following 


Current due to translatory motion of charge : If n particle each having a 


x 
netthen i= "4 7 


charge q, pass through a given arca in t 


If'n particles each having a charge q pass per second per unit area, the current associated with cross- 
qA 
re n particle per unit volume each having a charge q and moving with velo 


sectional areaA is i 
If ther 


ty v, the current 


thorough, cross section A is i= nqvA 
Current due to rotatory motion of charge: Ifa point charge q is moving ina circle of radius r with speed 


v (frequency v, an 


r speed w and time period T) then corresponding current. 


q qvo qo ea 
i=qv at - 
T 2m 2x 


e direction constitutes the electric 


Current carriers : The charged particles whose flow in a defini 
current are called current carriers. In different situation current carriers are different, 
(i) Solids : In solid conductors like metals current carriers are free electrons. 


(ii) Liquids : In liquids current carriers are positive and negative ions. 


(iii) Gases : In gases current carriers are positive ions and free electrons. 


(iv) Semi conductor : In semi conductors current carriers are holes and free electrons. 


Current, a 


defined by above Equation, is a scalar because both charge and tim 


in that equation are 
scalars. Yet, as in Figure (a), we often represent a current with an arrow to indicate that charge is moving. 
Such arrows are not vectors, however, and they do not require vector addition. Figure shows a conductor 
with current i, splitting at a junction into two branches. Because charge is conserved, the magnitudes of 
the currents in the branches must add to yield the magnitude of the current in the original conductor, so 
that 


The current into the 
Junction must equal 

the current out 

(charge Is conserved). # 


Copied to clipboard. 


9. 


As Figure (b) suggests, bending or reorienting the wires in space does not change the validity of above 
Equation. Current arrows show only a direction (or sense) of flow along a conductor, not a direction in 
space. 


The relation i=i,+i, 
is true at junction a no matter what the orientation in space of the three wires, Currents are scalars, not 


vectors, 


Total charge flown through a cross section of conductor whoes current (i) is given will be q= fi dt, we 


integrate with in prescribed limits to time 


Current Density (i) 


Note : 
[0] 


Current density at any point inside a conductor is defined as a vector having magnitude equal to current 
per unit area surrounding that point. 

di 
Current density at point P is given by J rri 


NN x 


If the cross-sectional area is not normal to the current, but makes a 
current then 


le to 0 with the direction of 


di 
dA cos 


TERES 


di-JdAcos0 = -J.dA 


Direction of J coincides with the direction of current flow at that point. So itis a vector quntity whose 
direction is defined with the electric field at that point. 
i 


A 


Ifcurrent density J is uniform fora normal cross-section A, then J 


Current density J is a vector quantity. I's direction is same as that of Ẹ . I's S.I. unit is amp/m? and 


dimension [L?A] 
In case of uniform flow of charge through a cross-section normal to it as i = nqvA 


i 
so J = =ngv 
- 


Current density relates with electric field as J = 6 E = — ; where c = conductivity and p=resistivity or 


sistance of substance. 


Illustration : 


4 copper wire of diameter 1.02 mm ca 


s a current of 1.7 amp. Find the drift velocity (v) of 
electrons in the wire. Given n, number density of electrons in copper = 8.5 * 10° /m 


Sok 1-174 

J = current density 

17 
nx(0.51x10 7) 


= nev, 
= 8.5 x 10” x (1.6 x 107) x v 


k 10% x1.6x10 


u5 nx(0.51x10°) x8 


1.5 * 107 m/sec. = 1.5 mm/sec 


Illustration : 


4 solution of NaCl discharges 6.5 * 10" Na” ions and 4.2 * 10" CI- ions in 1 sec. Find the 
total current passing through the solution. 


Sol. The total current through a solution (conductor ) is due to all the charge carriers (moving in 
opposite directions if they are oppositely charged. 
6.5x10'° +4.2x10"° 
Isee R 
10.7 * 10" 1.6 * 10” coulomb/sec 
1.7 * 104A 


Mlustration : 


The magnitude J of the current density in a certain lab wire with a circular cross section of radius 
R = 2.00 mm is given by J = (3.00 * 10°, with j in amperes per square meter and radial 
distance r in meters. What is the current through the outer section bounded by r = 0.900R and r 
R? 

Sol. Assuming J is directed along the wire (with no radial flow) we integrate, starting 


kx(R* - 0.656R*) 


i= flilda= [(kr)2ardr 


Where k = 3.0 *10° and SI units are understood. Therefore if R = 0.00200m. We obtain i = 
2.59%10" A. 


Illustration : 


What is the current in a wire of radius R = 3.40 mm if the magnitude of the current density is given 
by (a) J, = J,/R and (b) J, = J, (1 — r/R), in which r is the radial distance and J, = 5.50 * 10* A 
m? (c) Which function maximizes the current density near the wire's surface ? 


Sol, (a) The current resulting from this nonuniform current density is 


(3.40x 10 ^ m)(5.50x10* A / m°) 


i= [dA 


-133A 
(b) — Inthis case 


J ndas B R7Jy = xg. 40x10? m)^(5.50x10* A /m?) 
cylinder , = 
= 0.666 A 
(c) The result is different from that in part (a) because J, is higher near the center of the cylinder 


(where the area is smaller for the same radial interval) and lower outward, resulting in lower 
average current density over the cross section and consequently a lower current than that in part 
(a). So J, has its maximum value near the surface of the wire. 


Practice Exercise 


Q.1  Asteady current passes through a cylindrical conductor. Is there an electric field inside the conductor? 


Q.2  If0.6molofelectrons flow through a wire in 45 
wire, and (b) the magnitude of the current. 


min what are (a) the total charge that passes through the 


Answers 


Q1 Ye Q.2 (a) 5.7*10*C (b) 21.41 Amp 


Model for Electric Conduction 


We describe a classical model of electrical conduction in metals that was first proposed by Paul Drude 
(1863-1906) in 1900, 


Consider a conductor as a regular array of atoms plus a collection of free electrons, which are some- 
trons. The conduction electrons, although bound to their respective atoms 


times called conduction el 
when the atoms are not part of a solid, become free when the atoms condense into a solid. In the 
absence of an electric field, the conduction electrons move in random directions through the conductor 
Fig below. The situation is similar to the motion of gas molecules confined in a vessel. In faci 
scientists refer to conduction electrons in a metal as an electron gas. 


some 


When an electric field is applied, the free electrons drift slowly ina direction opposite that ofthe electric 
field (Figure Below), with an average drift speed v, that is much smaller (typically 10 *m/s) than their 
average speed between collisions (typically 10°m). 


The random motion of the. 

carriers is modified by 
‘the Geld, amd they lave a dift 
velocity opposite the direction 
‘of the electric field. 


In our model, we make the following assumptions: 


The electron's motion after 


collision is independent of its motion before the collision. 
The excess energ 


acquired by the electrons in the electric field is transferred to the atoms of the con- 
ductor when the electrons and atoms collide. 


eel 


Weare now ina position to derive an expression for the drift velocity. When a fr ron of mass m, 


and charge q (- — c) is subjected to an electric field E , it experiences a for 


F = qË . The electron 


a particle under a net force, and its acceleration can be found from Newton's second law, $^ F = mä 


=F _aE 


m m, 


Because the electric field is uniform, the electron's acceleration is constant, so the electron can be mod- 


eled as a particle under constant acceleration. If v, is the electron's initial velocity the instant after a col- 
lision (which occurs at a time defined as t — 0), the velocity of the electron at a very short time t later 
(immediately before the next collision occurs) is, from equation 


Let's now take the average value of ¥, forall the electrons in the wire overall psoible collision times t 


and all possible value of v; . Assuming the initial velocities are randomly distributed over all possible 


directions, the average value of ¥, is zero. The average value of the second terms of equation is 


where t is the average time interal between successive collisions. Because the average 


(qE/m,)t. 


value of v is equal to the drift velocity. 


Drift Velocity 


Drift velocity is the average uniform velocity acquired by free electrons inside a metal by the application. 
ofan electric field which is responsible for current through it. Drift velocity is very small itis of the order 
of 10+ m/s as compared to thermal speed ( ~ 10° m/s) of electrons at room temperature. 


If suppose for a conductor 

n= Number of electron per unit volume of the conductor 
A7 Area of cross-section 

V = potential difference across the conductor 

E= electric field inside the conductor 


1 
c resitance, o= conductivity | | 


i= current, J = current density, p = speci 


then current relates with drift velocity as i = ne. 


v , we can also write 


i| J cE E y 


ned ne ne pne plne 


(1) The direction of drift velocity for electron in a metal is opposite to that of applied electric field (i.e. 
current density J). 


v, E ie. greater the electric field, larg 


will be the drift velocity 

Q) When a steady current flows through a conductor of non-uniform cross-section drift velocity varies 
1) 

j| 


5 f 
inversely with area of cross-section | Va % 


(3) — Ifdiameter (d) ofa conductor is doubled, then drift velocity of electrons inside it will not change. 


eve ."'"e 
——rpquar—— — —— 
— =u o o ——À 


Copied to clipboard. 


(4) — Relaxation time (t) : The time interval between two successive collisions of electrons with the positive 


mean free path 


ions in the metallic lattice is defined as relaxation time T With 


rms. velocity of electrons 


rise in temperature v, „increases consequently t decreases 


It's unit is 


(5) Mobility: Drift velocity per unit electric field is called mobility of electron i.e. p = 


m. 


volt—see 


Illustration : 


Find the electric current in a conductor (copper) of cross-section A = Inm? , conduction electron 
density n = 8.69» 10"'/m* and drift speed v, = 1 cm /s 


Sol. i= nev, A 
69 x 10* x 1.6 x 10” x 10 1 x 10* 
8.69 x 1.6 * I0 amp 


Mlustration : 


n, electron/s passes through a given cross-section towards right with velocity v, and n, proton/s 
passes through the same cross-section with velocity v, in the same direction. Find the current 
through a given cross-sectional. Put n, = 1.5 * 10^ and n, = 10 

Aq _ ANg _ dN; 

ar Ar dt 


dN; 
i dt 12 
i=i +i 
(aN) 
| k-e) le 
Case 


i=(n,-nje 
(1.5 x 10"— 1 x 10" 1.6 x 10? = 0,5  10* amp 


Mlustration : 


Find the current associated with an electron revolving with a speed v = 10° m/s in an orbit of 
radius R = 14. 
Sol The charge Aq (=-e) flows (passes) through a fixed point during a time At = T. 
Aq_e 2nR pry 


Then, i= wT where T= — 


ev _ (16x10 y105) 


2 xao) 
7 


o i= =0.26x105A 


Illustration : 


Find the current associated with a moving straight wire of linear charge density A. 
of cross-section A = 2 mm’, when the wire is pulled with a speed v = 2 m/s 


dq 


p—: 


Sol. Let dq (= À dl) passes through a given vertical plane in time dt. 


Th dg 
hen, i= 
Adi 
at 
(ya!) 
h (ve) 


2x107x2=4mA 
Illustration : 


4 homogeneous beam of proton accelerated through a potential difference V = 500 KV has a 
circular cross-section of radius R = 4 mm. Assuming beam current i = 32 * 10? A, Find the 

(i) number of protons passing through a cross-section per second. 

(ii) electric field at the surface of the beam. 

(iii) potential difference between the surface and axis of the beam. 


Sol — (i) The numer of protons/second 
io Xx10? 


2x10! 
161 s 7210 


i 


(i) E= Frage "herel 
i 
or B- Sen () 
Ld seit iud 2eV 
since ZMV? = eV, substituting v = eq. ( 
ince 3 ubstituting v = V^ in eg. (i) 
1 [m 
‘oR V2eV 
_ 2x9x10 x32x10 16x10 l 9x10? 
4x10 21.610779 x 50010? Ano 


= 144 x 10 x 107 Vim 
= 14.4 KV/m 
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(iii) Applying Gauss Law. 


E. 27r] | 


Qr 
% 2meyR2/ 2neyR? 
R R à 
ò = [Ear z [rar aiis 
Then, AV ! rd zum here a 
i [m _ER_144x10°x4x10> 
o  AV- - 


Am V2eV 2 2 ~ 


Practice Exercise 


Q.1 Abeam of fast moving electrons having cross-sectional area A = 1 cm? falls normally on a flat surface. 
The electrons are absorbed by the surface and the average pressure exerted by the electrons on this 
surface is found to be P = 9.1 Pa. If the electrons are moving with a speed v = 8* 107 m/s, then find the 
effective current (in A) through any cross-section of the electron beam. 


(mass of electron = 9.1 x 10?! kg) 


Answers 


Ohm's Law 


Ifthe physical conditions of the conductor (length, temperature, mech 
then the current flowing through the conductor is directly proportional to the potential difference across 
it's two ends i.e. ioc V => V = iR where R isa proportionality constant, known as electric resistance. 
(1) Ohm's law is nota universal law, the substances, which obey ohm's law are known as ohmic substance. 
(2) Graph between V and i fora metallic conductor is a straight line as shown. At different temperatures 
Vi curves are different. 


al strain etc.) remains same, 


vt 


(A) Slope ofthe line 


(B) Here tan, > tan 
Soni>R, 
R ens 
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Resistance 


(1) The property of substance by virtue of which it opposes the flow of current through it, is known as 
the resistance. 


(2) Formula of resistance : For a conductor if /= length of a conductor A = Area of cross-s 


'ction of 
conductor, n — No. of free electrons per unit volume in conductor, t= relaxation time then resistance of 


1om | 
conductor R = p-- = ^x i Where p =resistiveity of the material of conductor 
A ner A 


(3) Unit and dimension : It's S.I. unit is Volt/Amp. or Ohm (Q). Also 1 ohm = 


Ivolt _ l0 'emuof potential 


= 10° emuof resistance. It's dimensi 


lAmp 10 emuof current s [META] 
(4) Dependence of resistance : Resistance ofa conductor depends upon the following factors. 
(i) Length of the conductor : Resistance of a conductor is directly proportional to it's length i.e. R œ Jand 


and inversely proportional to it's area of cross-section i.e. R * 


(ii) Temperature : For a conductor 

Resistance x temperature. 

If R,=resistance of conductor at 0°C 
R,= resistance of conductor at °C 


and a, = temperature co-efficient of resistance then R, =R, (1+at+ Bt) for t> 300°C and R, =R, 


- R,-R 
(Lat) fort «308 C or a= ^g 
i R, det 
IER, and R, are the resistance at tC and t"C respectively then R= Ty. a 
R,-R 
The value of ais different at different temperature rage t,°C to ^C is given by a= cp — p) Which 


given R,=R, [1-+a(t,—t,)]. This formula 


resan approximate value. 


Stretching of wire 

Ifa conducting wire stretches, it's length increases, arca of cross-section decreases so resistance in 
but volume remain constant 

Suppose for a conducting wire before stretching it's length =/,, area of cross-section =A, radius —r, 


|, 
diameter 7 d,, and resistance R, =p Ñ 


Before stretching After streching 


—— i — 


Volume remains constant i.e. 4,/, = 


After streching length — 
l, 
A 


area of cross-section =A, radius =r, diameter =d, and resistance =R, 
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Ratio of resistance before and after streching 


R, (x 
(ii) Ifradius is given then R x 7> ^ |= | 


Resistivity (p), Conductivity (c) and Conductance (C) 


1 
(1) Resistivity : From R =p; If/= Im, A= 1 mè then R =p ic. resistivity is numerically equal to the 


resistance ofa substance having unit area of cross-section and unit length. 
(i) Unitand dimension : It's S.I. unit ohm * m and dimension is [ML'T ^A ?] 

z m 
(ii) Its formula : p 

nex 

(iii) Resistivity is the intrinsic property of the substance. Itis independent of shape and size of the body 
(i.e. land A) 
(V) Resistivity depends on the temperature. For metals p, p, (1+aAt) i.e. resitivity increases with 


temperature, 


(vi) Resistivity increases with impurity and mechanical stress. 


(vii) Magnetic field increases the resistivity of all metals except iron, cobalt and nickel 
(vii) Resistivity of certain substances like selenium, cadmium, sulphides is inversely proportional to intensity 


of light falling upon them. 


1 
(2) Conductivity : Reciprocal of resistivity is called conductivity Le. s= — with unit mho/m and dimensions 
IMETA?) 

: 1 1 
(3) Conductance: Reciprocal of resistance is known as conductance. C=: It's unitis Sor" or 


"siemen". 
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Colour Coding of Resistance 


To know the value of resistance colour code is used. These code are printed in form of set of rings or 


strips. By reading the values of colour bands, we can estimate the value of resistance. 


The carbon resista 


ince has normally four coloured rings or bands say A, B, C and D as shown in following 


figure, 


Colour band A and B : Indicate the first two significant figures of resistan 


Band C : Indicates the decimal multiplier i.e. the number of zeros that follows the two significant figures 
Aand B. 

Band D : Indicates the tolerance in percent about the indicated value or in other words it represents the 
percentage accuracy of the indicated value 


The tolerance in the case of gold is + 5% and in silver is + 10%, If only three bands are marked on 


istance, then it indicate a tolerance of 20%, 


Table : Colour code for carbon resistance 


Letters asan Colour Figure | Multiplier 

aid to memory (A.B) © 
B Black 0 10 
B Brown 1 10 
R Red 2 10 
o Orange 3 10° 
Y Yellow a 10° 
G Green 5 10 
B Blue 6 10° 
v Violet 7 107 
6 Grey 8 10" 
w White 9 10 
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Grouping of Resistance 


(1) Series grouping 
(i) Same current flows through each resistance but potential difference distributes in the ratio of resistance 


ie VR R; A " P 


(ii) R =R, +R, +R, equivalent resistance is greater than the maximum value of resistance in the 


combination. 
(iii) Ifn identical resistance 
v 


are connected in series R, — nR and potential different across and resistance 
vi 

n 
(2) Parallel grouping 


(i) Same potential difference appeared across each resistance but current distrbutes in the reverse ratio 


of their resistance i.e. i c 


(ii) Equivalent resistance is given by R “R IR, R, or Ry -(R; € R; * R;)' or 


- RRR 

* RR; +R,R,+R,R 

Equivalent resistance is smaller than the minimum value of resistance in the combination. 
RR 


R 


(iv) Iftwo resistance in parallel Req = 


,..., _[ Resistance of opposite branch 
(v) Current through any resistance i’ = ix} 


Total resistance 
Where i! = required current (branch current), i= main current 

R | R 
R,+R, } 
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(v) — Innidentical resistance are connected in parallel R — — and current through each resistance 
n 


Note : 
Rules for finding Req complicated resistance circuii 

+ Wecan join any number of points in a circuit that are connected by a simple conducting wire as they will 
be at same potential 


Illustration : c 
mu Nox 
Find the equivalent resistance between A and B in the circuit shown juan 


here. Every resistance shown here is of 22 


Sol. Points C, O & D are at the same potential. Therefore, resistances 
40, AC and AD are in parallel . Similarly BC, BO and BD are in 
parallel. 


1 
Ry = 3 * AQ * 3*0) Plane of symmetrg passes through c,o and D 


4 
[n] 
72 = 1.330 


Illustration : 


It is desired to make a 20 Q coil of wire which has a zero thermal coefficient of resistance. To do 
this, a carbon resistor of resistance R, is placed in series with an iron resistor of resistance R, The 
proportions of iron and carbon are so chosen that R, +R, = 20 Qfor all temperatures near 20°C, 


how large are R, and R, ? (a, =-0.5*10 ape 75x10?) 


Sol We need R, (1 + a,At) + R, (1 + a, AT) = 20 because R, + R, = 20 where At = 0, 
We must have R,a, = — R,a, with a,  — 0.5 * 10° solving the two equation R,+R, = 20 and 
R, = 18.18 Qand R, = 1.8242 


Illustration : 


Six resistors form a pyramid. Find the effective resistance between A and B. 
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Sol The branches ADB and ACB are symmetrical relative tot the 
terminals A and B. Hence, the points D and C are 
equipotential. Since, Ry. # 0 i. = 0. Then remove the 
branch DC and then the circuit is reduced to a simpler one 
as shown in the figure. 


11.1 
Then stats 
or, Ry= 52 
B 
Mlustration : N 
Six equal resistances each of resistance 42 are connected 
to form the following figure. What is the resistance between 
any two corners 
4 Sn 


Sol There is symmetry about the line passing through QO and mid point of PR. 


20 
Illustration : 


In the network shown in figure, each resistance is 1 (2. What is the effective resistance between A 
and B. 


a 
C n D 


TAL f xn 
A —ÀL e SÉ IIIS a pg 
10 E 19 


47 


Sol There is a symmetry about line passing through E and mid point of CD. 


ct 
C wi — D 
CIN. m 
if Fi kN ja NR 
A —L— PS ee gd ET 
Tr OE r 


way qur poA 
CS — io —— i 
EF A EF B 


Illustration : 


Find the equivalent resistance between points A & B of the network shown in the given diagram 


Sol — The resistors 3 Q and 6 Q are in series and so are 5 Q and 10 Q resistors. These two series 
equivalents are in parallel to each other and also to the 4 Q resistors. Hence the network reduces 
to the one given below 


E 2340 20 


R,-5340 
Illustration : 


Find Ry in the cubic network of twelve resistors each of resistance R. 


Sol — The network is symmetrical about the body diagonal AB. Since 


equal currents flow in the branches between A and (1, 2 and 3), the — DNE- 1 
points 1, 2 and 3 are equipotential,. Similarly, the point 4,5,6 are 
equipotential. Let us now superimpose the points 1,2 and 3 at C 
and 4, 5, and 6 at D. You can now see that there are 3 resistors d 
between A and C, six resistors between C and D and three resistors 
between D and B. 
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Then, Rug = Ryo + Rey + Roy 
R R R 
36 3 
SR 
6 
Mlustration : 


Find R,, in the network 


Sol. — The given network is a Wheatstone bridge as shown in the figure. 


Rac _ Rep _1 


Since Rap Rog 2 
The remove the branch CD to obtain a simple circuit. 


Hence Ry 


Copied to clipboard. 
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Illustration : 


Find Ra 


Sol. — By inspection we can say that lower half and upper half of the given 
circuit is symmetrical about AB. Then, C and D are equipotential; 
E and F are equipotential. Superimposing D with C and F with E 
we have the following circuite. You can see that (AC and AD), (CE 
and DF), (EB and FB), (CO and DO) and (EO and FO) are 
superimposed. 


By current distribution following KCL, we understand that equal current passes through 


the branches CO and OE. Then, you can separate the branch COE, from AOB as shown in the 
figure and solve it by the processes of series and parallel combination. 


20 


i 


Illustration : 


Find Ry 


Sol Let R,, = R since infinite minus something is infinite, if you cut one well R „= Ry = R. 


RawX2) , 


Hence 2 t 
T 2+Rawy 
8 ly » 
=> 
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Then, 


2+3R 
24R 
Putting Ry = R, we have 


or 
[EXIRET 

or ROC 

It gives R=20 


Practice Exercise 


Q.1 A square pyramid is formed by joining 8 equal resistances R across the edges. The square base of the 
pyramid has the corner at A, B, C, D. The vertex is at M. Calculate the 


(a) current in the edge MC ifan id: f emf E is connected across the adjacent comers A and B. 


(b) current in the edge MA if 


n ideal cell of emf E is connected across the opposite comers A and C 


Q2 Cala 


ate the equivalent resistance between the terminals of the cell shown in ‘ 
figure. The resistance of cach quadrant is | ohm and the intersecting diameters. 


have resistance 2 ohm each. N 


Si 


Q.3 — Find the equivalent resistance of the configuration of equal valued resistors shown in the Trgürc. 


R R 
WA 
R R 
WA 


Q4 — Twoconducting plates each of area A are separated by a distance d and they are parallel to cach other 
A conducting medium of varying conductivity fills the space between them. The conductivity varies 
linearly from c and 2cras you move from one plate to the other plate, Find the resistance of the medium. 


between the conducting plates. 


Answers 


Q.1 (a) ESR, (b) E/2R Q2 


Copied to clipboard. 


Electrice cell or Battery : 


The device which converts cher 
source of constant emf but not constant current. 


7 a 
! [5] 


l energy into electrical energy is known as electric cell. Cell is a 


«E 


Electrolyte 


—-—— 


(1) Emfofcell (E) : The potential difference across the terminals of a cell when it is not supplying any 
current is called it's emf. 
(2) Pote 


difference (V) : The voltage across the terminals of a cell when itis supplying current to 


external resistance is called potential difference or terminal voltage. 
(3) Internal resistance (r) : In case of a cell the opposition of electrolyte to the flow of current through it 
is called internal resistance of the cell. The intemal resistance of a cell depends on the distance between 


cof 


electrodes (r x d). area of electrodes [r  (1/A)] and nature, concentration (r »- C) and tempertu 


eletrolyte [r < (I/temp)] 


A cell is said to be ideal, if it has zero internal resistance. 


Er 
Note : (i) During charging —*— HM———3, 
v,-V E*ir 


E 


V ———À ewt 


During disc 


Er 
Ifno current is drawn A] MW———^ 
V,-V,=E 
(i) Inside a battery during discharging, 
terminal (higher potential) by battery mechanism. 
() ^ Work done bya battery during discharging = charge flown from +ve to -ve in outer circuit x emf 


of battery. 


rge is taken from -ve terminal (lower Potential) to +ve 


Cell in various Positions 


(1) Closed circuit : Cell supplies a constant current in the circuit. 


Copied to clipboard. 


23 


E 
Rer 
(ii) Potential difference across the resistance V — iR. 
(iii) Potential drop inside the cell — ir 


(i) Current given by the cell 


(iv) Equation of cell E=V+ ir (E> V) 
g BÀ 
(V) Internal resistance of the cell 15| 7 —! } 
v E Y 
(vi) Power dissipated in external resistance (load) P — V | R 
R (Rer) 
E 
Power delivered will be maximum when R —rso Psn — 7 
r 


This statement in generalised from is called "maximum power transfer theorem" 


(vii) When the cell is being charged i.e. current is given to the cell then E= V - ir and E < V. 
(2) Open circuit : When no current is taken from the cell it is said to be in open circuit 


() — Current through the circuiti=0 
Aand B, V= 


(i) ^^ Potential difference betwe 
ence between C and D, V,.,, «0 


Gi) ^ Potential diffe " 
(3) — Short circuit : Iftwo terminals of cell are join together by a thick conducting wire 


@ 
Gi) 


Maximum current (called short circuit current) flows momentarily 


Potential difference V — 0. 
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Grouping of cells 


In series grouping of cell's their emf's are additive or subtractive while their internal resistances are 
always additive. If dissimilar plates of cells are connected together their emf's are added to each other 
while if their similar plates are connected together their emf's are subtractive. 


——À— HA 


ESSERE E 


5,5») 


cted to cathode of other cell and so 


(1) Series grouping : In series grouping anode of one cell is conn. 
on. If n identical cells are connected in series 
Lr Er or 


(i) Equivalent emfof the combination E, = nE 


(ii) Equivalent intemal resistance r,, = nr 


(iii) Main current = Current from each cell =i 
R+nr 


(iv) Potential difference across external resistance V — iR. 


(v) Potential difference across each cell V" 


Ey 
(vi) Power dissipated in the external circuit =| — — | .R 
Ren 


E 
(vii) Condition for maximum power R = nr and Ps. af 7 | 


(viii) This type of combination is used when nr << R. 
Note : 


If Batteries are different 


E,+E,+.....cE,, if they are connected in same sense 


(2) Parallel grouping : In parallel grouping all anodes are connected at one point and all cathode ai 


connected together at other point. Ifn identical cells are connected in parallel 


er 
J+ 
tr 
i 
po 
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(i) Equivalentemf E =E 
(ii) Equivalent intemal resistance R — r/n 


" E 
current i= 
(iii) Main curenti= 4——— 


(iv) potential difference across external reistance = p.d. across each cell V =iR 


(V) Current from each cell == 
n 


p -[ 
(vi) Power dissipated in the circuit P =| 


(vii) Condition for max. power is R ^ r/n and Pss. 


(viii) This type of combination is used when nr>>R 
Note : 


If Batteries are different 


E 
La. * 
Li 2 
I Ifthey are connected in same sense 
ELE 
non 
EY re 1 
- 
ig i oh fy 


(3) Mixed Grouping : If n identical cell's are 
parallel as shown. 


cted in a row and such m row's are connected in 


bree kr 


Acide 
—i4---44— 
dee 
(i) Equivalent emf of the combination E, =n 
: nr 
juivalent internal resistance of the combination f, 
m 
nE mnE 


(iii) Main current flowing through the load. 


nr : 
"LE 


(iv) Potential difference across load V — iR. 


(v) Potential difference across each cell V'— 


(vi) Current from each cell i'— 


Kirchoff's Laws 


Note : 


" | nr E 
(vii) Condition for maximum power R=" and P.u, = (mn) Z- 
m r 


(viii) Total number of cell =mn 


ion rule or current law (KCL). Ac 
gat a junction is zero i.e.Xi - 0 


Kirchoff's first law : This law is also known as jun: 


algebraic sum of currents meeti 


In acircuit, at any junction the sum of the currents entering the junction must equal the sum of the currents 


leaving the junction. i, +i, =i, +i, 


Thi 


w is simply a statement of "conservation of charge". 
Kirchoff's second law : This law is also known as loop rule or voltage law (KVL) and according to it 
"the algebra traversal of a mesh (closed loop) is zero" 
iIv=0 


c sum of the changes in potential in complet 


This law represents "conse 


vation of energy". 
If there are n meshes in a circuit, the number of independent equations in accordance with loop rule will 
be (n - 1) 


n of Kirchoff's law : 
rchoff's laws following sign convention are to be considered 


Sign convention for the applica! 


For the application of 


(i) The change in potent 


jal in traversing a resistance in the direction of current is- iR while in the opposite 


direction «iR. 


(ii) The change in potential in traversing an emf source from negative to positive terminal is +E while in the 
opposite direction - E irrespective of the direction of current in the circuit. 


27 


Illustration : 


In the given network, the batteries getting charged are 


T1 TEC OR 
(A) Land 3 200 "e 
(B) 1, 3and 5 E n 

"v Aga 
(C) Land 4 E aT" b 
(D) 1, 2and 5 


Sol. Applying Kirchhoff law at A, C and D, the 
direction of the currents in each branch will 
be as shown in the figure. It is clear from 
the figure that the batteries 1 and 4 are being 
charged. 

Hence (C) is correct 


Circuit solving Techniques 


Case - (1) 
Circuits having single Batter 


Step | - Remove Battery and find R,, across the terminals of Battery 
Emf of battery 

Ra 
Step 3- Now divide the current as series- parallel combination. 


ie. In series branches current remains same and in parallel current divides in inverse proportion of 
resistance, 


Step 2 -Total current through Battery I, 


Illustration : 


Find current through each resistance 


Sol. 1 


R,=20+20=42 


Copied to clipboard. 
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1 
1, +1, = 3 Amp and 1- 


Similarly 1,7 24 
1-14 q 
Case- (I) 


Circuits having many Batteries (can be reduced to single battery using Battery combination) 


Step - 
Apply Battery combination formula to reduced multiple batteries in single battery. 


Step - 


Solve as pervious case (1). 


Illustration : 


12V 
Find current through mwm 
R-4Q 6V 
Also find V,- V, ee 
Sol. Applying parallel combination of Batteries. T 
Rin 
+12 6 
3 6_4-! 
+6V 
EDU 
3 6 
Lows 
V. 20 
6 
i-2- lAmp. 
V,- V, = iR =2 volt 
Illustration : " 
Find Potential difference (V , — V.) in the circuit : R T" 
Shown E, = 1.5 V E,7 20 V R 
E, = 2V. R, = 10 Q R 
R,-20Q R,=30 0 T 


Sol We can reduced the wholde circuit into one Battery and on resistance 


15,20 25 1 

10*20 30. 6 10 
DUE d mum 

10 20 30 60 

Aa 
mat) 

sonig 0o 

8 Fa 

10 
V,-V,= volt 
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Case - (III) 
Circuits having many Batteries. 
(Using loop rule) 
Step- I 
Assume current in each Independent loop. 
Step - Il 
Apply kirchoff's voltage law in each independent mesh (loop). 


Mlustration : 


Find the current through each resistance 


Sol. Letusassume currents I, and |, in the directions shown. 


DLD 

UsingKVL, -2-3+101,=0 (i) 

and +3+21,-7=0 (i) 

from(i)&(i) 1,=0.5A 

L=2A 
Illustration : 
In the network of three cells, find the potential V of theri function. 
7 


20V 


Sol Applying KCL for the individual branches, 


20-i, (2) * 107 V ü 
(1 

0-i,|5)|-8=F (ii) 

15-i,(1)-6=) (ii) 

i,+i,+i,=0 (iv) 


Putting i,, i, and i, from eqs. (i), (ii) and (iii) in eq. (iv) we have 


Waly P 


on v=- — voli 


Practice Exercise 


Q.1 Forthe circuit shown in the figure, find 
@ the 
(i) thereading in ammeter (A) and voltmeter (V) 


equivalent external resistance of the 


uit 


[ 
Q.2  Forthecircuitshown in the figure, We ti, AY 
() find the currents I, and L, and the emf of the battery E aa 
Gi) which batteries are supplying energy and at what rate to " 


the circuit? Which batteries are absorbing energy andaatwhatrate? fioa VYT YF 


(i) — is total energy conserved? Justify 
w A m 
Q.3  Findthecurrent flowing through the segment AB ofthecircuitshownin — , 
figure LAr 
i 
ye 
Q4 Inthe given circuit the ammeter A, and A, are ideal and the ammeter A, 
has a resistance of 1.9 * 1030. Find the readings of all the three meters. [2 SX 
s S 
ov 
fein 
Ps LG 
Answers 
Q.1. (270, Gi) 1,4 Volts 
40. 70 400, 1400, 4900 
Q2 (i) TESTE) TI wW, TI ^n (iii) ~ energy is conserved 


Q3 1AfromAtoB Q4 


Energy conversion and electrical power 


Input electrical energy 
Let us considera length / ofthe straight conductor of 
uniform cross-section Aand conduction electron density 
n. Then the total number of conduction electrons in the 
considered segment is 


e^ e» OF 


V 


N-nAI 

Since, theuniform electric field E pushes each electron. The electric field does a positive 
with a constant drift speed v, against the resistance bees bear 
(offered by the fixed atoms in the lattice), the total work the field E 


done by the field during a time dt in shifting the electrons. 
byadistance ds is 


Copied to clipboard. 
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dW — -(workdone each electron) = (no. of electrons present in the segment) 
= (F4. ds) N) a 
=(eEds) (nA) (s F,7eE) O— ccr) 
or, — dW-(cEv,dt) (nA) (e ds=v, dt) Each elriron experiences 
a force F, =-e É, opposite 
= (nev, A) (E) dt to the applied field E 


By putting nev, A= 
Then, thet 


and E - V, - V, (=V), we have 


work done by the electric field on the assumed portion of theconductor during a time t is 


w- jiv dt 


Where V = potential fifferece between the terminals | and 2 of the given portion ofthe conductor. 


Input Electron Power 


The electrical power ofa voltage V while sending a current i can be give as rate of electrical work done. 


aw 
= di 
or, P,-iV 


Heat Disslpated 
As the electrons travel from lower potential V, to higher potenial V, they must lose their electrostatic. 
potential 


rgy or excess kinetic energy while accelerating in the applied electric field. This appears in 
the form of heat, light and sound ete., due to the resistance offered by the coductor. Hence, the amount 


of cat liberated in the considered portion of the conductor is 


‘Thermal Power 
The rate of heat is liberated, that is power loss in the resistaor is called Ohmic heating, or Joule heating 
or Copper-loss or thermal power or i? R loss which can be given as 


dQ 


dt 


Pa) =i¥ 


Micro- 


We can use thermal energy in room heater, toaster, electric iron etc. and in other electric circuits 
(power distribution and transmission) power lost cannot be used. 

— GS 9p 
Joule- Lenz Law J 


E 
In lincar material Eis 
parallel to Jat any point 


The above expression is called mocroscopic form of Joule- 


l " dQ . 
Substingi=JA,R=p X inthe formula p =#R, 


dQ ft 
c have -~ =(JA)| p. 
we have 3 (Pa 


pP (AD where Al = V (volume of the segment) 


Then, the power loss (rate of heat 


nerated) per unit volume is 


V=Q.=pP=LE=E/p (v J=pE) 


This expression is valid for ) from" of 


any point of the conductor. Hence, we call i "point (or differe 


Joule-Lenz la 


nterportation of Heat Dissipation 


The emf (battery) sets on electric field which pushes the electrons 


E 
5 
nkineticenergyorloses — ——0— 


A +ve charge is brought 


in the conductor. As a result, the electrons. 


electrostatic potential energy. The gain in K.E. is lost due to their repeated 


from -ve to +ve electrode 


collision with the site atoms ofthe lattice. the exchange in kinetic energy of the battery by its emf 
- against the electric field 
e with F inside the battery 


more amplitudes. The vibrating metallic kemels of the lattice radiate 


and momenta of the electrons cause the lattics atoms to vil 


electromagnetic energy in the form of heat, light etc., obeying the principle 


of electromagnetic radiation. 


The excess K.E. of the elctrons received from the electric field (ultimately from the battery) is 
spent in exciting the atoms of the lattice which in turn radiate electromagnetic energy in the form 


of heat and light. 


Power ofan EMF 
A pattery is ultimately respeonsible for setting electric field inside and outside of the conducting wires. 
Hence, the battery does work in circulating the charges. The rate of work done by a seat of emt (battery) 
to establish a current is defined as electrical power of a battery 

dW, 
^d 
As discussed earlier, the work is done by a battery to push the conventinal +e cl 
terminal to +ve termial against the electrostatic force can be given as 

dW, = c dq 


dq from its ve. 


Copied to clipboard. 


Then, the power delivered by the batter in setting a current i is 
dW, 
dt 


dq 
dt 


si 
or, P =ei 

If current (or dq) flows in the direction of the emf, work done and power deliverd by the battery is +ve 
and vice-versa. 


Mlustraion : 
Two bulb's of powers P, and P, are connected in series. If the supply voltage is equal to the rated 


voltage, find the power of the combination. 


Sol. Let their resistance be R, and R, respectively 


For a rated voltage V. the power of the combination is 


> the resistance are connected in series) 


Ri +R 
yi v 
Putting Ro grand R, = "p, we obtain 
PP, 
P= Tr 


Illustration : 
4 1000 watt heater coil can be cut into two parts and when each part is used in the rated supply 


1 
voltage, it gives more power as P œ qy , but we do not recommed this, explain. 


Sol. Since, the power dissipate in the coil is 
ple 
R 


and R decreases by two fold if we cut it into two equal halves (say), power dissipation will be 


P 


doubled. The heat liberation will be doubled which in turn, damages the coil by heating it or 


reduces its life. 
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Illustration : 


Sol, 


In the circuit shown in figure, 
E,-3VE,-2V E,=1Vandr,=r,=r,= 1 ohm. 
(a) Find the potential difference between the points A and B and the currents through each 


branch q 


(b) Ifr, is short circuited and the point A is connected to point B through a resistance R, find the 


currents through E,, E, E, and the resistor R. 


(a) Applying Kirchoff’s loop law to mesh PLMQP and PLMQONP in the figure shown below, we 
have 


Shown below, we have 


iy, tiy,"E-E, ori ti, "1 (i) 
ir, +ig,=E,-E, ori,+i,=2 (ii) 
Mt Pi, +i, =i (iti) 


On solving (i), (ii) and (iii) 


i, Lamp, ly» 0 amp, = Lamp oe ee 
Since no current is drown along the brance AP. — '* TO Ic 7 

Vin = Vig 
Potential difference across PQ, 

Vig = E, - rr = 2 volt 
(b) The figure shows the circuit when point A is connected to point B and r, is short-circuited. 


Applying Kirchoff's junction rule at P. we 


isi +i, +i (iv) 
ying Kirchoff's law to mesh ABMLA 


iy, "E-E, or i," 1 amp. 


Applying Kirchoff's law to mesh ANOQML 
ip,-i,r, =E-E, ori-i,=2 (v) 
From above equations 
i,= lamp, i,=2amp, i,= lamp. 


(direction of current is opposite) 


So, current through resistor R will be I= I, + 1, + 1, = 2 amp. 


Illustration : 


Sol. 


Two cells are connected to an external load of resistance R = 2 W. Find the current in the resistor. 


NCC 
EL M 
PN Lini d 
» Lh o—— | 
1:1 mm 
n n o———Àr——o 
DUE] ean 4V 
hth —À4 
6(0)  (-4)1) 
f - 
4V R 
sS OX) 
‘a qn O+ 
een 4 
«m 
2A 
TR 2 


Practice Exercise 


Q4 


(i) 


In a house there are 3 lamps of 40W each, 8 lamps of 60W each, a radio of 40W and a TV of 160W. 
The lamps are in operatio e, for 2hrs a day, the radio for 4hrs a say and the TV for an hr 
a day. On Sundays an electric iron of 750W is used for an hour and the TV for an extra 3 hrs. Calculate 
the electricity bill for the month of February of a leap year at the rate of 45 paise per unit. The first 


Sunday falls on 3rd February 


Obtain the power imparted to the 10 Q resistor in SN LANA AAR, 
the shown network. li T 
a $» E, 


onan aver: 


Three 200 Q resistors are connected as shown in figure. The A08. — 
maximum power that can be dissipated in any one of the resistor 

po c pated in any o : 
is 50 W. Find ^ 
the maximum voltage that can be applied to the terminals Aand B. ANN 


the total power dissipated in the circuit for maximum voltage across the 


terminals Aand B. 


Copied to clipboard. 


Q4 Findthepowerdissipated in SO and 8 resistors. 


Answers 


Q1 22.05 Q2 54W Q3  (3150V,(575W Q4  SWinSO,0inSO 


Different Measuring Instruments 


(1) Galvanometer : 
It isan instrument used to detect small current passing through it by showing deflection. Galvanometers 
galvanometer, moving magnet galvanometer, hot wire galvanometer. 


are of different types. 
Inde circuit usually moving coil galvanometer are used. 


(i) It's symbol : —-@—; where G is the total internal resistance of the galvanomet 


(ii) Full scale deflection current : The current required for full scale deflection in a galvanometer is called 
full scale deflection current and is represented by i, 


(iii) Shunt: The small resistance connected in parallel to galvanometer coil, in order to control current 
flowing through the galvanometer is known as shunt. 


(Q) Ammeter: 


(i) The reading of an ammeter is always lesser than actual current in the circuit. 

(ii) Smaller the resistance of an ammeter more accurate will be its reading. An ammeter is said to be ideal 
ifits resistancer is zero. 

(iii) Conversion of galvanometer into ammeter : A galvanometer may be converted into an ammeter 
by connecting a low resistance (called shunt S) in parallel to the galvanometer G as shown in figure, 


$ 


ji 
@ 


Copied to clipboard. 
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i Gs 
(a) Equivalent resistance ofthe combination = z 


(b) Gand S are parallel to cach other hence both will have equal potential difference i.c. i,G = (ii, )S; 


which gives Required shunt S= 5G 
(i, 


G 
=;, through the galvanometer, required shunt S= 717 


(3) Voltmeter : Itis a device used to measure potential difference and is always put in parallel with the 
‘circuit element across which potential difference is to be measured. 


(c) To pass nth part of main current (i.e. i 


®© 


(i) The reading ofa voltmeter is always lesser than true value. 
(ii) Greater the resistance of voltmeter, more accurate will be its reading. A voltmeter is said to be ideal 
ifits resistance is infinite, i.e., it draws no current from the circuit element for its operation. 


(iii) Conversion of galvanometer into voltmeter : A galvanometer may be converted into a voltmeter 


by connecting a large resistance R in series with the galvanometer as shown in the figure. 


© 


(a) Equivalent resistance of the com 


-— o-[* Je 
i v 


(b) According to ohm’s law v — i, (G +R) ; which gives required series resist 


(c) Ifn* part of applied voltage appeared across galvanometer (i.e. v, = ~ ) then required series resi 
s : n 


R-(n- )G 


Illustration : 


To measure the value of the resistance R, we have connected the voltmeter y 
and ammeter as shown in the figure. Can the ratio of voltmeter and ammeter L ww 
R 
v 
reading — given the correct value of R ? Discuss. £ 
i — 


as 


Voltmeter reading 


Sol Let 


Ammeter reading 


Where, R, = meter reading of resistance 


or, Rn =v f) i 
2 a 
Since, R, and R are parallel, i 
i, R,=i,R (ii) 
According to KCL (Ist law), 
i=i ti, (iii) 


Using these three equation, we have 


R Ra Ry 

IR, =>% RR, 

Hence, the ration of voltmeter and ammeter reading cannot give the exact volue of the resistance R. 
Illustration : 


The deflection of a moving coil galvanometer falls from 60 divisions to 12 divisions when a shunt 
of 12 Qis connected, What is the resistance of the galvanometer ? 
Sol The current i in the galvanometer is directly proportional to the angle of deflection (i ac 0) 


ig 12 1! 


Then, 71 

i 60 5 

i > 

o d. ü t ow 
For shunted galvanometer, 

Gi-i)S=i,G 

s 
G-(-i)i (ii) 


Putting i, from eq. (i) in eq. (ii) and $ = 12 ohm. 
G = 48 ohm 
Illustration : 


The galvanometer G has internal resistance G = 50 Q and full scale deflection occurs at i = 1 
mA. Find the series resistors R, R, and R, needed to use the arrangement as a voltmeter with 


different rages as shown in the figure. 


Sol For the range of V, = 1 volt, GR R R 
M 
57 GR, 
IV gov 100v 
1 
oo 17- SOL, 


on — R, = 950 ohm 
For the range of V, = 10 volt 
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57 G+R,+Rz 
10 

= 50+950+R 

or — R,- 9X10" ohm 

For the range of V, = 100 volt 


or 10 


57 GeR ERR, 


00 
a ies 

50395049000 R; 
or R, = 90 * 10° ohm 


Wheatstone bridge : 


Wheatstone bridge is an arrangement of four resistance which can be used to measure one of them in 
terms of rest. Here arms AB and BC are called ratio arm and arms AC and BD are called conjugate 


ams E 
PEN ya 
A > c 
© 


(i) Balanced bridge : The bridge is said to be balanced when deflection in galvanometer is zero i.e. no 

POR 
curent flows through the galvanometer or in other words V, = V In the balanced condition g = s, 
on mutually changing the position of cell and galvanometer this condition will not change. 


(ii) Unbalanced bridge : If the bridge is not balanced current will flow from D to B if VD > VB i.e. 
(V, - V) < (V, - Va) which gives PS> RQ. 


Applications of wheatstone bridge : 


Meter bridge, post offi 
bridge and are 


box and Carey Foster bridge are instruments based on the principle of wheatstone 
ed tome 


ure unknown resistance. 


(4) Meter bridge : In case of meter bridge, the resistance wire AC is 100 cm long. Varying the position 
of tapping point B, bridge is balanced. 


40 


If in balanced position of bridge AB = £, BC (100-1) 


Q (00-5) 


(100-9 
sothat 5 - 7, Also G =R 


=s 


Note that : 


The balance-point is obtained by trial and error-not by scraping the jockey along the wire. 

The value of R in the resistance box should be chosen so that the balance point comes near to the center 
of the wire, i.e. from 40 cm to 60 cm from the end A. 

Ifthe length either f, or f, is small, then the resistance of its end connections AA' and BB' will not be 


negligible in comparison with Rp or R og- Then, the equation will not valid. 


‘cn 


The end resistance error can be minimized by interchanging R and X, and 


alan 


e again. The average 


values of ¢, and /, are taken to calculate the value of X 


Since galvanometer is a sensitive instrument, therefore, a high resistance is sometimes connected in 


series with ituntil a near balance point is obtained. Then the high resistor is shunted or removed and the 
final balance point is obtained. 


The lowest resi: 


that can be measured with this bridge is about 19. 


Box 


The post of 


(a) The post office Bax (b) 


It is a compact form of the Wheatstone bridge. It consists of compact resistance so arranged that 
different desired values of resistances may be selected in the three arms of Wheatstone bridge, as shown 
in figure. 


Each of the arms AB and BC contains three resistances of 10, 10? and 10? Q, respectively. These are 


R: 
called the ratio arms. Using these resistances the ratio p can b made to have any of the following 
] 


values : 100 : 1, 10: 1, 1: 1, 1: 100r1:100. 
The arm AD isa complete resistance box containing resistances from 1 to 5000 Q. The tap keys K, and 


K, are are also provided in the post office box. The key K, is intemally connected to the point A and the. 
key K, to the point B (as shown by dotted line in the figure). The unknown resistance X is connected 


Copied to clipboard. 
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between C and D, the battery between C and the key K, and the galvanometer between D and the key 
K,. The circuit shown in figure (A) is exactly the same as that of the Wheatstone bridge shown in figure, 
Hence, the value of the unknown resistance is given by 


R, 
R, 


x-n| 


Note that : 


Ra 
The accuracy of the post office box depends on the choice of ratio arm p 


If R, :R, is 1: 1, then the value of the unknown resistance is obtained within + IQ. 


1 


Ifthe ratio R, : R, is selected as 1 : 10, then the unknown resistance X - R| 10 


] isaccurately measured 
upto 0.10. 


1 
100) 


Ifthe ratio R, : R} is adjusted to 1 : 100, then the value of unknown resistance X r| isobtained 


toan accuracy of +0.01 Q. 


Mlustration : 


Sol. 


The value of an unknown resistance is obtained by using a post office box. Two consecutive 
readings of R are observed at which the galvanometer deflects in the opposite directions for three 
different value of R, These two values are recorded under the column-l and II in the following 
observation table. 


sNo| Ro» R, (0) R lies in-between X* R (RR) 
1(0) M (Q) 1(0) M (0) 
1 10 Ho [e [7 
100 10 [163 [164 
3 1000. 10 1638 [1639 


Determine the value of the unknown resistance. 
The observation table may be complete as follows 


R lies in-between 


anj me "c Ta) [TO] Ty 1) 
1— [uo fo he hz 60 To 

hoo ho [163 hes 6.3 64 
fs [1006 o [teas [reas 16.38 16.39 


The value of the unknown resistance lies in-between 16.38 Q and 16.39 Q. 
The unknown value may be the average of the two 


22163841639 
ie X= 


or = X= 163852 


Copied to clipboard. 
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(6) Potentiometer 


Potentiometer is a device mainly used to measure emf of a given cell and to compare emf's o 


also used to measure internal resistance ofa given cell. 


Circuit diagram : 


Potentiometer consists of a long resistive wire AB of length L (about 6m to 10 m long) made up of 
mangnine or constantan and a battery of known voltage e and intemal resistance r called supplier battery 
or driver cell. Connection of these two forms primary circuit. 


One terminal of another cell (whose emf E is to be measured) is connected at one end of the main circuit 
and the other terminal at any point on the resistive wire through galvanometer G This forms the secondary 
circuit. Other details are as follows 


J = Jockey 
K = Key 

R =Resistance of potentiometer wire, 

p= Specific resistance of potentiometer wire. 

R, = Variable resistance which controls the current through the wire AB 


ient of 


(i) The specific resistance (p) of potentiometer wire must be high but its temperature coeffi 


resistance (a) must be low. 


(ii) All higher potential points (terminals) of primary and secondary circuits must be connected together 


at point A and all lower potential points must be connected to point B or jockey 


(iii) The value of known potential difference must be greater than the value of unknown potential difference 
to be measured. 


(iv) The potential gradient must remain constant. For this the current 


the primary circuit must remain 
constant and the jockey must not be slided in contact with the wire. 


(v) The diameter of potentiometer wire must be uniform everywhere. 


(vi) Potential gradient (x) : Potential difference (or fall in potential) per unit length of wire is called 
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Potential gradient directly depends upon 


(a) The resistance per unit length (R/L) of potentiometer wire. 


(b) The radius of potentiometer wire (i.e. Area of cross-sec 


n) 
(c) The specific resistance of the material of potentiometer wire (i..p) 
(d) The current flowing through potentiometer wire (i) 


(ii) potential gradient indirectly depends upon 


(a) The emf of battery in the primary circuit (i.e. e) 


(b) The resistance of rheostat in the primary circuit (i.e. R,) 


Working : 
Suppose is made to touch a point J on wire then potential difference between A and J will be 
V=xl 


At this length (/) two potential difference are obtained 
(i) V due to battery e and 
(ii) E due to unknown cell 


If V>E then current will flow in galvanometer circuit in one direction 


IE V <E then current will flow in galvanometer circuit in opposite direction (7) 
IfV=E th 
position, length Lis known as balancing length. 
Inba 


no current will flow in galvanometer circuit this condition to known as null deflection 


inced condition E = x/ 


o — E-xl-—l- 4 lx 


" x, 
If V is constant then La / => ~=- = 
X; La d 


(vii) Standardization of potentiometer: 
is known as standardization of potentiometer. 


pea a — 


potential gradient experimentally 


he process of determin 


on 


© 


m 


— 
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Let the balancing length for the standard emf E, is / then by the principle of potentiometer 
E, 


E,- x x 
(viii) Sensitivity of potentiometer : A potentiometer is said to be more sensitive, if it measures a small 
potential difference more accurately 

(a) The sensitivity of potentiometer is assessed by its potential gradient. The sensitivity is inversely 
proportional to the potential gradient. 


(b) In order to increase the sensitivity of potentiometer 
(c) The resistance in primary circuit will have to be decreased. 

(d) The length of potentiometer wire will have to be increased so that the length may be measured more 
accuracy. 


Difference between voltmeter and potentiometer 


Voltmeter 
Ys resistance is high but firite 


Te draws some current from 


The potential difference 
pasured by it is lesser han the 


Potentiometer 
Tis resistance s inf 


Fisna 


The potent 


Tis sensitivity is high 


T measures only emf or 


Tis based on deflection method | Iris based on aero deflection 


Application of Potentiometer 
(1) To determine the 


e of a primary cell 


(a) Initially in secondary circuit key K' remains open and balancing length (/,) is obtained. Since cell E is 
in open circuit so it's emf balances on length /, i.e. E — x/, (i) 
(b) Now key K is closed so cell E comes in closed circuit. Ifthe process of balancing repeated again 
then potential difference V balances on length /, i.e. V —x/ (i) 


(E. 


(c) By using formula internal resistance r = |R 
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(2) Comparison of emf's of two cell : Let /, and /, be the balancing lengths with the cells E, and E, 


E, | 
respectively then E, 7 x/, and E, - xl, => += 7- 
A ———1d—— s 


Let E, > E, and both are connected in series. If balancin 
J, when they oppose each other as shown then 


his /, when cell assist each other and it is 


(E, +E (E,-E,) 
EE, | E, 4 
E,-E, 4 E, h-i, 


Illustration : 
A potentiometer wire of length 1 m has a resistance of 10 ohm. It is connected in series with a 
resistance R and a cell of emf 3 V and negligible internal resistance. A source of emf 10 mV is 


balanced against a length of 60 m of the potentiometer wire. Find the volue of R. 


Sol Following the theory of potentiometer, 
[ITA 


~(R+Rap 


3KR,710Q V, 7 10x 103 V 


AB 60 


and Re“ Ache" 100 


x10 =62 


Wehae — 10 10°=|— ss 


or R = 1790 ohm 


Practice Exercise 


Q.1 A moving coil galvanometer of resistance 200 givesa full scale deflection when a current of ImA is 
passed through it. It is to be converted into an ammeter reading 20A on full scale, But the shunt of 
0.0052 only is available. What resistance should be connected in series with the galvanometer coil ? 


2 


In a potentiometer experiment it is found that no current passes through the galvanometer when the 
terminals of the cell are connected across 0.52 m of the potentiometer wire. If the cell is shunted by a 
resistance of SQ), a balance is obtained when the cell is connected across 0.4m of the wire. Find the 
internal resistance of the cell. 


Q.3 Thereisamilliammeter each division of which reads IMA. It has a resistance of 10). How would you 


convert it into a voltmeter so that cach division of its graduation would read 1 volt. 


Q4 The diagram shows a meter bridge with the wire AB having uniform [OM 
resistance per unit length. When the switch S is open, AJ is the balance — mwyn 
length and when the switch is closed, AJ" is the balance length. If © 
AB = Land AJ=L/2 then what is the value of AJ"? aa 


Q.5 — Howcan the sensitivity ofa potentiometer be i 


creased? — 
Q.6 — Anammeteranda voltmeter are connected in series toa cell of e.m.f. 12 volts. When a certain resistance 


is connected in parallel with voltmeter the reading of voltmeter is reduced 3 times whereas the reading of 
ammeter increases 3 times. Find the voltmeter reading after the connection of resistance 


Answers 


al 
4 
Q.5 — Increasing rheostat in primary circuit it potential drop perunitlengthofwire Q.6 — 3volts 


QI 799950 Q2 150 Q3 9850 .inseries Q4 


Solved Examples 


Q.I Theeffectiveresistance between points P and Q of the electrical circuit RO OR 
shown in the figure is 
n: p RD "TU a 
( ) Rar (B) 3R«r 
x 
(C) 2r 4R 
Sol Sol P 
AN 
e a a 
AW 
AW 


Hence, (A) is correct. 


Q.2 Inthe circuit shown in the figure, V, and V, are two voltmeters having resistances 60000 and 40000 
respectively emf of the battery is 250 volts, having negligible intemal resistance, Two resistances R, and 
R, are 40000 and 60000 , respectively. Find the reading of the voltmeters V, and V, when 


won m— 
p 
j—1—9. 
P^ p 
E 


(i) switch S is open 
(ii) switch S is closed 


Sol. 
(a) — Whenswitch S is open 
R, and R, are in series. Let their equivalent resistance be R' 
R' = 4000 + 6000 = 10000 
The voltmeter are also in series. Let their resistance be R", then 
R" = 6000 + 4000 = 10000 
‘The resistance R' and R" are connected in parallel. Their equivalent resistance is given by 


R'xR" — 1000010000 


RaT RR" 20000 


-50000 


“urent from battery = == == cA 
Curent from battery" R -= 5999 725 


WEN 


Zp amp 


Current i, in the voltmeter branch —* 55 = 15 


1 
Potential difference across V, = 35 *6000= 150 volt 


1 
Potential difference across V,= 35 * 4000= 100 volt 
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(b) 


Sol. 


Q.5 


(b) 


Sol. 


When switch S is closed. The circuit redrawn in this case is shown in figure. In this case V, and R, arein 
parallel. Similarly V. and R, are in parallel. 
Equivalent resistance of V, and R, 
6000x4000 


R= Go00+400 4002 


Similarly for R, and V, 


pr 6000x4000 _ soy. 
6000+400 7 S 


So, the two equal resistances are connected in series. 


Hence reading of V, = 125 volt 


And reading of V, = 125 volt 


A galvanometer of resistance 950 , shunted by a resistance of 50 Q gives a deflection of 50 divisions 
when joined in series with a resistance of 20 kQ and a 2 volt battery, what is the current sensitivity of 


galvanometer (in div/p. A)? 
Current in the circuit 


soa 
2 Ci] omm 
= 100 pA © id 
20x1 P 
This current produces deflection of 50 div in the galvanometer * 
5 v o 
cm 0 Div _ 1 Dir P" 
T 100uÀ 2pA 
(a) The potential difference across 70 resistor is equal to and the current flowing through the 


battery is equal to 


The equivalent resistance across A and B is equal to. 


Copied to clipboard. 
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Q6 


Sol. 


Q7 


Sol. 


Q.8 


Sol. 


AV; 77 14V 
14 volt, 8A 
(b) The circuit can redrawn as, 
2 B Ras] 


Two resistors, 400 ohm and 800 ohm, are connected in series with a 6 V battery. It is desired to 
‘measure the current in the circuit, An ammeter of 10 ohm resistance is used for this purpose, What will 


be the reading in the ammeter? Similarly, ifa voltmeter of 10,000 ohm resistance is used to measure the 
potential difference across 400 ohm, what will be the reading of the voltmeter? 
Ammeter has law resistance and voltme 


er has high resistance as compared with resistance of circuit 


hence 
6 6 


5 mA, V =400*5mA =2 vol 
4004800 ^ 1200 > V Sms 2 yo 


Two cells, having emfs of 10 V and 8 V, respectively, are connected in series with a resistance of 24 Q 
circuit. If the internal resistances of each of these cells in ohm are 200% of the value of 
their emf's, respectively, find the terminal potential difference across 8 V battery. 
We determine the internal resistance of each these cells 
r, =2Q/V x 10V =20, 
r,72Q/V * 8V = 160 
Total resistance in circuit — (24 + 16 + 20) - 600 


in theextern 


à 18y 0.3 A. 
Current = on ~ 


Thus terminal potential difference V —E ir-8—0.3(16)- 3.2 V 


A galvanometer having 50 divisions provided with a variable shunt S is used to measure the current when 
connected in series with a resistance of 902 and a battery of internal resistance 10€2 . It is observed that 
when the shunt resistances are 100 and S00, the deflections are, respectively, 9 and 30 divisions, What 
is the resistance of the galvanometer? 


— — ) 
| [100 EMT 


*s«G 


| Copied to clipboard. 
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Q9. 


Sol. 
(a) 


Applying kirchhoff's of law 
Is 


S+G SG ud 


1004.28. 
s+G) 


100+3G 
100+11G 


on is proportional to the current 


9 100 + 3C 
30 100«11G 
Solving we get, G = 233.3 Q 


In the circuit shown the resistance R is kept in a chamber whose temperature is 20°C which remains 
constant. The initial temperature and resistance of R is 50°C and 15Q respectively. The rate of change 


1 3| 
of resistance R with temperature is C/*C and the rate of decrease of temperature of Ris In| Tog | 


mes the temperature difference from the surrounding (Assume the resistance R loses heat only in 
cordance with Newton's law of cooling). If K is closed at t= 0, then find the 


(a) value of R for which power dissipation in itis maximum. 
(b) temperature of R when power dissipation is maximum. 
(c) — timeafter which the power dissipation will be maximum. 


Let i, and i, be the current in two loops respectively 
(10— 10) i, — R( ) (for loop 1) 
(10 R)i, - Ri (forloop2) 

Power dissipated in R, 


Copied to clipboard. 
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ap 
=> Formaximum power dissipation 0 
(aR 
b R=R, — [40 
e ey) 
"E 
=15- 340 


= A0=20°C = temperature at that instant = 30°C 


© ‘ording to Newton's law 
do 
k(0 - 20") 
dt 
i do M3 n3 
9-20 ^ too ^ 7^ 


t= 100 sec, 


Q.10 Find the reading of ammeter A and voltmeter V shown in the figure assuming the instruments to be ideal. 


Sol, Distributing the currents in the circuit according to Kirchhoff I law is shown in the figure, In ideal 


hhoff's law in mesh ABCDA 


voltmeter current=0. Applying Ki 
31,+6+12 =0 

ie. 1,76A 

Now apply Kirchoffs law in AFBA 
8-(I-1)* 1026431,70 

ie — 0001-130, =2 


o I= 


Hence reading of ammeter=8A 


Qu 


Sol. 
@ 


Gi) 


Sol. 


Reading of the voltmeter V= V, — V 


applying Kirchhoff’ law in mesh AFGA 
8-V*6 3-0 — ie V-26V 


Hence reading of voltmeter —26 V. 


An infinite ladder network of resistance is constructed with 1 and 2 resistance, as shown in fig. The 6V 
battery between A and B has ne; 


le internal resistance. 


() Show that the effective resistance between A and B is 2 
G) — Whatis the current that passes through 2 resistance nearest to the battery? 
A_ 19 19 19 19 
[WWW i VW TWN NNT 
S 


evT pe an 220 a 


Since the network is an infinite ladder, we can assume that resistance across AB is equal to that of A' B' 


[PE 
2+R 
> 2R+Rè=2+R+2R or R=2ohm. 
6 
i= 5=3amp. 
3 is 
=> =15amp 


The wire AB of a meter bridge continuously changes from radius r to 2r from left end to right end. 
Where should the free end of galvanometer be connected on AB so that the deflection in the galvanometer 
iszero? 


Let the galvanometer be connected at a point x — x, from end A where x =0. 
Let — R,=resistance of left part ic. AX, and 
R, =resistance of right part ie. X,B 
Length - 100 cm — 1 m. 
Consider an element of thickness dx ata distance x from end A and of radius r, 


Thus r, 


£5 
TX |=1(1 +x) 
ty Jax 


Copied to clipboard. 
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Q3 


Sol. 


Q.I4 


Sol. 


pdx 


E 


Resistance of this element will be, dRx = 


1 
E = 33336 
x, = 3m=33.33cm 


of emf 
ing. (i.e. 


Four identical bulbs, cach of same rating (100 W, 220 V) are connected across an ideal batte 
550 volts, Which of the 4 bulbs will have a voltage across it, which is greater than voltage 


which of them will fuse) 


By voltage division 
v; = 330 volts 
v, 7220 volts 
v, 7 v, 7 100 volts 
Ans. onlybulb (3) 


What amount of heat will be generated in a coil of resistance R due to a charge q passing through it if the 
current in the coil 

(a) decreases down to zero uniformly during atime interval At 

(b) decreases down to zero halving its value every At seconds? 

(2) — Ascurrentiis linear function of time, and at t=0 and At, it equals ij and zero respectively, it may 
be represented as, 


duy, 
FEET 
t igAt 
Thus a= fiat fil! xm 
2q 2a(, 1) 
o d ence i= —4(1-—] 
So =F Hence i= i N 


The heat generated. 


Copied to clipboard. 
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4q'R 
3At 
(b) Obviously the current through the coil is given by 


uge — tot In2 
encharge q= fidt = [45,2 “dt 3 ai 
Thencharge q f f ns So i= 7 
And hence, heat generated in the circuit in the time interval (0, c], 
Q15 errs aren 
Ee Posi 
3 DEM 
ET 5 m 
re TES i6 
i ‘+100 
100 
4 
y-50 y 
Nodal analysis 2.5 0 
> — y*2y-100-(y- x) - 100 
Sy-2x-200 [m 
i=i3 +i4+i5+i6 
y-0 50-x 50-x -100 
y7150-x 50-x 
2x + 3y - 100 2) 
2: 5y-200 (1) 
8y = 300 
y 300 
2' 16 


Q.16 A voltmeter of resistance 995 © and an ammeter of resistance 10 Qis 


connected as shown to calculate the unknown resistance R which is 


connected to the ideal battery. Voltmeter reading is 99.5 volts. The value fov r @ 


Voltmeter reading 


ofresistance R is calculated as ~A mmeter reading PY Student A 


(i) Find his answer. 


(ii) Also find the actual value of resistance. 


Copied to clipboard. 
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So. (i) 


(i) 


Voltage across ammeter = 0.5 volts 
Resistance= 10 Q 


Ammeter reading =0. 


SA 


Voltmeter reading 


R- 


Ammeter reading 


Current across voltmeter= 557 70.1A 


and current through ammeter = 0.05 A 
Current through R — 0.05 A and voltage across R= 0.5 V 
0.5 


Q 
R 0.05 on 


CAPACITORS.pdf 


Capacitance 


Introduction 


Capacitor is an arra 


rent of two conductors generally carrying charges of equal magnitudes and 


opposite sign and separated by an insulating medium . A capacitor is a device which stores electric 
charge. Capacitors vary in shape and size, but the basic configuration is two conductors car 
but opposite charges (Figure), Capacitors have many important applic 


include storing electric potential ener 


equal 


ns in electronics, Some examples 


zy, delaying voltage changes when coupled with resistors, filtering 


out unwanted frequency signals, forming reso: 


t circuits and making frequency-dependent and 


independent voltage dividers when combined with resistors, Some of these applications will be discussed 


in latter chapters 


When charges are pulled apart, energy is associated with the pulling apart of charges, just like energy is 


involved in stretching a spring. Thus, some energy is stored in capacitors, 


In the uncharged state, the charge on either one of the conductors in the capacitor is zero. During the 


charging process, a charge Q is moved from one conductor to the 


ther one, giving one conductor a 


charge +Q, and the other one a charge -Q. A potential difference AV is created, with the positively 


charged conductor at a higher pot conductor. Note that whether cha 


ntial than the negatively char 


ged 


whole is zero. 


or uncharged, the net charge on the capacitor 
Not 


1 The net charge on the capacitor as a whole is zero. When we say that a capacitor has a cha 


Q. we 
mean that the positively charged conductor has charge +Q and negatively charged conductor has a 


charge -Q. 


In acircuit, a capacitor is represented by the symbol e f 


Limitations on charging a conductor 


How much electric charge can be placed on a conductor? 
As more air is pumped into the tank, the pressure opposing the flow of additional air becomes greater so 
s more char 


it becomes further difficult to pump more air. . Similarly re Qis transferred to the conductor, 


the potential V of the conductor becomes higher. making it increasingly difficult to transfer more charg 


Suppose we try to place an indefinite quantity of charge Q on a spherical conductor of radius r. The air 
surroundi 


the conductor is an insulator, sometimes called a dielectric, which contains few cl 


ses free 


to move. The electric field intensity E and the potential V at the surface of the sphere are given by 
kQ 


r r 


Ki 
gef d Ve 


Since the radius r is constant, both the field intensity and the potential at the surface of the sphere 
increase in direct proportion to the charge Q. There isa limit, however, to the field intensity that can exist 


on a conductor without ionizing the surrounding 


r. When this occurs, the air essentially becomes a 


conductor, and any additional charge placed on the sphere will "leak off” to the air. This limiting value of 
electric field intensity for which a material loses its insulation properties is called the dielectric strength of 
that material, 

th fora 


The dielectric st en material is that electric field intensity for which the material ceases to be 


an insulator and becomes a conductor. 


The dielectric strength for dry air at | atm pressure is around 3MN/C. Since the dielectric strength ofa 


material varies considerably with environmental conditions, such as pressure and humidity, i is difficult to 


compute accurate values. 


Note that the amount of charge that can be placed on a spherical conductor decreases with the radius of 


the sphere. Thus, smaller conductors can usually hold less charge. But the shape of'a conductor also 


influences its ability to retain cha 


'e. Consider the charged conductors. If these conductor are tested 
with an electroscope, it will be discovered that the charge on the surface of a conductor is concentrated 


at points of greatest curvature. Because of the greater cha ions, the electric field 


density in these 


intensity is also greater in n 


ons of higher curvature. Ifthe surface is reshaped to a sharp point, the field 


intensity may become great enough to ionize the surroundi 


g air. A show leakage of charge sometimes 
occurs at these locations, producing a corona discharge, which is often observed asa faint violet glow in 
the vicinity of the sharply pointed conductor. It is important to remove all sharp edges from electrical 
equipment to minimize this leakage of charge. 


Practice Exercise 


Q.E.— Whatis the maximum charge that may be placed on a spherical conductor Im in diameter? Assume itis 


surrounded by air. Assume the dielectric strength for dry air at 1 atm pressure is around 3MN/C 


Answers 


ance 


We can say that the increase in potential V is directly proportional to the charge Q placed on the 


conductor. Symbolically v«Q 


Therefore, the ratio of the quantity of charge Q to the potential V produced will be a constant for a given 


conductor. This ratio reflects the anility ofa conductor to store charge 
Q 
v 


and is called its capacitance C 


E 


The unit of capacitance is the coulomb per volt, which is redefined asa farad (F). Thus, ifa conductor 
has a capacitance of 1 farad, a transfer of 1 coulomb of charge to the conductor will raise its potential by 
1 volt, 


The value ofC for a given conductor is not a function of either the charge placed on a conductor or the 
potential produced. In principle, the ratio Q/V will remain constant as charge is added indefinitely, but 


the capacitance depends on the size and shape of a conductor as well as on the nature of the surroun 
medium, 


The capacitor 


The simplest example of a capacitor consists of two conducting plates of area A, which are parallel to 


cach other, and separated by a distance d, as shown in Figure. 


A parallel-plate capacitor 


Experiments show that the amount of charge Q stored in a capacitor is linearly proportional to JAV], the 
electric potential difference between the plates. Thus, we may write 
Q= CAV 


where Cis a positive proportionality constant called capacitance. Physically, capacitance is a measure 


of the capacity of storing electric chan en potential difference AV. The SI unit of capacitance 
is the farad (F) 
VF = 1 farad = | coulomb / volt = 1C/V 
A typical capacitance is in the picofarad (1 pF = 10-!? F) to millifarad range, (1 mF = 107 F = 1000 pF 
Ip = 107^ F). 
Figure (a) shows the symbol which is used to represent capacitors in circuits, Fora polarized fixed 


capacitor which has a definite polarity, Figure (b) is sometimes used. 


JE TIGE 


Capacitor symbols. 


ractice Exercise 


Q.1 A capacitor having a capacitance of 4uF is connected to a 60V battery. What is the charge on the 


capacitor? 


a 


Answers 


QI 240pC 


Capacitors in Electric Circuits 


A capacitor can be charged by connecting the plates to the terminals of a battery, which are maintained 
at a potential difference AV called the terminal voltage. 


"A 


MA 


z a capacitor. 


The connection results in sharing the charges between the terminals and the plates. For example, the 


plate that is connected to the (positive) negative terminal will acquire some (positive) negative charge. 


The sharing cause: on the terminals, and a decrease in the terminal 


momentary reduction of charg 


voltage. Chemical reactions are then triggered to transfer more charge from one terminal to the other to 


compensate for the loss of cha 


level. The battery could thus be thought of asa charge pump that brings a charge Q from one plate to the 


to the capacitor plates, and maintain the terminal vc 


other, 


Parallel-Plate Capacitor 


Consider two metallic plates of equal area A separated by a distance d. as shown in Figure below. The 


top plate carries a charge +O while the bottom plate carries a charge -Q. The charging of the plates can 


be accomplished by means of a battery which produces a potential difference. Find the capacitance of 


the system. 


ae 


The electric field between the plates of a parallel-plate capacitor 


To find the capacitance C, we first need to know the electric field between the plates. A real capacitor is 
finite in size. Thus, the electric field lines at the edge of the plates are not straight lines, and the field is not 
contained entirely between the plates. This is known as edge effects, and the non-uniform fields near the 


edge are called the fringing fields. In Figure the fi 


ld lines are drawn by taking into consideration edge 
effects, However, in what follows, we shall ignore such effects and assume an idealized situation, where 


field lines between the plates 


Inthe limit where the plates a 


the system has planar symmetry and we can calculate the 


electric field everywhere using Gauss's law given in Eq. 


By choosing a Gaussian “pillbox” with cap area A’ to enclose the charge on the positive plate (see 
Figure), the electric field in then 


on between the plates is 


4 cA. 


EA’ 


The san obtained usi 


sie 


Gaussian surface for calculating the electric field between the plates 


The potential difference between the plates is 
AV = V_-V, =~ JË .d3=-Ed 


where we have taken the path of integration to be a stra 


ight line from the positive plate to the ne; 


plate following the field lines. Since the electric field lines are always directed from higher potential to 


lower potential, V_< V ,. However, inco 


sting the capacitance C, the relevant quantity is the ma 


ienitude 


of the potential difference: 


JAVI = Ed 
and its sign is immaterial, From the definition of capacitance, we have 
Q £A 


C= Ay] 7g Parallel plate) 


Note that C depends only on the 


ometric factors A and d. The capacitance C increases linearly with 


the area A since fora given potential difference AV, a bigger plate can hold more charge, On the other 


hand, Cis inversely proportional to d, the distance of separation because the smaller the value of d, the 


smaller the potential difference JAV] for a fixed Q. 


6 


Plates of a Parallel Plate Capacitor carrying Different Charges 


Two identical plates of parallel plate capacitor are given unequal charges Q, and Q,.The charges 


Q,-a, 


appearing on the inner surface be + and - 9: 2 and the cha 


appearing on outer 


Q,+Q, 


surfaces are (as shown in the figure). Here the potential difference between the plates is 


P 
Q.«Q, 1 
] [Ie 
a arg 
Pw 
(25%) 
2 
"CS 
3 
This means 
Q,-Q, 
charge of the capacitor is q 
2 
m 
capacitanceisstil — C- ^7 


Cylindrical Capacitor 


Consider next a solid cylindrical conductor of radius a surrounded by a coaxial cylindrical shell of inner 


radius b, as shown in Figure. The length of both cylinders is L and we take this length to be much larger 
than b-a, the separation of the cylinders, so that edge effects can be neglected. The capacitor is charged 


*Q while the outer shell has a charge—Q. What is the ca 


so that the inner cylinder has cha icitance? 


[o 


(a) A cylindrical capacitor. (b) End view of the capaci 
na « r« b. 


field is non-vanishing only in the 
E 


The potential difference is given by 


ng the direction of the electric field lines. As expected, 


where we have chosen the 


the outer conductor with ne} has a lower potential. This gives 


Q aL EI 


C^ [NV] 7 XInb/a)/ m, ~ In(b/a) 


nly on the geometrical factors, L, a and b. 


Once again, we see that the capacitance C depends 


Spherical Capacitor 


Asa third example, let's considera spherical capacitor which consists of two concentric spherical shells 


ner shell has a charge +Q uniformly distributed over its 


of radii a and b, as shown in Figure. Th 


nd the outer shell an equal but opposite cha ipacitance of this configuration? 


surface, 


(a) spherical capacitor with two concentric spherical shells of radii a and b. 
lectric field. 


ith 


(b) Gaussian surface for calculat 


The potential difference between the two conducting shells is 


* Q Q (11 Q (b-a 
E dr-- - : 
AVES, - fe. dm ane, la b) m, ab 
which yields 
ERN ( 2b.) 
iwi ^ tlg) 


Again, the capacitance C depends only on the physical dimensions, a and b. 
An "isolated" conductor (with the second conductor placed at infinity) also has a capacitance. In the limit 


where b — æ, the above equation becomes. 


lim c = lim agg, (29 tim ans 3 anea 


Thus, fora single isolated spherical conductor of radius R, the. 


C= An, R 


The above expression can also be obtained by noting that a conducting sphere of radius R with a charge 
Q uniformly distributed over its surface has V — Q/4zs; R. using infinity as the refe 
zero potential, V(e) = 0. This g 


nce point having 


o _o 


JAV] ^ Q/4nz,R 7 4708 


As expected, the capacitance of an isolated charged sphere only depends on its geometry, namely, the 
radius R. 


Illustration: 
4 parallel plate air capacitor is made using two plates 0.2 m square, spaced 1 cm apart. It is 
connected to a 50 V battery 
(à) — what is the capacitance ? 


(b) what is the charge on each plate 


(€) — what is the electric field between the plates 
(d) ifthe battery is disconnected and then the plates are pulled apart to a separation of 2 cm, 


what are the Answers to the above parts 


x c, LEA _ 8.85410"? «0202 
Sol. (a) ] 


(b) Q,-C,v, 10^ uc 


E M 30 5000V 
e d, 0.01 


(d). If the battery is disconnected, the 


harge on the capacitor plates remains constant 


while the potential difference bet 


ween plates can change. 


A 4 
C-— 21.7710" pF 


2d 


Q-0,-177«107 uC 


V, = 100 volts. 


E, - 5000 V /m. 


" 


Practice Exercise 


QI — Acapacitor having plate area A. separation between plates d is connected to a battery having potential 
difference across itas V. Find what happens to its provided the battery remains connected 

(a) Capacita 
(b) Charge (d) 


when itsarea is doubled 


Ice (c) Pd, across capacitor plates 


ld between the plates. 


Q2. Acapacitor having plate area A, separation between plates d is connected to a battery having potential 


difference across it as V. Find what happens to its provided the battery is disconnected 
(a) Capacitance (c) Pd, across capacitor plates 
(b) Charge (d) Field between the plates 
when its area is doubled 

Q.3 Two identical metal plates ar 


iven positive chat 


Q, and Q, (<Q,) respectively. Ifthey are now 
brought close together to form a parallel plate capacitor with capacitance C, the potential difference 
between them is 


Q.1 (a) doubled (b) doubled (c) rer 
Q.2 (a) doubled (b) remain same (c) halved (d) halved 
Q,-Q 

x 


in same (d) rem 


Q3 


Grouping of capacitors 


Parallel Connection : 


Suppose we have two capacitors C, and C, that are connected in parallel, as shown in Figure 


i 


Av 


Capacitors in parallel and an equivalent capacitor. 


The left plates of both capacitors C, and C are connected to the positive terminal of the battery and 
have the same electric potential asthe positive terminal. Similarly, both right plates are n 


Thus, the potential difference [AV] is the same 


atively charged 


and have the same potential as the negative terminal 
across each capacitor. This 


10 


jor with a total charge Q supplied by 


These two capacitors can be replaced by a single equivalent capac 
the battery. However, since Q is shared by the two capacitors, we must have 
Q=Q, * Q, - C, | AV] * C, | AV] - (C, +C,) JAVI 


The equivalent capacitance is then seen to be given by 
Q 
Ca" Jay) C+C 


'neralization to any number of capacitors is 


ÈC, (paratlel) 


Series Conn 
Suppose two initially unchar 


ion : 


ies, as shown in Figure. A 


nected i 


'd capacitors C, and C, are 
potential difference JAV] is then applied across both capacitors. The left plate of capacitor 1 is connected 


to the positive terminal of the battery and becomes positively charged with a charge +Q, while the right 


plate of capacitor 2 is connected to the negative terminal and becomes negatively charged with charge 


+ plates? They were initially uncharged; now the outside 


Qas electrons flow in. What about the 


plates each attract an equal and opposite charge. So the right plate of capacitor 1 will acquire a charge 


Q and the left plate of capacitor 2 will acquire a charge of + Q. 


it |i val L- 


Capacitors in series and an equivalent capacitor 


The potential differences across capacitors C, and C, are 


: 9 
INI ¢ av= c 


respectively. From Figure, we see that the total potential difference is simply the sum ofthe two individual 
potential differences 

JAVI = AV UL IAVGI 
In fact, the total potential difference across any number of capacitors in series connection is equal to the 


sum of potential differences across the individual capacitors. These two capacitors can be replaced by a 


Q 


single equivalent capacitor C, = | VT. Using the fact that the potentials add in series, 


4 


citors in series becomes 


and so the equivalent capacitance for two 


Also 
Q 
Q c 


OG 


IV I= c cic lav; 


neralization to any number of capacitors connected in series is 


2 


Cy 


Mlustration: 
Two capacitors of capacitance C, 
emf 18 V 
Calculate 
(a) the equivalent capacitance 


c 


(series) 


6u FandC, 


(b) the potential difference across each capacitor 


(c) the charge on each capacitor. 


Sol (a) & 


2uF 


18 


653 


18 


6volts 


3u F are connected in series across a cell of 


Note that the smaller capacitor C, has a larger potential difference across it. 


©  Q-Q.-CV,-C,V 
charge on each capacitor 
2uF x18 volts 


cv 
cv 


36uC 


Copied to clipboard. 
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Illustration: 


Find the equivalent capacitance of the combination shown in figure between the points P and N 


| 4 


Sol The 10 pF and 20 F capacitors are connected in parallel. Their equivalent capacitance is 
10pF  20uF 7 30 uF . We can replace the 10 uF and the 20 uF capacitors by a single capacitor of 
capacitance 30uF between P and Q. This is connected in series with the given 30 uF capacitor. 
The equivalent capacitance C of this combination is given by 


NET 1 


C^ xor 3r 0^ C715 pF 


Mlustration: 


Find the equivalent capacitance between points A and B capacitance of each capacitor is 2 WF 


12 
ATH HH 
Lk d 

E 


à 
fe 


Sol. The circuit can be redrawn as 
"E 

i- T4 " 

H " 
[t s B 

% ar a 
[a ERY 
ap E. ae E 
= i 
dr 


Copied to clipboard. 
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Illustration : 


Seven capacitors each of capacitance 24F are to be connected in a configuration to obtain an 


effective capacitance of (10/1 1)uF 


achieve the desired result? 


(a) ias 


does: 


Sol. 
1 " 

e € 10 
"RECEN 

©) C 4x2 2 8 
pod 4n 

© C 3x2 2 6 

1 1 5 n 

@ o": a 


Illustration + 


Four identical metal plates are located in air at equal 
separations d as shown. The area of each plate is A. 


Calculate the effective capacitance of the arrangement 


across A and B. 


or 


or 


or 


Which of the combination(s), shown in figure below, will 


(b) Qu 


[7] annie 


cl 
u 
" 
8 
c-r 
5 
C-Éyr 
m 
E 
4 
c-r 
" 


——À—À 


LLL 


Sol — Let us call the isolated plate as P. A capacitor is formed by a pair of parallel plates facing each 


other. Hence we have three capacitor formed by the pairs (1, 2). (3, 4) and (5, 6). The surface 2 


and 3 are at same potential as that of A. The arrangement can be redrawn as a network of three 


capacitors. 
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ractice Exercise 


Q.1 Find the equivalent capacitance for the combination of capacitors shown in Figure. 


Q2 Findthe equivalent capacitance, acitance C 
c 
m 
c c 
HI—— 
cc cl 
iit 


Q.3 Four identical metal plates are located in air at equal distances d from one another. The area of each 
plate is equal to A, Find the capacitance of the system between points A and B if the plates are 


interconnected as shown (a) in Fig. (a) (b) in Fig. (b) 


AB AB 


p q—2) 


Q4 — A capacitor of capacitance C, 1.0 pF with stands the maximum voltage V, — 6.0 kV while a capacitor 


imum voltage V., 4.0 kV. What voltage will the system of these 


of capacitance C, = 2.0 pF, the 


two capacitors withstand if they are connected in series? 


Q5 Acircuithasa section AB shown in Fig. The emf of the source equals E = 10V, the capacitor capacitances 


are equal to C, = 1.0 pF and C, 7 2.0 pF. and the potential difference V ,—V,,~5.0 V. Find the voltage 


across each capacitor. 


A F B 
-= 
c c 
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Q6 


Q7 


Qs 


Q9 


Q.10 


Find the potential difference between points A and B of the system shown in Fig. Ifthe emf is equal to 


= 110 V and the capacitance ratio C/C, = 2.0. 


cted as shown in figure to one 


Three uncharged capacitors of capacitance C, C, and C , are cor 
another and to pointsA, B and D at potentials V ,. V, and V. Determine the potential V, at point O. 
E 


% 
In acircuit shown in Fig. Find the potential difference between the left and right plates of each capacitor 


C,- IuF 


6V 


Find the capacitance ofthe circuit shown in Fig. between points A 


C= InF C= 2uF 


la 
e 


A capacitor of capacitance C, = 1.0 pF charged up to a voltage V = 110 V is connected in parallel to 
nd possessing the 


ge will flow through the connecting wires? 


the terminals of a circ 


t consisting of two uncharged capacitors connected in series. 


capacitances C, =2.0 uF and C, =3.0 uF. What cha 


Copied to clipboard. 
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Q.11 What charges will flow after the shortin, 
land2 


ofthe switch Sw in the circuit illustrated in Fig. through sections. 
the directions indicated by the arrows? 


Sw 


(C, «C.)C u 

Q! GGC, Q2 $c 

Q3 3d ; (b) C = 3, A/2d Q4 VsV,(0 C/C) -9kV 
as q/C, 7 SV, where q = (V WC, +C) 

VaCy + VC; + Vb 
Q6 V=10V Q7 C.+C.4¢ Q8 V,=-4V,V,=2V 
7 
Q9 zw Q.10 0.06 mc Qu q, 


Force on the Plates of a Capacitor 


The plates ofa parallel-plate capacitor have area A and carry t 


al charge +0 (see Figure ). 
Electric field due to negative plate ut the location of positive plate 


force on the positive plate 


(à 
O EN 


(attracting) 


Copied to clipboard. 
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Mlustration 


Consider an air-filled parallel-plate capacitor with one plate connected toa spring having a force constant 


k, and another plate held fixed. The system rests on a table top as shown in Figure 


k 
ONE l | . 


ab 
Sol — Forequilibrium 
Q Q 
Qu Q 
2A eg > Xk 


Practice Exercise 


Q.1 Plates ofa parallel plate of area A and separation between the plates d. Is charged to a potential difference 
of V. Find the attraction force between plates. 


Answers 


Storing Energy in a Capacitor : 


As discussed in the introduction. capacitors can be used to stored electrical energy. The amount of 


energy stored is equal to the work done to charge it. During the charging process, the battery does work 
to remove charges from one plate and deposit them onto the other. 


P 
he 


p 


Work is done by an external a; 


dq from the negative 
plate and depositing the charge on the positive plate. 

Let the capacitor be initially uncharged. In each plate of the capacitor, there are many negative and 

positive cha 

there is no net charge, and therefore no electric field between the plates. We have a magic bucket and a 


but the number of negative charges balances the number of positive charges, so that 


set of stairs from the bottom plate to the top plate (Fig.). 


We start out at the bottom plate, fill our magic bucket with a charge «dq, carry the bucket up the stairs 
and dump the contents of the bucket on the top plate, chat 
doing so, the bottom plate is now charged to —dg. Having emptied the bucket of charge, we now 


ing it up positive to char 


ge ^ dq. However, in 


Copied to clipboard. | 
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descend the stairs, get another bucketful of charge +d, go back up the stairs and dump that charge on 
the top plate, We then repeat this process over and over. In this way we build up charge on the capacitor, 


and create electric field where there was none initially 


Suppose the amount of charge on the top plate at some instant is +g, and the potential difference 
between the two plates is |AV| = q/C. To dump another bucket of charge +dq on the top plate, the 
amount of work done to overcome electrical repulsion is dW = |AV| dq. Ifat the end of the charging 


process, the charge on the top plate is +Q, then the total amount of work do 


n this process is 


9 
2c 


w Joal AV Jud 


This is equal to the electrical pot 


y U, ofthe system: 


IQ I 
20 2 


U, 


1 
: QIAV| = 2C [AVI 


Energy Density of the Electric Field : 


One can think of the energy stored in the capacitor as being stored in the electric field itself. In the case 


ofa parallel-plate capacitor, with C= «A /d and | AV] 


Ed, we have 


LN oo 
(Ed)? = 5 eE' (Ad) 


U 1 ve Vu, 
CIN 

*" 32 2 d 
Since the quantity Ad represents the volume between the plates, we can define the electric energy 


densityas 
Us lg 
Volume 2^ 


Note that u, is proportional to the square of the electric field. Alternatively, one may obtain the enei 


stored in the capacitor from the point of view of external work. Since the plates are oppositely charg 


force must be applied to maintain a constant separation between them. From Eq.. we see that a small 


patch of charge Aq=o(AA) experiences an attractive force AF = 6%(AA)/2,. . Ifthe total area of the 


plate is A, then an external a 


ent must exert a force F, = 074/25, to pull the two plates apart. Since the 
electric field strength in the region between the plates is given by E = o/t, the external force can be 


rewritten as 


Note that F, is independent of d. The total amount of work done externally to separate the plates by a 
distance d is then 
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First law of thermodynamics in Capacitors: 


agent, we have u, 7 W... / Ad = sE? / 2. The electric energy density u, can also be interpreted as 


electrostatic pressure P. 


Ifheat liberated by system =Q, 


— 
> AQ--Q uas 
Work done by the system 
AW = — AW patery 
Nowusi 


AQ = AU + AW 
700 Oina 7 AU, 
AW AU, 


" 


Therefore, as mentioned in the beg 


ining of chapter, the work done by battery goes in stc 


capacitor and rest goes as heat loss in resistor. 


Illustration : 


Sol. 


Two capacitors A and B with capacities 34 F and 2yF are charged to a k 
potential difference of 100V and 180V respectively. The plates of l 

the capacitors are connected as shown in the figure with one wire i 
of each capacitor free. The upper plate of A is positive and that of 

B is negative. An uncharged 24 F capacitor C with lead wires falls 


on the free ends to complete the circuit. Calculate 
(the final charge on the three capacitors, and 


(ii). the amount of electrostatic energy stored in the system before and after the completion of the 
circuit. 
Charge on capacitor A, before joining with an uncharged capacitor 
q, = CV = (100) * 3 pe = 300 nc 
similarly charge on capacitor B, 
q, 7180 * 2 uc 
= 360 We 


Let q,, q; and q, be the charges on the three capacitors after joining 3 


them as shown in fig. 


From conservation of charge, 


Net charge on plates 2 and 3 before joining. 


Net charge after joining 
300=4, +4. M 


Similarly, net charge on plates 4 and 5 before joining 


= Net charge after joining 


-360 = -q,-q. 


Copied to clipboard. | 
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360 7 q, * q, D 
applying Kirchoff s 2 law in loop ABCDA, 

dp dr, dog 

372 


24, - 34, + 34,70 [7] 
From equations (1), (2) and (3), 
4,7 90 uc, q, = 90 We and q, = 150 pc 


(ii) (a) Electrostatic energy stored before completing the circuit, 


] 1 1 
U,- LG x 109 (100P +42 x 105180) qu -icv) 
4. WES 
74 ml. 
(b) Electrostatic energy stored after completing the circuit, 
lq 
u, = 10x19 y +h 0010 + Laso+i07y —. u-i3 
2 3x10" 2 x10" 2 2400 c 
901071 
9 mJ. 


Practice Exercise 


Q.1 A capacitor of capacitance C, = 1.0 uF carrying initially a voltage V = 300 V is connected in parallel 
with an uncharged capacitor of capacitance C, = 2.0 pF. Find the loss of the electric energy of this 
system by the moment equilibrium is reached. Explain the result obtained. 

Q2 — What amount of heat will be generated in the circuit shown in Fig. after the switch Sw is shifted from 


position | to position 2? 


Q3 — Each plate ofa parallel-plate air capacitor has an area A. What amount of work has to be performed to 
slowly increase the distance between the plates from x, to x, if 
(a) the charge on the capacitor, which is equal toq. or (b) the voltage across the capacitor, which is equal 
to V, is kept constant in the process? 


Answers 


Ql AW =- 1/2 V?C,C, / (C, + C) 0.03 mJ Q2 Q 


Q3 (a) W=g (x,-x,)/26A: (b) W= AV? (x, -x)/2x, 
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Dielectrics 


Dielectric is any insulating substance (insulator). It can be rubber, plastic wood, oil etc, In contrast to 
conductors, the electrons in dielectrics are attached to specific atoms or molecules, so they are not 
allowed from moving randomly at will. They are in tight leash; all they can do is move a bit within the 


atom ora molecule. 


Experimentally it was found that capacitance C increases when the space between the conductors is 


filled with dielectrics, To see how this happens, suppose a capacitor has a capacitance when ther 


sno 
material between the plates. When a dielectric material is inserted to completely fill the space between 
the plates, the capacitance increases to K, times i.e. 

C-KC, 
where K, is called the dielectric constant or relative permittivity. In the Table below, we show some 


dielectric materials with their dielectric constant. Experiments indicate that all dielectric materials have 


The fact that capaci 


e increases in the presence of a dielectric can be explained from a molecular 


of view. We shall show that Ko is ameasure ofthe d sponse to an external electric field. 
There are two types of dielectrics. The first type is polar dielectrics, which are dielectrics that have 
permanent electric dipole moments. An example of this type of dielectric is water 
ot & eee 
qe Ss DEE 
V @ 4 eee 
Sru 


CwP% 


ations of polar molecules when (a) E, = 0 and (b) É, #0 


Orie 


As depicted in Figure, the orientation of polar molecules is random in the absence of an external field 
When an external electric field Ë, is present, a torque is set up and causes the molecules to align with 


E, . However, the alignment is not complete due to random thermal motion. The aligned molecules then 


nerate an electric 


The second type of di 


ld that is opposite to the applied field but smaller in magnitude. 
ctrics is the non-polar dielectrics, which are dielectrics that do not possess 
permanent electric dipole moment. Electric dipole moments can be induced by placing the materials in an 


externally applied electric field. 


pz] 


Orientations of non-polar molecules when (a) Ë, = 0 and (b) Ë, #0 


Copied to clipboard. 


Figure illustrates the orientation of non-polar molecules with and without an external field E, . The 


induced surface charges on the faces produces an electric field È, in the direction opposite to F 


with |E, | < | E, |. Below we show how the induced electric field E, is 


calculated. 


Let us now examine the effects of introducing dielectric material into a system. We shall first assume that 
the atoms or molecules comprising the dielectric material have a permanent electric dipole moment. If 
lefi to themselves, these permanent electric dipoles in a dielectric material never line up spontaneously, 


so that in the absence of any applied external electric field P — @ due to the random alignment of dipoles, 
and the average electric field Ë, is zero as well. However, when we place the dielectric material in an 


external field E,,, the dipoles will experience a torque % = jx E,, that tends to align the dipole vectors p 


with E, . The effect isa net polarization js parallel to E, . and therefore an average electric field of the 
dipoles E,,anti-parallelto E, . i.e., that will tend to reduce the total electric field strength below È, 


The total electric field È isthe sum of these two fields: 


TI 
lhasa 


electric field before breakdown occurs and charges be 


Note that every dielectric ma 


+haracteristic dielectric strength which is the maximum value of 


into flow 


Dielectric strength (10°V/m) 


Material 


Paper 37 16 
Gloss 4-6 9 
Water s = 


Revised energy density becomes: u = — Ke, E? 


Calculation of induced (polarised) charge on dielectric : 


However, we have just seen that the effect of the dielectric is to weaken the original field E, by a factor. 
K, Therefore, 

E Q Q-Q 

K, KEA EA 

from which the induced charge Q,, can be obtained as 


" 
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Mlustration + 


Two small identical balls carrying the charges of the same sign are suspended from the same point 


by insulating threads of equal length. When the surrounding space was filled with kerosene (of 
density p, dielectric constant K) the divergence angle between the threads remained constant. 


What is the density of the material of which the balls are made? 


Sol. 
Finally 
1 
When dielectric is filled, force on charge is reduced by K factor B= va 
[ 
K 
According to question 
0-9 W- pg 
F 
F K K 
> an d=tan! = > p p 
poVe (p-po)Vg P7 K-I 
ractice Exercise 
QI The charges on the plates ofa parallel-plate capacitor are of opposite sign, and they attract each other 
To increase the plate separation, is the external work done positive or negative? What happens to the 
external work done in this process? 
Q2 — How does the stored energy change if the potential difference across a capacitor is tripled? 
Q3 — Does the presence of a dielectric increase or decrease the maximum operating voltage of a capacitor? 
Explain 
Answers 
QI te Q2  9times Q3 — Dependson the dielectric strength 


Copied to clipboard. 


Capacitor Containing Dielectrics without Battery : 


As shown in Figure, a battery with a potential difference JAV „| across its terminals is first connected to 


2, - const 


a capacitor C,, which holds a charge Q, = C, JAV, |. We then disconnect the battery, leav 


Fig.:44 -Inserting a dielectric material between the capacitor plates while keeping the charge Q, constant 
I we then insert a dielectric between the plates, while keeping the charge constant, experimentally itis 


found that the potential difference decreases by a factor of Ke. 


AV 
ayi- “k 
This implies that the capacitance is changed to 
Q Q Q 
C^ lav] ^ [AV 17K, 7 jav, | ~ KC 


Thus, we see that the capacitance has increased by a factor of Ke. The electric field within the dielectric 


is now 


AVE IAVSUK, _ 1 (JAVoI) _ Eu 
d d Kid) K 


We see that in the presence of a dielectric, the electric field decreases by a factor of K, 


Capacitor Containing Dielectrics with Battery : 


Consider a second case where a battery supplying a potential difference remains connected as the 
dielectric is inserted. Experimentally, itis found (first by Faraday) that the change on the plates is increased 
bya factor K, 

Q-KQ, 


arge on the plates in the absence of any dielectric. 


where Q, is the cl 


Fig.:45-(a) Fig.:45-(b) 
Figure: Inserting a dielectric material between the capacitor plates while maintaining a constant 
potential difference V.J 


Copied to clipboard. | 
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The capacitance becomes 


Q KQ . 
AV, J AV 0 


which is the same as the first case where the charge Q; is kept constant, but now the charge has increased. 


Illustration: 


4 parallel plate capacitor has plates of area 4 m° separated by a distance of 0.5 mm. The capaci- 
tor is connected across a cell of emf 100 volts, Find the capacitance, charge & energy stored in 
the capacitor ifa dielectric slab of dielectric constant k=3 and thickness 0.5 mm is inserted inside 
this capacitor after it has been disconnected from the cell. 

Sol. 

when the capacitor is without dielectric 


BA 885x10 4 
d 05x10 


Q, - C,V, 


(r.o8x 10 x 100)uc = 7.08 


C, V; = 354x107 


as the cell has been disconnected, charge on the capacitor remain constant 


k^ KC, = 0.2124uF 
d 
yaQ Qu Vs 
C^ ic, 3 
y-19.. 10i . 
2c 2k, 
Electric field inside the pl p.Y. V. E 
Electric field inside the plates = E=$ == = Y 


Note that the field becomes 1/k times by insertion of dielectric. 
Mlustration : 


4 6 x 10°F parallel plate capacitor is connected to a $00 V battery. When air is replaced by 
another dielectric material. 7.5 * 10* C charge flows into the capacitor. Find the dielectric con- 
stant of the material 


Copied to clipboard. 


Sol. Q -CV 
Q, = 6x 10* x 500 
=3x10°C 
After insertion of dielectric 
Q', = (3+7.5) * 10* C 


= 10.5 * 10°C 
Q'- CVK 
10.5x10* - 610" «500 K 
K=3.5 


Capacitance of capacitor filled partially with dielectric : 


A non-conducting slab of thickness t, area 4 and dielectric constant K, is inserted into the space 


between the plates of a parallel-plate capacitor with spacing d. charge Q and area A, as shown 
Figure(a). The slab is not ne 


essarily halfway between the capacitor plates. What is the capacitance of 


the system? 


Fig. :46 (a) Capacitor with a dielectric. (b) Electric field between the plates. 


To find the capacitance C, we first calculate the potential difference AV . We have already seen 
that in the absence of a dielectric, the electric field between the plates is given by Ey = Q/c,A and 
Ep=E 


potential can be found by integrating the electric field along a straight line from the top to the 


c, / K, when a dielectric of dielectric constant K,, is present, as shown in Figure (b). The 


bottom plates 


jira Jet o aps ab 


Efd-1)- Ept =- he, (d - 0) 


Q Í 1 
---E-|a-di- 
Ag | \ K ll 


where AV) = Ept is the potential difference between the two faces of the dielectric. This gives 


_Q2 —— &gÀ 
~ [AV] | 
co L| 

(K 


c 
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We also comment that the configuration is equivalent to two capacitors connected in series, as 


shown in Figure, 


Using Eq. for capacitors connected in series, the equivalent capacitance is 


|! det, t 
C &A KA 


It is useful to check the following limits 


(i) — Ast 9 D ie., the thickness of the dielectric approaches zero, we have C = &A/d = C 
which is the expected result for no dielectric 
Gi) As, K, > l, we again have C — c, A/d = C,, and the situation also correspond to the case 


where the dielectric is absent. 
(ili) In the limit where t > d, the space is filled with dielectric, we have. C >K Ad =K Cy 
Capacitor filled with two different dielectrics 
Two dielectric with dielectric constant K, and K, each fill half the space between the plates of 
a parallel-plate capacitor as shown in figure 


Capacitor filled with two different dielectrics 
Each plate has an area A and the plates are separated by a distance d. Compute the capacitance 
of the system. 


Copied to clipboard. 


Illustration + 


Find the equivalent capacitance of the system shown (assume square plates). 
L 


Kc 
203] Kx3) 

Us 

Sol The system can be represent as 


K;4|d 


Taking K, 


(o be series in K, = 3 


5 6e, U 
*. dO, LY 1 9. Herc 
" (edt Get: 
d) (?4) 
($) EJ 


Now 


Now C, and C pyy are in parallel 
[ETE] 


á N 
7 Cin * uu = 7a 


21d 


Practice Exercise 


Q.I.— Aparallel plate capacitor has a capacitance of 112 pF. a plate area of 96.5 em’, and a mica dielectric 
(k, 7540).Ata. 


V potential difference, calculate 


(a) Theelectric field strength in athe mica 
(b) The magnitude of the free charge on the plates. 
(c) The magnitude of the induced surface charg 


Copied to clipboard. 


29 


Q2  Twoparallel-plate air capacitors, each of capacitance C, were connected in series to a battery with emf 
Then one of the capacitors was filled up with slab of dielectric constant k. 
(a) What amount of charge flows through the battery? 
(b) Find the factor by which electric field in each capacitor charges during the process. (ie - | 
Q.3 — Find the equivalent capacitance of the system shown (assume square plates each of area A) 
24/3 
QA — Anideal parallel plate capacitor of area A is filled with three dielectric 
slabs having dielectric constants K, — 3.0, K, = 5.0 and K, = 2.0 as 
shown. Ifa single dielectric material is to be used to have the same " a 
capacitance as this capacitor, then find its dielectric constant 
Answers 
QL (a) I34 kV/m, (b) 6.16 nC, (c) 5.02 nC 
Q2 The strength decreased 1/2 (£ + 1) times ; (a) q = 1/2 C£ (e-1)/(e+1)] 
IBey A 
Q3 i Q4 8B 


Energy Related discussion for dielectric capacitor 


Illustration : 


Sol. 


In the figure shown, a parallel plate capacitor is connected across a source of emf £ The 
plates are square shaped with edge "and separated by a distance d. A dielectric slab of 
dielectric constant k and thickness d is inserted between the plates with constant speed v. Find 


the current in the connecting wires [ignore the resistance of connecting wires]. 


Consider that length x of the dielectric is inside the capacitor. The capacitance of the system is 


sx nox) s 


k- qx] 
= = s Ico 


Charge on the capacitor, 
q= Se rje 


egfev(k-1) 
d 


1258 


£ dx 
FCR a 
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Illustration + 


4 dielectric completely fills the gap between the plates of a parallel-plate capacitor whose 


capacitance is equal to C, when the dielectric is absent. Find the mechanical work which must be L| 


done against electric forces for extracting the dielectric out of the capacitor if 
(i) Voltage (V) of the capacitor is maintained constant. 

(ii) Charge (Q) of the capacitor is maintained constant. 

Neglect the resistance of the circuit (If any ) 


Sol, (i) T maintain constant voltage we have to used ideal battery 
change in capacitance 
AC = C,- KC, =~ (K - 1) C 
Charge supplied by battery 
M = VAC 
Work done by batter) 
W, = Vag = PAC 


AL VÀac 


Now using work energy theorem 


AK + AL 


W 


mechanic 


*ac Ik DCV? 


(ii) To maintain constant charge capacitor should not be connected with the battery or any thing 


ele] 
Mw -0 
Q q Q( 
AL = (l-7) 
2€, 2KC, 2C, K 
9 1) 9 (i 1 
V. ca = AK + AU- Wy 0+7} ric -0 = acl K) 


Practice Exercise 


Q.1 Between the plates of a parallel-plate capacitor there is a metallic plate whose thickness takes up 
n 70.60 of the capacitor gap. When that plate is absent the capacitor has a capacity C = 20 nF. The 
capacitor is connected to a dc voltage source V — 100 V. The metallic plate is slowly extracted from the 
gap. Find: (a) the change in the energy of the capacitor; (b) the mechanical work performed in the 


process of plate extraction 
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Answers 


QI. (3 AU-- 2 CV^n/(175)7-0.15 mJ ; (b) W= 12C Vn / (17m) = 0.15 mJ 


RC Circuit 
Charging a capacitor : 


d. As so 


Let the capacitor be initially uncharg 


n as the circuit completes, the charge begins to flow. 
Let'q be the chat 


the capacitor at certain instance & i be the current in the circuit. Then, 


q dq 
invtev i 
c dt 
dq CV & 
MEE: E] 
d c Hin p 
D ] L —]1 
i dq [ dt 
> $CV-q ICR 
Adet P a 
CV CR 


q= q, (lh), 
where, q; CV 7n 


imum amount of charge stored on the plates. 


dq o, V uen Ya 
Now ise e 
"a 


Once we know the charge on the capacitor we also car 


ine the voltage across the capacitor, 


t 
vet) = -ea 
c 


The graph of voltage 


asa function of time has the same form as figure, From the figure, we see that after 

a sufficiently long time the charge on the capacitor approaches the value. 
q(1-x)-Cc-Q 

At that time, the voltage across the capacitor is equal to the applied voltage source 

process effectively ends, 


and the charging 


MENS 
Q 


For current a capacitor acts as : 
. Short-circuit just after closing the switch. 


. Open circuita long time after closing the switch 
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Discharging a Capacitor 


Suppose initially the capacitor has been cha 


ged to some value Q. Fort « 0, the switch is open and the 
potential difference across the capacitor is given by V= Q/C. On the other hand, the potential difference 
across the resistor is zero because there is no current flow, that is, I= 0. Now suppose at t=0 the switch 
is closed (Figure). The capacitor will begin to disch 


; 


c 
qs i dt 
> 2 gcR 
k 4 
m4 t 
a CR 


Now, i e e 
I 


Mlustration : 


In the circuit shown in Fig. the sources have emf's £ , = 1.0 Vand & , = 2.5 Vand the resistances 


have the values R, = 109 and R, = 20 2 The internal resistances of the sources are negligible. 


Find the potential difference between the plates A and B of the capacitor C 


É R 
: c 
het, 
R 
Fig. : 63 


Sol At steady state there is no current through capacitor i.e. current exist in bigger loop anticlockwise 


which will be 
25-10 | 
10-20 20 
Now 


" 
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Mlustration + 


In the figure shown find (i) The charge of the capacitor as a function of time (ii) equivalent time 


constant, q 


mw H 
" dq 
Sol 1 = ( f 
H 
I, R+ È+ (h HR v 
E] 
1,R+ 4-bR=0 r 
ai I 
"TONER 
2*1 * RCR (ii) 
4 
baht a (iii) 
From (ii) and (iii) 
a) «a V 
21+ (h+ + 
REST RETR 
24 
+ v 
MARC R (iv) 


from (i) and (iv) 


Mq. 24 V 
d RC R 
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obviously t, 


Practice Exercise 


QL Inthecirci 


t in figure, suppose the switch has been open fora very long time. At time t= 0, itis sudd 


closed R, 


& 
(a) — Whatis the time constant before the switch is closed? 
(b) What is the time constant after the switch is closed? 
(c) Find the current through the switch asa function of time after the switch is closed. 


Q2 Findhowthe voltage across the capacitor C varies with time t (Fig. ) after the shorting of the switch Sw 


at the moment t= 0. 


Q3 — A capacitor of capacitance C = 5.00 pF is connected to a s 


urce of constant emf & = 200 V (Fig.) 


Then the switch Sw was thrown over from contact 1 to contact 2. Find the amount of heat generated in 
a resistance R, = 500 Q if R, = 330 Q. 


c 
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Solved Example 


Q.1 Inthe given figure, what is the equivalent capacitance between points A and B? 


Lii - 
E 


T 


c 


^ 
n 


Sol — Circuit can be redrawn as. 


Hence, equivalent capacitance = 2C 


QJ Findthecapacitance of the infinite ladder shown in figure 


Sol — Asthe ladder is infinitely long, the capacitance of the ladder to the right ofthe points P, Q is the same as 


that of the ladder to the right of the points A. B. Ifthe equivalent capacitance of the ladder is C, the 


given ladder may be replaced by the connections shown in figure, 


The equivalent capacitance between A and B is easily found to be C + -£E 


But being equivalent to 
C+C, $58 


the original ladder, the equivalent capacitance isalso C, 


Thus, 


Q3 


Sol. 


Negative value of C, is rejected. 


The emfof the cell in the circuit is 12 volts and the capacitors m 


are : C, - 1f C, =3 uf C, =2 pf,C, = 4 wf Calculate the a! 


charge on each capacitor and the total charge drawn from the 


cell when a 


(a) theswitch s is closed 
(b) the switch s is open. 
(a) Switch S is closed 

Ic, «c, Xe. +C.) 


ETAN ETA] 


ET 


drawn from the cell is m L1 
ED m 


Q-CV-2. pF» I2 volts = 252 pC 


C,.C, are in parallel and C,, C, are in parallel. 


Charge onC, 

LES 
Q = — x 2524C = 8 4uC 
Charge on C 


Q 252€ = 16.84€ 


Charge on € 


= 10.8uC 


252€ = 14.4nC 


(b) Switch S is open 


Copied to clipboard. | 
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QA 


Sol 


C c 
e 
c 
ES 
total charge drawn from battery is 


Q=cv x12- 254C 


C, & C, are in series and the potential difference across combination is 12 volts. 


charge on C, = charge on € 


C, & C, are in series and the potential difference across combination is 12 volts. 


charge on C, = charge on C, 


The connections shown in figure are established with the switch S open. How much charge will flow 


through the switch i itis closed? 


oH | 
G | 


AF = 16yC 


charge appearing on each of these capacitors is, therefore, 24V 


The equivalent capacitance of (1) and (4), which are also connected in series, is also 


tors is also 16C . The total charge on the two plates of (1) and (4) 


charge on each of these capa 


connected to the switch is. therefore, zero. 
The situation when the switch S is closed is shown in figure. Let the charges be distributed as shown in 


ude 


the figure. Q, and Q, are arbitrarily chosen for the positive plates of (1) and (2). The same magi 


of charges will appear at the negative plates (3) and (4). 
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Sol 


Take the potential at the negative terminal to the zero and at the switch to be V 


Writing equations for the capacitors (1), (2), (3) and (4). 


Q, = 24V-V,)*1 pF à) 
Q, - Q4V - Vp) * 2HF (ii) 
Q, Im (iii) 


Q, = V, x 2ue (iv) 
From (i) and (iii), V, - 12V 
Thus, from (iii) and (iv), 

Q, =124C and Q, = 24 yc 


The charge on the two plates of (1) and (4) which are connected to the switch is, therefore Q, = Q, = 120 


When the switch was open, this charge was zero. Thus, 124C of charge has passed through the switch 


after it was closed. 


ed to a potential difference of 100 volts and 200 volts 


Iwo capacitors C, = IuF and C, = 4pF are chan 
respectively. The charged capacitors are now connected to each other with terminals of opposite sign 
What is the 


connected togethi 


(a) final charge on cach capacitor in steady state 


(b) decrease in the energy ofthe system ? 


Initial charge on C, = C, V, = 1004€ 
Initial charge on C, = C, V, = 8004C 


GV, «C, V 


when the terminals of opposite polarity are connected to tude of net charge finally is 
equal to the difference of magnitude of charges before connection. 


(charge on C,),- (charge on C,), 


(charge on C,),~(charge on C), 


Let V be the final common potential difference across ea 


The charges will be redistributed and the system attains a steady state when potential difference across 
each capacitor becomes same. 


t 


CV, -C,V «CV 
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C,V,-C,V, _ 800-100 
+6, 


v 140 volts 


Note that because C, V, < C, V, the final charge polarities are same as that of C, before connect 


Final charge on C, =C, V = 140 uC 
Final charge on C, C, V = 560 uc 


Loss of energy 


Loss of ener 


“roy + Lao -4 (1+ 4X140) 


360004 = 0.0363 
Note: The energy is lost as heat in the connected wires due to the temporary currents that flow while the charge 


is being redistributed. 


Q.6 Find the amount of heat generated in the circuit shown in the figure after the switch is shifted from 


position 1 to position 2 


Sol. When the switch is in position 1, the combination has C and C, in parallel and C in series for which the 
equivalent capa 


lance is 


€(C«C,) 
v7 2046, 


The total charge on the combination is 


EC(C+C,) 
Q=EC,= 726. C, 


The total charge on the three capacitors can be obtained as 


EC(C+C,) 
a= EC ac 


EC(C«C,C, — ECC, 
"h^ (2C« C, C« C.) 2C«C, 


ECC +C,)C EC 
GW BOVE NC +G) 2c«6, 


When the switch is in position 2, the charge distribution on the three capacitors is obtained as 


EC EC(C+C,) 
W-2c.0,- $74 and a= 20; 
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Q7 


Sol 


Now, heat produced = (loss in stored elect 


) + (extra energy drawn from the battery). 


Since the equivalent capacitance C, remains unchanged in both the positions of the key, the loss 


in stored energy is zero. Hence, 


Heat produced 
EAq 


energy drawn from the battery 


E (q,—q) = E(q, - q^) 


p [Eeten Ec | Ecc 


2C-C, — 2C+C, |” 20+ 


The capacitance of a parallel plate capacitor with plate area A and 


T 
separation d is C. The space between the plates is filled with two | 
wedges of dielectric constants K, and K, respectively (Fig.). Find i 
the capacitance of the resulting capacitor. | 

p 


Let length and breadth of the capacitor be I and b respectively and d 


be the distance betw 


n the plates as shown in fig. Then consider a 
strip ata distance x of width dx. 

Now QR =x 
and PQ - d 
Where tan 9 7 d/l, 


ne 
x tan o 


Capacitance of PQ | 
A b 
ac -Keb ds) _ Kur, (bd) | 
d-xtan8 xd 
a-T 
kæ,bldx kg A(d 
x Jd kg, A(dx) 
al-s) dl=x) 
and dC, = capacitance of QR 
qc, nb) 
dianü 
PLE -— 
xd T 
Now dC, and dC, are in series. Therefore, their resultant capacity dC will be given by 
id 
dC dC, dC 
tout 
thn Gc ac, dc 


dü-x) | xd 
K,r,A(dx) K,£,A(dx) 


a2 


A. o4 (Ix, x) diK.(- x) Ki] 

dC &A(N) K, K, &, AK,K (dx) 
= BAKK, d azi gs 
IK.) Kl aK AK, - Kl 


All such elemental capacitor representing DC are connected in parallel 


Now the capacitance of the given parallel plate capacitor is obtained by adding such infinitesimal capaci- 


tors parallel from x = 0 tox 


is. c= fac 
[RASA ay 
KI +(K, -K;)] 
KK tA), K 
CK, -K)M K, 


Q8 — A capacitor has rectangular plates of length a and width b. The top plate is inclined at a small angle as 
shown in figure The plate separation varies from d = y, at the left to d= 2y, at the right where y, is much 


less than a orb. Calculate the capacitance of the system. 


citorof'area b 


Sol. We considera differential strip of width dx and length b to approximate a differential cap: 


dx and separation d 7 y, + | 72. |x. All such differential capacitor are in parallel arrangement 


(bdx) 


| Copied to clipboard. | 
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QJ — Thecapacitor C ially carries ach 


eq, . When the switches S, and S, are shut, capacitor C 
is connected in series to resistor R and a second capacitor C,, which initially does not carry any charge. 
(i) Find the charge deposited on the. 


(ii) What is the 


icitor and the current through R as a function of time. 


at lost in the resistor after a lon 


me of closing the switch ? 


Sol 


qa -a() 
ado Vc 
V, =I 
dq 

and | 
" dt 


Applying KVL 


Put 


44 


oro qc ue 


Wt) 


Charge C. 


c 
4,7907 4, c. (1-7) 


(i) Electrostatic energy att = 0 is 
a 
UM>=5, 
2C; 
Final energy = U (c) = =Ë 
AC, + 


alc; 


AU = U(9) -U (2) * 3c (c Gy) 


Q.10 Shows a parallel-plate capacitor having square plates of edge a and plate-separation d. The gap be- 


tween the plates is filled with a dielectric of dielectric constant K which varies parallel to an edge 


Where K and a are constants and x is the distance from the left ends. Calculate the capacitance, 
Sol. — Considera small strip of width dx at separation x from the left end. This strip forms small capacitor of 
plate arca adx. Its capacitance is 
(Ko + ax)egadx 
d 


The given capacitor may be divided into such strips with x varying from 0 to a. All these strips are 


dc 


connected in parallel. The capacitance of the given capacitor is, 


(Ky +ax)egadx 
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Qu 


Sol 


A capacitor of capacitance C is charged by connecting it to battery of emf, The capacitor is now 


disconnected and reconnected to the battery with the polarity reversed. Calculate the heat developed in 


the connecti 


When the capacitor is connected to the battery, a charge. When the polarity 


on the other. When the polarity is reversed, a charge 


Q appears on the 


second. A charge 2Q, therefore passes through the battery from the 


st plate and + Q on the. 


ive to the positive terminal. 


The battery does a work 
W= (2Q)e = 2Ce 


in the process, The 


y stored in the capacitor is the same in the two cases. Thus, the work done by 


the battery appears as heat in the connecting wires. The heat produced is, therefore, 2Cr. 


Copied to clipboard. 
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Magnetic Field 


Magnets are familiar objects. The word magnetism is derived from the province of Magnesia where the 
ancient Greek mine magnetite, also known as lodestone, a mineral composed of iron oxide which attracts 
iron. 


If you ask the average person what "magnetism" 


is, you will probably be told about the magnets those 
are used to hold notes on refrigerator door, or keeping paper clips in a holder or may be about lead 
stone (naturally occurring magnet). 

Scholars still dispute about the origin of magnetism. It is believed that magnetism was originally used, not 
for navigation, but for geomancy ("foresight by earth") and fortune-telling by the Chinese, Chinese fortune 


tellers used lodestones to construct their fortune telling boards. 


old Chinese 


From Chinese text, itis known that magnetic compass (used for navigational purpose) is 
invention. An old Indian literature dates it to as back as 4th century. The compass was used in India was 
known as the matsya yantra, because of the placement of a metallic fish in a cup of oil. 


Earth's magnetic field: 


Itis understood that a compass needle points along the horizontal component of Earth's magnetic field (a 


property called declination), 


y (MS) 


Earth's North Pole # Magnetic South 


Magnetic North y S. Earth's South Pole 


(MN) 


Earth's Geomagnetic North acts as a south pole of a magnet, while its Geomagnetic South acts as a 
North Pole of a m: 
As shown in the diagram, the axis of the dipole makes an angle o 
The axis of dipole makes an angle of about 11.5? with the earth's rotational axis, And Earth's rotational 


et. 


bout 11.5" with earth's rotationa 


axis. 


axis makes an angle of 23.5° with the normal to the plane of earth's orbit about the sun, 


Elements of earth's magnetic field 
‘The earth's magnetic field is characterized by three qu: 
(a) Declination 

(b) Inclination or dip 

(c) ^ Horizontal component of the field. 


declination 


(GN) 


Angle of dip 
By 


Earth's 
Magnetic field 


Geographical 
Meridian 


Magnetic 
Meridian 
Magnetism due to electricity 


Hans Christian Oersted wasa professor of science at Copenhagen University. In 1819 he arranged in 


his home a science demonstration to friends and students. He planned to demonstrate the heating of a 


wire by an electric current, and also to carry out demonstrations of magnetism, for which he provided a 


compass needle mounted on a wooden stand 


While performing his electric demonstration, Oersted noted to his surprise that every time the electric 


current was switched on, the compass needle moved.. He kept quiet and finished the demonstrations, 
but in the months that followed worked hard trying to make sense out of the new phenomenon, And this 


is what we are going to study now 


We have seen that currents (fundamentally moving charges) are the source of magnetism. This 


can be readily demonstrated by placing compass needles near a wire. As shown in Figure, all compass 


needles point in the same direction in the absence of current (in the direction of earth's magnetic field). 


However, when strong current passes through (so that earth’s magnetic field becomes negligible), the 


needles will be deflected along the tangential direction of the circular path (Figure). 


Figure : Deflection of compass needles near a current-carrying wire 


Biot-Savart Law 


Currents which arise due to the motion of charges are the source of magnetic 


ields, When charges move 


in a conducting wire and produce a current J, the magnetic field at any point P due to the current can be 


calculated by adding up the magnetic field contributions, qi, from small segments of the wire dg 


(Figure). 


Figure : Magnetic field dB at point P due to a current-carrying element Ids 


These segments can be thought of asa vector quantity having a magnitude of the length of the segment 


finitesimal current source can then be written as 


and pointing in the direction of the current flow. The 
las 


Let r denote as the distance form the current source to the field point P and f the corresponding unit 


vector. The Biot-Savart law 


vesan expression for the magnetic field contribution, qi, from the current 


source, Ids 


Ho Ids x 
anor 


dB 


where jy isa con: 


called the permeability of free space 


Hy = 41 107 Tm/A here Tesla (T) is Sl unit of jg 


Notice that the expression is remarkably similar to the Coulomb's law for the electric field due to a 


charge element dg 
! dq. 
m 


dE = 
m 


r 


Adding up these contributions to find the magnetic field at the point P requires integrating over the 
current source, 


" 


dixi 
an! 


The integral is a vector integral, which means that the expression for Bis really three integrals, one for 
each component of jj . The vector nature of this integral appears in the cross product. Understanding 


how to evaluate this cross product and then perform the integral will be the key to leaming how to use the 
Biot-Savart law. 


4 
Magnetic Field due to a Finite Straight Wire. 


A thin, straight wire carrying a current is placed along the x-axis, as shown in Figure. Evaluate the 


magnetic fieldat point P due to the segment shown in figure. 


Figure 9.1.3 A thin straig ga current I. 


The contribution to the magnetic field due to 145 


ETATE 


dB k 


dn or 4x r 


which shows that the magnetic field at P will point in the , i; direction, or out of the page. 


Simplify and carry out the integration 


The variables 0, x and r are not independent of each other. In order to complete the integration, let us 


rewrite the variables x and r in terms of 0. From Figure, we have 


a/sin0 = acoseca 


|x =acoto = dx = -acosec? ado 


Upon substituting the above expressions, the differential contribution to the magnetic field is obtained as 


Hol (-acosec'ódó)sinó pol 


1 
dB- jx ^ (acoseco) 44, Sin dO 


ra 


Integrating overall angles subtended from -0, to 0, (a negative sign is needed for 0 in order to take into 


consideration the portion of the length extended in the negative x-axis from the origin), we obtain 


Hol 


(cos®, +c0s0,) 
47a : 


‘The first term involving 0, accounts for the contribution from the portion along the +x axis, while the 


second term involving 0, contains the contribution from the portion along the — axis. The two terms. 
add. 


Special cases : 
6) — Magnetic field on the perpendicular bisector of a finite straight wire of length 27. 


In this case where 6, — 0,7 6, the field point P is located along the perpendicular bi 


ctor. If the length 


of the rod is 2L, then cos 0 — L/L? +a? and the magnetic field is 


Hol "i L 
B= P coso= P 


2a JE +a? 


G) Magnetic field due to semiinfinite straight wire 
Here 0,-90*, 0,=0° or 0,-0^, 0,90" 


Hol 
B 
B= ana 
(i) ^ Magnetic field due to infi 


Here 0,70,-0 


ite straight wi 


Direction of magnetic field of a straight wire 
Note that in this lim 


he system possesses cylindrical symmetry, and the magnetic field lines are circular, 


asshown in Figu 


rule (Figure). If you direct your right thumb along the direction of the current in the wire, then the fingers 
of your right hand curl in the direction of the magnetic field. 


Illustration : 


‘Two long parallel wires carry equal current i flowing in the same direction are at a distance 2d apart. The 


magnetic 
midpointis 
Sol The magnetic field due 


eld B ata point lying on the perpendicular line joining the wires and at a distance x from the 


ni 


a(d +x) 


"m 
2n(d -x) 


Both the magnetic fields act in opposite direction. 


pap, - T v=} 
2nld-x d+x} 
Bo [dx-d 
2r) d'-x 
mix 
n(d'-x) 
Hlustration : Yi 


Two semi-infinitely long straight current carrying conductors are 
in form of an ‘L' shape as shown in the figure. The common end is 
at the origin. What is the value of magnetic field at a point (a, b), if 
both the conductors carry the same current I? 


Sol. For the conductor along the X axis, the magnetic field 


n) 
* [e080 +6080] along the negative Z-axis 
B, = ang 10080; * 050] along the negative Z- 


"MEE 
A Varo | 


For the conductor along Y-axis, the magnetic field is 


wily, b 


+- | along the negative z-axis 
ara|) Jav] 


The net magnetic field is 


6-6, +8, 
EUER a b] ni[(sb), vars 
"4x|ia b) Jaro ib a)| 4x| ab ab | 


a 
4rab 


| Copied to clipboard. 


Hlustration : 
A current I is established in a closed loop of an triangle ABC of side f. Find the magnetic field at 
the centroid 'O 


4 


Sol From geometry 

*d 

Magnetic fields due to current in all three sides are equal in magnitude and directed into the plane. 
of the paper 


op 


E x]. md x) 9! 
Hence net B = g |2*0053 | = g = 2sin 2 


Mlustration : 
Find the magnetic field due to the wire at point P if the wire is long 


J B Bco 
Sol  B--Bsinoi«Bcoso] =B(-sindi+cosoj) 
Beine 
1 1 d 
B= Ho | -Yi.X5| Ho’ ( yita) i It 
Am oro r7 One et 


Illustration : 
An infinitely large sheet carries current with linear current density i. Find the net magnetic field at 


a point which is at perpendicular distance r from the sheet 


Sol. 


Let us consider a current carrying element idx 


ui, ide) 


dB, = 


It has two components one parallel to the plane of the sheet and other perpendicular to it. 


Copied to clipboard. 


dB, - -dBcosü and dB, --dBsinÜ 
1i idsr mi 
B, = jap, = [ HAT - LH 
[at aea 


Practice Exercise 


Find the magnetic field Bat the centre ofa rectangular loop of length / and width b, carrying a current i 


A long wire carrying a current iis bent to form a plane angle a. Find the magnetic field B ata point on the 


bisector of this angle situated ata distance x from the vertex. 


A pair of stationary and infinitely long bent wires are placed in the x-y plane as shown in figure. The 


ach as shown. 


Wires carry currents of 10 amper 


The segments L and M are along the x-axis. The segments P and Q are parallel to the y-axis such that 


OS - OR - 0.02 m. Find the magnitude and direction of the magnetic induction at the origin O. 


iff 


ROJE 


Two long straight parallel wires are 2 m apart, perpendicular to the 


plane of the paper. The wire A carries a current of 9.6 ampere, directed 
into the plane of the paper. The wire B carries a current such that the 
magnetic field of induction at the point Pata distance (10/11) m from 
the wire B is zero. Find (a) the magnitude and direction of the current in 


B, (b) the magnitude of the magnetic field of induction at the point S, 


9 


Q.S Twolarge metal sheets carry surface currents as shown in figure . The current through a strip of width dl 
Id at the points P, Q and R 


is Kal where K is a constant. Find the magnet 


Answers 


2udi V. +b? TE 
2poivi* +b Q2 2 cot Q3 Bis 10*T and outof the page 


QI i 
nlb 2nr 


Q4 (a)-3 Aand opposite to thatin A (b) L3 10*T Q.S — 0, p, K towards right in the figure, 0 


Magnetic Field due to a current carrying Arc at its centre 


di - adà 
(ad) sin 90" a \ 
ap = Mo Had)sin90” pl gg 
n a dra 
B- fab ml Fao 
4na? 
patel py 
4nR 
Mlustration : 


An infinitely long current-carrying wire is bent into a hairpin-like shape shown in Figure. Find the 


magnetic field at the point P which lies at the center of the half-circle 


Sol. The total magnitude of the magnetic field is 


nol 
p 


Qn) 


10 


Illustration : 


Find the magnetic induction at the point O if the wire carrying a current I A has the shape shown 


in Fig. The radius of the curved part of the wire is R , the linear parts of the wire are very long. 


nd (3m) cj, nd 


"T 
ii) (-*) 


şol. 8-6, +8, +6. + 
Sol. p 4aR\ 2} 


Illustration : 


A battery is connected between two points A and B on the circumference of a uniform conducting 
ring of radius r and resistance R. One of the arcs AB of the ring subtends an angle @ at the centre, 


Magnetic field due to current at the center of ring is 


Sol. For a current flowing into a circular arc, magnetic induction in the centre 


pal jae mna NI 


1) 
7 lP 
DIN INA Anr 


The total current is divided into two arcs 


E E _ 2nk 
(R/2n), (R/2z)(r0) RO 


Similarly 10 == - constant 


-_— 
(R/2ar)l 

E 2 
= = =constant 
(R/2ar){r(2x—0)} R(2x-0) 
Bep,-p, =e (288 _ 2x8), 


EKI 


ractice Exercise 


Qu 


Q3 


Q4 


Q6 


The wire loop PQRSP formed by joining two semi-circular wires of radii R, and R, carries a current Las, 
shown in figure. What is the magnetic induction at the centre O and magnetic moment of the loop in 


cases (a) and (b)? 


S ROO P s A a P 


(a) (b) 


A current | flows along a thin wire shaped as shown in Fig. The radius of a curved part of the wire is 
equal toR,, theangle 29 . Find the magnetic induction of the 


Id at the point O. 


1 


Find the magnetic induction of the field at the point O ifa current-carrying wire has the shape shown in 
Fig. . The radius of the curved part of the wire is R, the linear parts are assumed to be very long. 


R 


Two circular coils of radii 5°0 cm and 10 cm carry equal currents of 2A. The coils have 50 and 100 turns 


respectively and are placed in such a way that their planes as well as the centres coincide. Find the 
magnitude of the ‘magnetic field B at the common centre of the coils if the currents in the coils are (a) in 
the same sense (b) in the opposite sense. 


If the outer coil of the previous problem is rotated through 90° about a diameter, what would be the 


magnitude of the magnetic field B at the centre? 


Q7 — Anon-conducting thin ring of radius R and charge q rotates about its axis with an angular veloc 
the magnetic induction at the centre of the ring. 

Q8  Acircula disk of radius R with uniform charge density c rotates with an angular speed o. Find the 
magnetic field at the center of the disk 


Answers 
Ql -&] out of the page and M iui -RÀ| into the page 
Laat] into the pas IR «RO into the page 

Hol ( 
Q2 B-(x-o*tan) uj /22R Q3 B | 
Q4 BR (ty R Qs 10* T (b) zero. 

nao 1 

Q6 18mT 7 Q8 B=> pooR 
Q m Q ron Q ze 


Magnetic Field due to a Circular Current Loop at a point on its axis 


Consider a circular loop of radius a carrying a current i, We have to find the magnetic field at a Point 
Pon the axis of the loop ata distance d from its centre O. In figure 


v| 


lating the magnet ic field at a point on the axis of a circular current 


Figure shows the geometry for cal 
rst consider the current element at the top of the loop. Here, as 


loop a distance x from its center. We 
everywhere around the loop, id7_ is tangent to the loop and perpendicular to the vector ¢ from the 


id gë due to this element is in the direction shown in 


current element to the field point P. The magnet 


the figure, perpendicular to z andalso perpendicular to ig? The magnitude of gg is 


H, Id/ sin90. 
4n r 


dB- 
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When we sum around all the current elements in the loop, the components of gë perpendicular to the 


axis of the loop, such as dB, in F 
the axis. We thus compute only the x component of the field. 


ure sum to zero, leaving only the components dB, that are parallel to 


From Figure , we have 


Hol 


B, = find = [sind a = 


using the facts that 
Pax+R 
we get 


p= Plm’) 
Ana ex) 


Note: If loop has N close tums then field becomes N times the field due to one turn. 


Magnetic field lines due to a circular current 


Magnetic Field due to a Solenoid at a point on its axis 


A solenoid is a long cylindrical helix, which is obtained by winding closely a large number of tums of 


insulated copper wire over an in tube of insulating material. When electric current is passed through it, a 


magnetic field is produced around and within the solenoid. 


AY 
95) 


dienl/dx 


Considera solenoid of length consisting of N tums of wi re carrying a current I. We choose the axis of 
the solenoid to be along the x axis, with the left end at x ~-a and the right end at x — b as shown in 
Figure . We will calculate the magnetic field at the origin. The figure shows an element of the solenoid of 


14 


length dx ata distance x from the origin. If n= N/L is the number of tums per unit length, there are ndx 
tums of wire in this element, with each tum carrying a current I. The element is thus equivalent to a single 
eld at a point on the x axis due to a loop at the origin 


loop carrying a current di~nldx. The magnetic 


carrying a current nl dx is given by Equation with I replaced by nldx: 


H(nde)iR 
UR +7) 


dB = along the axis 


Net magnetic induction 


B= fap- | ifs 
Oo MARS) 


un| a b ni 
A i Het [cos0, +0080, 


e JR +e} 2 


> B 


Ampere's Law : 


Like Gauss's law in electrostatics, this law provides us a simple method to find magnetic fields in cases 
ofsymmetry 
Ampere's law gives another method to calculate the magnetic field due to a given current distribution. 


it oran infinite wire 


Statement: The circulation f B-d/ ofthe resultant magnetic field (ofa closed ci 


containing steady current) along a closed path (called amperian path) is equal to p times the total current 


crossing the arca bounded by the closed curve provided the electric field inside the loop remains constant. 


Thus, 
fB-d? ^ni 
[NAP 
Gi 
In figure , the positive side is going into the plane of the diagram so that i, and i, are positive and i, is 


negative. Thus, the total current crossing the area is i, + i, -i . Any current outside the area is not 


included in writing the right - hand side of equation . The magnetic field B on the left-hand side is the 


resultant field due to all the currents existing anywhere. 
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Ampere's law may be derived from the Biot-Savart law and Bio-Savart law may be derived from the 
Ampere's law is useful under 


Ampere's law. Thus, the two are equivalent in scientific content. However 
certain symmetrical conditions. 


Justi 


ication of Ampere's law 
current Lin upward direction. Now take a circular path of 


Letus considera long 
radius r symmetric to the wire. Let us now divide a circular path of radius r into a large number of small 


length vectors AS = Asi, where § point along the tangential direction with magnitude As (Figure). 


In the limit A8 — 0, we obtain 


fB.as=B fas- | 


a closed path, or an "Amperian loop” that follows one particular 
tly more complicated Amperian loop, as that shown in Figure. 


The result above is obtained by choosing 


magnetic field line. Let's considera slig 


Figure : An Amperian loop involving two field lines 


The line integral of the magnetic field around the contour abeda is 


[8.45 = [8.45 « fB.dš + fB.d3 + fB.d3 ~0+B,(r,0)+0+B,[r,2n—0)] 


aba " [3 E E 


wegrals vanish since 


where the length of are be is 1,0, and r (27: — 0) for are da. The first and the third 
the magnetic field is perpendicular to the paths of integration. With B, = u U2zr, and B, — pi V2nr,, the 
above expression becomes 


nol Hol 


{r,2x-0)] 27-0)= pol 


We see that the same result is obtained whether the closed path involves one or two magnetic field lines. 
xis, the magnetic 


As shown above Example, in polar coordinates (r, o) with current flowing in the +z- 


Copied to clipboard. 
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idis given by B = (ol /22r)6. An arbitrary length element in the polar coordinates can be writ 


ds - dri « rdó $ 


which implies 


f.a f us 


feo Hol os) = ut 
2r 


Inother words, the line integral of f B . ds around any closed Amperian loop is proportional to, the 


current encircled by the loop. 


Figure : An Amperian loop of arbitrary shape. 


The generalization to any closed loop of arbitrary shape (see for example, Figure) that involves many 
magnetic field lines is known as Ampere's law 


JË -d5 = tolen 
Calculation of magnetic field by using Ampere's Law : 


Calculation of magnetic field due to long straight wire. 


Figure shows a long, straight current i. We have to calculate the magnetic field at a point P which is ata 
distance r from the wire. Figure shows the situation in the plane perpendicular to the wire and passing 


through P. The current is perpendicular to the plane of the diagram and is coming out of it 


Let us draw a circle pas 


ing through the point and with the axis as wire. We put an arrow to show the 


| Copied to clipboard. 
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positive sense of the circle. The radius of the circle is r. The magnetic field due to the long, straight 


current at any point on the circle is along the tangent as shown in the figure. Same is the direction of the 


length-element dl the 


By symmetry, all points of the circle are equivalent and hence the magnitude of 
the magnetic field should be the same at all these points. The circulation of magnetic field along the circle 


Bhai 


B(2xr) 


‘The current crossing 


Xn 
Thus, from Ampere's law, 
B(27r) = pol 
, pol 


2ar 


Magnetic field due to a current carrying thin long pipe. 


Case r>R 

fË- di = f B-di = Bf dl = Bur) 
Dit 

> B(2ar) = pol 


ol 


nr 


> B 


Casell: p< R 


f8-di = aa = Bf dl = Baur) 


Ys. =0 
=> B(2ar) = (0) 
=> B=0 
8 
y 
m| A 
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Magnetic field due to current carrying rod having uniform current density. 


Casel: p> R 
fË- ñ =f B-dl = fat = Bw) 


Xn 


=> BQn)=ol 
5 B= bel 
2nr 


§8-ai = f Bal = Bf at = Bur) 1 
LC 
1 : 
px r "n i 
= R L7 
5 Bnr) = Lr pum. 
R H k 
p Bate, 
2nK. 


Magnetic Field Due to non uniform current density 


Suppose that the current density in a wire of radius a varies with r according to J-Kr', where K is a 
constant and ris the distance from the axis of the wire. We have to find the magnetic field ata point 
distance r from the axis when (a)r <a and (b) ra 
Choosea circular path centred on the axis of the conductor and apply Ampere's law 
(a) To find the current passing through the area enclosed by the path integrate. 

dl — JdA = (Kr) Qzrdr) 


oR 
m 1e f dl = fata = 7 ( (9 ) 
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Since JÖ- d£» iJ 


P" Ke 
NP 


> B% 


4 


(b) Ifr>a, then net current through the Amperian loopis 


aKa 


l= JKP 2ardr = 


Kat 
ar 


> B= 


Practice Exercise 


Q.1 Inside a long straight uniform wire of round cross-section there is a long round cylindrical cavity whose 


axis is parallel to the axis of the wire and displaced from the latter by a distance 7. A direct current of 
density j flows along the wire, Find the magnetic induction inside the cavity. Consider, in particular, the 


case I= 0. 


Answers 


Q4 — B-(U/2)nj7] ie. field inside the cavity is uniform. 


Magnetic Field due to long Solenoid : 


A solenoid is a long coil of wire tightly wound in the helical form. Figure shows the magnetic field lines of 
a solenoid carrying a steady current Z. We see that if the tums are closely spaced, the resulting n 
fi 


than its diamet 


netic 


ld inside the solenoid becomes fairly uniform, provided that the length of the solenoid is much greater 


r. Foran “ideal” solenoid, which is infinitely long with tums tightly packed, the magnetic 


field inside the solenoid is uniform and parallel to the axis, and vanishes outside the solenoid, 


Figure : Magnetic field lines of a solenoid 


We can use Ampere's law to calculate the magnetic field strength inside an ideal solenoid. The cross- 


idea 


sectional view of solenoid is shown in Figure. To compute B , we considera rectangular path of 
length / and width wand traverse the path in a counterclockwise manner. The line integral of j along this 


loop is 
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Figure : Amperian loop for calculating the magnetic field of an ideal solenoid. 
In the above, the contributions along sides 2 and 4 are zero because jj is perpendicular to ds . In 


addition, B = ( along side 1 because the magnetic field is non-zero only inside the solenoid, On the 


other hand, the total current enclosed by the Amperian loop is I... nll, where n is the total number of 
turns per unit length. Applying Ampere's law yields 


fas B/ = un/l B= pnl 


Magnetic Field due to Toroid 


Considera toroid which consists of N turns, as shown in Figu: gnetic field everywhere. 


Figure : A toroid with N tums 

One can think ofa toroid as a solenoid wrapped around with its ends connected. Thus, the ma 
ed inside the toroid and the field points in the: 
urrent flows, as shown in Figure 9.4.5.) 


etic 


Id is completely cor 


imuthal direction (clockwise due 


tothe way the 
Applying Ampere’s law, we obtain 


[8.45 = [nas = Bf ds = B(2ar) = p, NI 


HNI 


or 


where r is the distance measured from the center of the toroid. Unlike the magnetic field of a solenoid, 
the magnetic field inside the toroid is non-uniform and decreases as1/r. 
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Magnetic Field thin sheet of infinite dimension carrying a current of 
uniform linear current density ‘i. 


Xncd 

IL di - wy I. 
2Bl = poil 
B= bot 


Q. — Wehav 
(glued down) of 6 C/m?, as shown in F 


on-conduc 


material which carries a surface charg 


xed in place 


e. The cylinder is suspended in a manner such that it is fi 


revolve about its axis, without friction. Initially it is at rest. We come along and spin it up until the speed 
of the surface of the cylinder is v 


(2) — Whatisthe surface current K on the walls of the cylinder, in A/m? 
(b) — Whatis magnetic field inside the cylinder? 
(©) Whatis the magnetic field outside of the cylinder? Assume that the cylinder is infin 


long. 


Q.2 Sometimes we show an idealised magnetic field which is uniform in a given region and falls to zero 


abruptly, One such field is represented in figure . Using Ampere’s law over the path PRS, show that 


Answers 


QI ()K-ov, 
(b) B= pK = ppv oriented along axis right-handed with respect to spin © 0 


Magnetic Field of a Moving Point Charge : 


Suppose we have an infinitesimal current element in the form of a cylinder of cross-sectional area 4 and 


length ds consisting of n charge carriers per unit volume, all moving at a common velocity y along the 


axis of the cylinder, Let /be the current in the element, which we define as the amount of charge passing, 
through any cross-section of the cylinder per unit time. From Chapter 6, we sce that the current /can be 
written as 

nAq|v| =I 
The total number of charge carriers in the current element is simply dN = nAds, so that the magnetic field 


dB due to the dN charge carriers is given by 


Ho (nAq|VDdixt _ po (nAds)qvxi _ po (AN)qvx? 


dB ^ 4x r ao r 4n r 
where ris the distance between the charge and the field point P at which the field is being measured, the 
unit vector è = F /r points from the source of the field (the charge) to P. The differential length vector 


ds is defined to be parallel to y.. In case of a single charge, dN = 1, the above equation becomes 


= _ Ho qvxE 


B 


Copied to clipboard. 
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Practice Exercise 


Q.1  Anelectron carrying a charge e =-1.6 x 10-'°C moves in a straight line at a speed v= 3 x 10’ m/s. 


What is the magnitude and direction of the magnetic field caused by the electron at a point P, 10 mm 
ahead of the electron and 20 mm away from its line of motion, as illustrated in figure? 


imm !^ 


Answers 
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Force on a moving charge in magnetic field : 


a) 


2) 


(3) 


[7] 


Considera particle of charge q and moving at a velocity v. Experimentally we have the following 


sd particle is proportional to both v and q. 


‘The magnitude of the magnetic force Ẹ, exerted on the char 


The magnitude and direction of F, depends on s and 
The magnetic force Ë, vanishes when s is parallel to jj . However, when ẹ makes an angle 0 with h j , 


the direction of F, is perpendicular to the plane formed by and y and jj and the magnitude of F, is 


proportional to sin 0. 
When the sign of the charge of the particle is switched from positive to negative (or vice versa), the 


direction of the magnetic force also reverses, 


Figure : The direction of the magnetic force 


The above observations can be summarized with the following equation: 


F, =qvxB 


The above expression can be taken as the working definition of the magnetic field at a point in space. 


The magnitude of Ë, is given by 


Fp =l] vBsin® 


The SI unit of magnetic field is the tesla (T) 


Newton N N 
1 tesla = IT=1 (Coulombymeter/second) `! Cm/s ^ Am 


Another commonly used non-SI unit for § is the gauss (G), where IT = 10*G 


Note that f, is always perpendicular to y; and  , and cannot change the particle's speed v (and thus 


the kinetic energy). In other words, magnetic force cannot speed up or slow down a charged particle. 


Consequently, Magnetic field does no work on charged particle: 
dW = Fy, *ds = q(Vx B) + dt = q(Vx V)* Bat = 0 


The direction of ẹ however, can be altered by the magnetic force 
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Illustration : 


Sol. 


Two very long, straight, parallel wires carry steady currents I and -I respectively. The distance 
between the wires is d. At a certain instant of time, a point charge q is at a point equidistant from 
the two wires, in the plane of the wires.Find magnitude of the force due to the magnetic field 
acting on the charge 


Since the currents are flowing in the opposite directions, the magnetic field at a point equidistant 


from the two wires will be zero. Hence, the force acting on the charge at this instant will be zero. 


Mlustration : 


Sol. 


An electron with mass m, velocity v and charge e describes half a revolution in a circle of radius 
r in a magnetic field B find the energy acquired by electron. 
As energy can neither be created nor destroyed, therefore, its energy will remain constant and will 


acquire no extra energy 


Practice Exercise 


Q.1 Acircular loop of radius 20 em carries a current of 10 A. An electron crosses the plane of the loop with 
a speed of 2.0 x 106 m/s. The direction of motion makes an angle of 30° with the axis of the circle and 
passes through its centre, Find the magnitude of the magnetic force on the electron at the instant it 
crosses the plane. 

Q.2 Twoprotons move parallel to each other with an equal velocity v. Find the ratio of forces of magnetic 
and electrical interaction of the protons. 

Answers 

QI 16x10" N (vic 


Motion of charged particle in uniform magnetic field 


There are three possible paths in which a charged particle may move in presence of uniform magnetic 


ld which is uniform in space. 
(a) — Straightline path 

(b) — Circularpath 

(c) Helical path 

We shall see them one by one. 


Copied to clipboard. 
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Straight line path 


When the charged particle projected in the direction of or opposite to uniform magnetic field , magnetic 
field exerts no force hence it will travel along straight line with fixed speed. 


Circular path 


Ifa particle of mass m moves in a circle of radius rata constant speed v, what acts on the particle is a 
radial force of magnitude F = mv?/r that always points toward the center and is perpendicular to the 
velocity of the particle. 


In previous section, we have also shown that the m 


etic force Ñ, always points in the direction 


perpendicular to the velocity s of the charged pa 


icle and the magnetic field  . Since F, can do not 


work, it can only change the direction of s; but not its magnitude. What would happen if a charged 


particle moves through a uniform magnetic field & with its initial velocity y ata right angle to jj ? For 


simplicity, let the charge be + and the direction of jj be into the page. It tums out that Ë, will play the 


role of a centripetal force and the charged particle will move in a circular path in a counterclockwise 


direction, as shown in Figure. 


s found to be r 


2nr 2n mv 2m 
The period T (time required for one complete revolution) is 


Similarly, the angular speed of the particlecanbeobtainedas «w= 2nf= > = 


Copied to clipboard. 
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Illustration : 


A uniform magnetic field of 30 mT exists in the + X direction. A particle of charge +e and mass 


167x107 Kg is projected into the field along the + Y direction with a speed of 4,8x19* m/s. 


(a) Find the force on the charged particle in magnitude and direction 
(b) Find the force if the particle were negatively charged. 
(c) Describe the nature of path followed by the particle in the both the case. 


Sol (a) Force acting on a charge particle moving in the magnetic field 


F=q(¥xB) 


Magnetic field & - 30(mT)j 


Velocity of the charge particle s =4.8x10° (m/s) j 4 [] 


F-16x10 "[(4.810))« (30»107)1)] 


F- 2304x107 (-k)N 
(b) If the particle were negatively charged, the magnitude of the force will be the same but the 


direction will be along (+z) direction. 


(c) Ad v L B, the path described is a circle 
R= EY (1675107 )(4.8x10*) (1.61077) (30x107) 
qB 
1.67 m. 
Illustration : 


A positively charged particle of charge q and mass m first accelerated by a voltage v then injected 
into uniform magnetic field. Find radius of the circle traced by it. 
Sol Kinetic energy of the particle is 
K-qV 
linear momentum of the particle will be 
p=mv= Imk = 2mqv 
p \2mqv 
qB ^ qB 
Illustration : 
4 positively particle having chrage q and mass m moving with velocity 


vy i enters a region in which uniform magnetice field B=—Bok exist. 
The magnetic field region extends upto x = 0 to x = d (figrue). Find the 

time spent by the particle in magentic field if 

L5mv mv ~ 
qB (i) qB x=0 — x-d 


In second case also find the side ways deflection. 


(d= 


Copied to clipboard. 
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Sol. 


(i 


(ii) 


Since the velocity of the particle is perpendicular to the magnetic field hence motion inside 
magenetic field will be circle or part of circle 
L.5mv 


Smed- y dor 


= particle has surfficient space to turn back 


= particle will complete half circle (figure) 


T zm 
time spent = 3 = qp "—i 
mv 
sinced = yug der 


This means particle will not get surficient space between the boundries to turn back. Hence 
particle will come out of the boundry x = d (figure) 
From figure 


my 
2qB 1 
sin 0 af 
rom ^2 
qB 
r 
> 0 
6 
; » = (™) (=) am 
distance travelled = r0 = | G5 || 6) ~ 6qp 
amv 
distance 6qB z 
time spent = ~ ecd v 6qB 


e ways deflection Q= r 'os |1- | 
side deflection = PQ- r (I~ cos )= qg|!- 5 | 
From geometry 
ġ=7+20 M 
à mv 
distance travelled =r $ = op 
distance travelled — m, |, 
time = - 20) 
speed qB 


Illustration : 


H’, He* and O** all having the same kinetic energy pass through a region in which there is a 
uniform magnetic field perpendicular to their velocity. The masses of H*, He* and O* are 1 amu, 


4 amu and 16 amu respectively. Comment on their amount of deflection 
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Sol. Bqv= 


=> Bqr=mv=momentum = mE 


Where E = Kinetic Energy 


v2mE 
Bq 


if r, and r, and r, are the radius of circular track of H^, He" and O 


V2mE J2(4m)E _ /2(16m)E 
Bq Bq B(2q) 


1:2:2 


Hence O” will be deflected most whereas He* and O™ will be deflected equally 


Illustration : 


Two particles X and Y having equal charges, after being accelerated through the same potential 
difference, enter a region of uniform magnetic field and desribe circular paths of radii R, and R. 


respectivley. Find the ratio of the mass of X to that of Y 


Sol. Let the masses be m, and m, respectively of X and Y. If E is energy gained by charged particle in 


tric field. 


mE 


xs p Xm. 
Bq 

R, [m m [RY 
mo | 


Practice Exercise 


(a) 


(b) 


Particle A with charge q and mass m, and particle B with charg 


and mass mp, are accelerated from 


rest by a potential difference AV, and subsequently deflected by a uniform magnetic field into semicircular 


paths, The radii of the trajectories by particle 4 and B are R and 2R, respectively. The direction of the 


magnetic field is perpendicular to the velocity of the particle. What is their mass ratio? 


Suppose the entire x-y plane to the right of the origin O is filled with a uniform magnetic field jj pointing 


out of the page, as shown in Figure. 


Two charged particles travel along the x axis in the positive x direction, each with speed v, and enter the 
magnetic field at the origin O. The two particles have the same charge q, but have different masses, m, 


and m,. When in the magnetic field, their trajectories both curve in the same direction, but describe semi- 


ircles with different radii. The radius of the semi-circle tr 


ced out by particle 2 is exactly twice as big as 


the radius of the semi-circle traced out by particle 1 
Is the charge q of these particles such that q> 0, or is q <0? 


What is the ratio m, / m, ? 


A particle of mass m and positive charge q, moving with a uniform velocity v enters a magnetic field B as 
shown in figure (a) Find the radius of the circular arc it describes in the magnetic field. (b) Find the angle 


subtended by the arc at the centre. (c) How long does the particle stay inside the magnetic field? (d) 


Solve the three parts of the above problem if the charge q on the particle is negative. 
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Q4  Apartideof chargeismovingwith avdocity ¥. It then enters midway between two long plates ( £ —  ) 
where there exists a uniform magnetic field pointing into the page, as shown in Figure. Assume the space 


field and gravity free. Take d=" 


tobe elec 
qB 


(a) — Isthe trajectory of the particle deflected upward or downward? 
(b) Compute the distance between the left end of the plate and where the particle strikes. 


Q.S — Aprotonaccelerated by a potential difference V = 500 kV flies through a uniform transverse magnetic 
ld with induction B — 0.51 T. The field occupies region of space d 10 cm in thickness (Fig.). Find 


the angle a through which the proton deviates from the initial direction of its motion. 


oB 
——]e« 
d 
Ex 
Answers 
my d 
QU ong 78 Q2 (a)—ve (b)2:1 
my my m 
a 2 20) 120,7. (n4 20) 
Q3 wp (b) 20 (ug E 
Q4 (a) downward (b) d= Q5 ac-sin"|dB. | 3. |-30 
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Helical Path: 


Inthis situation velocity of the particle can be resolved into two components. 
(0) — v, projection of velocity parallel to the magnetic fd. 


(2) — v, — projection of velocity perpendicular to the magnetic fd. 


Due to v, motion of the charged particle will be uniform circular in the plane perpendicular to the fd. 
whereas 
Y, | remain unaffected as it is perpendicular to magnetic force. 


Asa whole its motion is helical with constant pitch. 
radius of the helix will be 


my 
qB 


pitch of the helix will be 


mv ; 
PUB 


Illustration : 


A charged particle P leaves the origin with speed v - v,, at some inclination with the x-axis. 
There is uniform magnetic field B along the x-axis. P strikes a fixed target T on the x-axis for a 
minimum value of B = B, Find the condition so that P will also strike if vou can change magnetic 
field and speed 


Let d = distance of the tanget T from the point of projection. P will strike T if d an integral 
multiple of the pitch. 
Pitch 


7B) 


Here N is a natural number. 


Practice Exercise 


Q.1 Anelectron ac 


rated by a potential difference V = 1.0 kV moves in a uniform magnetic field at an 
angle a — 30° to the vector B whose modulus is B =29 mT. Find the pitch of the helical trajectory of the 
electron. 
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Q.2 Cana charged particle be speed up through a uniform magnetic field ? 


Q3 — Ifno work can be done on a charged particle by the magnetic field, how can the motion of the particle be 
influenced by the presence ofa field? 


Answers 


Q1 Al=2n [2m V/eB? cosa.- 20 cm Q2 No 


Q.3 By changing its direction of motion 


Lorentz Force: 


In the presence of both electric field and m 


etic field § , the total force on a charged particle is 


F=q(E+¥«B) 


This is known as the Lorentz force. 


Velocity Selector: 


By combining the two fields, particles which move with a certain velocity can be selected. This was the 


principle used by J. J. Thomson to m. 


sure the charge-to-mass ratio of the electrons, In Figure the 


schematic diagram of Thomson’s apparatus is depicted. 


elerated 


toward slit A. Let the potential difference between A and C be V , — Vo — AV. The change in potential 


energy is equal to the extemal work done in accelerating the electrons: AU = W.,,= qAV — -eAV. By 


energy conservation, the kinetic energy gained is AK = -AU = mv?/2. Thus, the speed of the electrons 


is givenby 


2eAV 
v= 
Yom 
Ifthe electrons further pass through a region where there exists a downward uniform electric field, the 
electrons, being negatively charged, will be deflected upward. However, ifin addition to the electric 


field, a magnetic field directed into the page is also applied, then the electrons will experience an additional 


downward magnetic force — es x È - When the two forces exactly cancel, the electrons will move ina 
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straight path. From Eq., we see that when the condition for the cancellation of the two forces is given by 
E 
cE ~evB. whichimplies v= 


In other words, only those particles with speed v = E /B will be able to move ina s 


aight line. Combining 


m 


the two equations, we obtain. = = 7 
ii m — XAV)B? 


By measuring E, AV and B, the charge-to-mass ratio can be readily determined, The most precise 


tto date is e/m = 1.758820174(71) * 10"! C/kg 


measur 


Mass Spectrometer: 


Various methods can be used to measure the mass of an atom. One possibili 


is through the use ofa 
mass spectrometer, The basic feature of a Bainbridge mass spectrometer is illustrated in Figure. A 


particle carrying a charge +g is first sent through a velocity selector. 


nass spectrometer 


The applied electric and magnetic fields satisfy the relation £ = vB so that the trajectory of the particle is 


a straight line. Upon entering a region where a second magnetic field È, pointing into the page has been 


applied, the particle will move in a circular path with radius rand eventually strike the photographic 


my 
plate. Using Eq., weh dg 

qBor qB,Br 
Since v  E/B, the mass of the particle can be written as metae 


Hall's Effect: 


In 1879, Edwin H. Hall, then a 2. 
that they can drift electrons in copper wire in pres 


carriers in a conductor are positively or negatively charged. 


-year-old graduate student at the Johns Hopkins University, showed 
ence of magnetic field. This Hall effect allows us to find 


the number of charge carriers per unit volume of the conductor. 
Considera strip of current carrying wire kept in external magnetic field. Let the wire has width d, Cross- 


sectional area A, and charge carriers per unit volume as n. 


Figure (a) shows a copper strip of width d, carrying a current i whose conventional direction is from the 
top of the figure to the bottom. The charge carriers are electrons and, as we know, they drift (with drift 
speed vd) in the opposite direction, from bottom to top. At the instant shown in figure, an external 
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field B, pointi 
force will act on each drifting electron, pushi 


magnet into the plane of the figure, has just been turned on. We see that a magnetic 


it towards the right edge of the strip. 


(a) o) 


As time goes on, electrons move to the right, mostly piling up on the right edge of the strip, leaving 


uncompensated positive charges in fixed positions at the left edg 
the left edge and negative charges on the right edge produces a 


The separation of positive charges on 
electric field E within the strip, pointing, 


from left to right in Fig. b. This field exerts an electric force FE on each electron, tending to push it to the 
left, Thus, this electric force on the electrons, which opposes the magnetic force on them, begins to build 
up. 

Equilibrium quickly develops in which the electric force on each electron has increased enough to match 
the magnetic force. When this happens, as Fig. b shows, the force due to B and the force due to E are 
he strip toward the top of the page at velocity vd with 
ase in the electric 


in balance, The drifting electrons then move along 


no further collection of electrons on the right edge of the strip and thus no further inci 
field E. 


ne ned 


A Hall potential difference V is associated with the electric field a 


ross strip width d. 
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From (1), (2) and (3) 


E Vd 
B Bd neA 

idB & iov 

n= AV Ya" neV 7 Bd 


By connecting a voltmeter across the width, we can measure the potential difference between the two 


edges of the strip. Moreover, the voltmeter can tell us which edge is at higher potential. For the situation. 


of Fig. b, we would find that the left edge is at higher potential, which is consistent with our assumption 
that the charge carriers are negatively charged. 


Itisalso possible to use the Hall effect to measure directly the drift speed vd of the charge carriers, which 


you may recall is of the order of centimeters per hour. In this clever experiment, the metal strip is moved 


mechan 


ly through the mag 
carriers. The speed of the moving strip is then adjusted until the Hall potential difference vanishes. 


tic field ina direction opposite that of the drift velocity of the charge 


Atthis condition, with no Hall effect, the velocity of the charge carriers with respect to the laboratory 
frame must be zero, so the velocity of the strip must be equal in magnitude but opposite the direction of 


the velocity of the negative charge carriers, 


Fora moment, let us make the opposite assumption, that the charge carriers in current i are positively 
ed (Fig. c). 
y 


the right edge by Fp and thus that the right edge is at higher pot 


ch 


Convini 


iers move from top to bottom in the strip, they are pushed to 


urself that as these charge ca 


tial. Because that last statement is 


contradicted by our voltmeter reading, the charge carriers must be negatively charged, 
Illustration : 


A non-relativistic proton beam passes without deviation through the region of space where there 
are uniform transverse mutually perpendicular electric and magnetic fields with E = 120 kV/m 
and B = 50 mT. Then the beam strikes a grounded target. Find the force with which the beam acts 
on the target if the beam current is equal to 1 = 0.80 mA. 

dp dm_ dmdg_ Em 
da dt dq dt Bq 
Mlustration : 


Sol: F 20 uN 


A particle of mass m and charge q is released from the origin in a region occupied by electric field 


E and magnetic field B, 


B=-B,j; E=E,i 
Find the speed of the particle. 
Sol. Since the magnetic field does not perpform any work, therfore, whatever has been gain in kinetic 


energy it is only becuase of the work done by electric field. Applying work-energy theorem, 


[ak 
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Illustration : 


Sol. 


A particle of charge +q and mass m moving under the influence of a uniform electric field Ei and 


a uniform magnetic field Bk follows a trajectory from P to Q as shown in figure. The velocities at 


" 


Pand Q are vi and -2vi.Find (a) E (bjrate of work done by the electric field at P 


(C) rate of work done by each the fields at Q 


Increase in Kinetic energy of particle 


locu ui 
= m(2v)' --mv == mv 


Work done by the uniform electric field, E, in going from P to Q = (qE) 


Hence, 2qEa = > mv 


3mv 
o E 
ga 


Rate of work done by the electric field at 
P,P-Ev-qE.v 
- qEi.vi - qEv 


QAO Vom 
dq 4a 
Qis 


P,.Q- qEi (-2]) -0 


At Q, rate of work done by both the fields is zero. 


2a = 2qEa 


Copied to clipboard. 
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Illustration : 


Sol. 


A particle of mass 1«107*kg and charge 1.6x10”C traveling with a velocity 1.28%10° ms in 


the +x direction enters a region in which a uniform electric field E and uniform magnetic field of 


induction B are present such that E,=E,=0,E,=-1024kVm' and B,-B,-0 
B, - 8x10? Wbm , The particle enters this region at the origin at time t 70. Determine the location 


(x, y and z coorediantes) of the particle at 1 =510°*S. If the electric field is switched off at this 


instant (with the magnetic field still present), what will be the position of the particle at 


1-745x10*s 
Let i, j and j, be unit vector along the positive directions of x, y and z axes. Q = charge on the 
particle 1.610" C $ = velocity of the charged particle — (1.28»10* )ms i 
È = electric field intensity 

(71024x10 Vm: )k 
B 7 magnetic induction of the magnetic field 

(8x10? Wbm)j f ` 

È, = electric force on the charge 

qË =[1.6x10"(-102.4x10)N]k 

163.84 10 N(-K) 

È, = magnetic force on the charge = qs B 

-[L6x 10 (12810* 8107 Ni x j) 

= (163.8410 NX) 


The two forces E, and E, are along z-axis and equal, opposite and collinear. 


The net force on the charge is zero and hence the particle does not get deflected and continues to 
travel along x-axis, 
(a)At time 1=5x10*s 
x -(5x10*)0.28x10*) - 64m 
Coordinates of the particle — (6.4 m, 0, 0) 
(b) When the electric field is switched off, the particle is in the uniform magnetic field perpendicu- 
lar to its velocity only and has a uniform circular motion in the x-z plane (i.e. the plane of velocity 


and magnetic force), anticlockwise as seen along +y axis. 
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Now, ™—=qvB where r is the radius of the circle 


The length of the arc traced by the particle in (745 5)10*s] 


= (v(t) - (12810* 2.4510) 


3.136m - xm = circumference 


The particle has the coordinates (6.4, 0, 2m) as (x, y. 2). 


Practice Exercise 


Q.1 A proton goes un-deflected in a crossed electric and magnetic field (the fields are perpendicular to each 
other) at a speed of 2.0 x 10* m/s. The velocity is perpendicular to both the fields. When the electric field 


is switched off, the proton moves along a circle of radius 4.0 cm. Find the magnitudes of the electric and 


the magnetic fields. Take the mass of the proton 1.6x 1027 kg. 


Answers 


Q.1 1.0.x 10* NIC, 0.05T 


Magnetic Force on a Current-Carrying Wire : 
We have just seen that a charged particle moving through a magnetic field experiences a magnetic force 
f, . Since electric current consists ofa collection of charged particles in motion, when placed in a 


magnetic field, a current-carrying wire will also experience a magnetic force. 


Considera long straight wire suspended in the region between the two magnetic poles. The magnetic 


field points out the page and is represented with dots (+), It can be readily demonstrated that when a 
downward current passes through, the wire is deflected to the left. However, when the current is upward, 


the deflection is rightward, as shown in Figure. 


/ \ 


T 
I 
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To calculate the force exerted on the wire, consider a segment of wire of length / and cross-sectional 


area A, as shown in Figure. The magnetic field points into the page, and is represented with crosses (X). 


The charges move at an average drift velocity v, . Since the total amount of charge in this segment is 


etic force on the 


Q,, = q(nA/), where n is the number of charges per unit volume, the total m; 


segmentis 
Fy = Q, v, x B= qnA/(v, x B) = 17x B) 


on of the 


where I= ngy,A, and 7 is a length vector with a magnitude / and directed along the din 


electric current. 


Special Case 
Wire of arbitrary shape placed in uniform magnetic field 


Fora wire of arbitrary shape, the magnetic force can be obtained by summing over the forces acting on 


the small segments that make up the wire. Let the differential segment be denoted as dg (Figure), 


The magnetic force acting on the segment is : dF, = Ids x B 


Thus, the total force is 


where a and P represent the endpoints of the wire. 


Asan example, consider a curved wire carrying current Zin a uniform magnetic field j , as shown in 


Figure 


Using the magnetic force on the wire is given by 
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where 7 is the length vector directed from a to b. However, ifthe wire forms a closed loop of arbitrary 
shape (Figure), then the force on the loop becomes 


f, =1(fas)B 


Special Case- 
Magnetic Force on a closed loop in uniform magnetic field 
s 
P, 


current / in a uniform ma ield. 


Figure : Aclosed loop carry 


Since the set of differential length elements ds form a closed polygon, and their vector sum is zero, i.e. 


[43 = 0. The net magnetic force on a closed loop is Fy - 


Illustration : 


4 conducting bar of length is placed on a frictionless inclined plane which is tilted at an angle 0 


from the horizontal, as shown in Figure. 


4 uniform magnetic field is applied in the vertical direction. To prevent the bar from sliding down, 
a voltage source is connected to the ends of the bar with current flowing through. Determine the 
magnitude and the direction of the current such that the bar will remain stationary 

Sol 


For equilibrium iB 
V/BeosÜ = mgsinO 


mgsinà mg 


[Bcos h 


Side view 
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Illustration : 


A current (I) carrying circular wire of radius R is placed in a magnetic field B perpendicular to its plane. 
Find the tension T along the circumference of the wire 


Sol — Forsmall elemental portion 


T Tcosdó 


?Tsindó 


2R doIB 


Tsindo. 


2Td0 = 2RIBd0 
T-IRB 


Tsindð 


Illustration : 


A long horizontal wire AB, which is free to move in a vertical plane and carries a steady current 
of 20 A, is in equilibrium at a height of 0.01 m over another parallel long wire CD which is fixed 
in a horizontal plane and carries a steady current of 30 A, as shown in figure. Show that when AB 
is slightly depressed, it executes simple harmonic motion. Find the period of oscillation. 


Sol. Let m be the mass per unit length of wire AB. At a height x about the wire CD, magnetic force per 


unit length on wire AB will be given by 


nii 
z, = Hats (upwards) @ 
nx PR 
Wr. per unit of wire AB is 
Fe T 
ng(downwards) 4-00 
130A, 
AL x =d, wire is in equilibrium C y op 
mE 
ie. -mg 
x 2d 
Hii, _ mg 
rd d a) 


When AB is depressed, x decreases therefore, F, will increase, while F, remains the same. Let AB 
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is displaced by dx downwards. Differentiating equation (i) w.r.t.x, we get 


(ii) 


ie, restoring force, F ^d F, x-dx 
Hence the motion of wire is simple harmonic. From equation (ii) and (iii), we can write 


mg 


}dx — (x-d) 
d 
Acceleration of wire, a =- | & d 


Hence period of oscillations 
disp. 

V acc 
0.01 

Yos 


Practice Exercise 


Q.1 Considera closed semi-circular loop lying in the xy plane carrying a current /in the counterclockwise 


direction, as shown in Figure. Find the magnetic Force on a Semi-Circular Loop 


Q.2 A conducting rod having a mass density 2. kg/m is suspended by two flexible wires ina uniform magnetic 


ld jj which points out of the page, as shown in Fig 


If the tension on the wires is zero, what are the magnitude and the direction of the current in the rod? 
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o 


QA 


A rod with a mass m and a radius R is mounted on two parallel rails of y 
length a separated by a distance /, as shown in the Figure. The rod carries 
a current Jand rolls without slipping along the rails which are placed in a 


uniform magnetic field jj directed into the page. Ifthe rod is initially at rest, 


what is its speed as it rolls off the rails? - d 


A strong magnet is placed under a horizontal conducting ring of radius r that carries current I as shown in 
what are the 


figure. If the m: 
itude and direction of the resultant force on the ring? 


etic field B makes an angle with the vertical at the ring's locati, 


mag 


W 


Answers 


Q4 


Q3 


mg ig 


2IRB into the page Q2 BC" B 


4l/Ba 
v Q4 F, =(Bsin0)I(2ar) 
\ 3m 


Force Between Two Parallel Wires : 


'e already seen that a current-carrying wire produces a R DL 
magnetic field. In addition, when placed in a magnetic field, a 3 
wire carrying a current will experience a net force. Thus, we 

expect two current-carrying wires to exert force on each other. 
Consider two parallel wires separated by a distance a and 


carrying currents /,'and /,? in the +x-direction, as shown in 


Figure 


The magnetic force, F, , exerted on wire 1 by wire 2 may be computed as follows: Using the result from 


45 


in the +x-direction are circles concentric 


the previous example, the magnetic field lines due to /,2g0i 


with wire 2, with the field B, pointing in the tangential direction. Thus, at an arbitrary point Pon wire 1, 


we have B, — - (ul, /2na)j. which points in the direction perpendicular to wire 1, as depicted in 


fore, 


Figure, The 


_ Holset 
ma 


k 


Clearly f, , points toward wire 2. The conclusion we can draw from this simple calculation is that two 


parallel wires carrying currents in the same direction will attract each other. On the other hand, ifthe 


currents flow in opposite directions, the resultant force will be repulsive. 


Definition of ampere 


Consider two parallel wires separated by 1m and carrying a current of 1A each. Then i, =i,= 1A and 


d= Im, so that from equation. 
dr 
di 


This is used to formally define the unit ‘ampere’ of electric current. If two p: 


107 N/m. 


rallel, long wires, kept Im 


apart in vacuum, carry equal currents in the same direction and there is a force of attraction of 2» 10 


newton per metre of each wire, the current in each wire is said to be 1 ampere. 


Practice Exercise 


Q.1 Ifa currentis passed through a spring, does the spring stretch or compress? 


Q2 An 


finitely long wire carrying a current /, as shown in Figure. What is the magnetic force experienced by the 


ctangular loop of length / and width w carries a steady current /,. The loop is then placed near an 


loop due to the magnetic field of the wire? 


Find the magnitude and direction of 
L ata point O, ifthe wire is bent as shown in with curvature radius R 


force vector acting on a unit length of a thin wire, carrying current 


Q4 — Twolongthin parallel conductors of the shape shown in Fig. carry direct HI 
a ] 


currents 1, and L,. The separation between the conductors is a, the 
width of the right-hand conductor is equal to b. With both conductors — | | 


lying in one plane, find the magnetic interaction force between them 


reduced to a unit of their length. H 


Answers 
wolff 4 
Q.1 — compress Q2 2x |a (a+)} 


Q3 F mj /4R Q4 F > In (1 +b/a) 


Magnetic Moment 


Magnetic field (at 


distances) due to current in a circular current loop is very similar in behavior to 


the electric fi 


ld of an electric dipole. We know that the magnetic field on the axis of a circular loop, of a 
radius R, carrying a steady current / 


nna?) 


B- 


nla +x) 


its direction is along the axis and given by the ri 


t-hand thumb rule Here, x is the distance along the. 


from the centre of the loop. 
For x >> R, we may drop the Rè term in the denominator. Thus 
TES 


gi ( $ 


Where A=nR®= area of the loop 
The expression is very similar to an expression obtained earlier for the electric field of a dipole. The 


similarity may be seen if we we can define the magnetic dipole moment ji as 


a-1A 
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The direction of ji is the same as the area vector à, (perpendicular to the plane of the loop) and is 


determined by the right-hand rule (Figure). The SI unit for the magnetic dipole moment is ampere-meter* 


(Aem ). 


Illustration : 


Find the magnetic moment of an electron orbiting in a circular orbit of radius r with a speed v 


Sol Magnetic moment p=iA 


I = current; Since the orbiting electron behaves as current loop of current i, 


we can write i 


A = area of the loop = sr 


> n-0)| Jar) 
+ 


Practice Exercise 


Q.1 Find the magnetic moment of a thin round loop with current if the radius of the loop is equal to 
R= 100 mm and the magnetic induction at its centre is equal to B= 6.0 pT. 

Q.2 A thin insulated wire forms a plane spiral of N= 100 tight tums carrying current I=8 mA. The radii of 
inside and outside turns (Fig.) are equal to a = 50 mm and b= 100 mm. 


Find the magnetic moment of the spiral with a given current. 


We want to estimate the magnetic dipole moment associated with the motion of an electron as it orbits a 
proton. We use a “semi-classical” model to do this. Assume that the electron has speed v and orbits a 
proton (assumed to be very massive) located at the origin. The electron is moving in a right-handed 
sense with respect to the z-axis in a circle of radius r = 0.53 A, as shown in Figure. Note that 1 
A= 10 m 


(a) — The inward force m,v7/rreq 


red to make the electron move in this circle is provided by the Coulomb 


attractive force between the electron. 


proton (m, is the mass of the electron). Using this fact, and the 


value of r we give above, find the speed of the electron in our “semi-classical” model. 
(b) Given this speed, what is the orbital period Tof the electron? 
(c) What currentis associated with this motion? Think of the electron as stretched out uniformly around the 


circumference of the circle. In a time 7, the total amount of charge d that passes an observ 


ata point on 
the circle isjust e 

(d) Whatis the magnetic dipole moment associated with this orbital motion? Give the magnitude and direction, 
The magnitude of this dipole moment is one Bohr magneton jt 

Q4 — Anon-conducti 
about its axis with an ar 


hin disc of radius R charg 


'd uniformly over one side with surface density c rotates 


lar velocity œ. Find: 
(b) the magnetic moment of the disc 


Answers 


Q1 p,72zR'B/n, = 30 mA «m? Q2 p, = 1/3 IN (a? + ab + b?) 


Q3. (a) 2.18 x 105 m/s ;(b) 52 x 1075s (c) 05 mA. Big!; — (d)9.27 x 10 along the .z-axis. 


Q4  p,- 1/4 nooR* 


Torque on a Current Loop : 


What happens when we place a rectangular loop carrying a current / in the xy plane and switch on a 


uniform magnetic field jj — pj which runs parallel to the plane of the loop, as shown in Figure (a)? 


Figure : (a) rectangular current loop placed in a uniform magnetic field. 
(b) The magnetic forces acting on sides 2 and 4 
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From Eq., we see the magnetic forces acting on sides 1 and 3 vanish because the length vectors 7, 


and 7, =bi are parallel and anti-parallel to § and their cross products vanish. On the other hand, the 
magnetic forces acting on segments 2 and 4 are non-vanishing: 


((—aj) x (Bi) = laBk 


} 
|B, = aj) « (Bi) = -IaBk 


with Ë, pointing out of the page and F, into the page. Thus, the net force on the rectangular loop is 


as expected. Even though the net force on the loop vanishes, the forces F, and Ë, will produce a torque 


which causes the loop to rotate about the y-axis (Fig 


). The torque with respect to the center of the. 


loopis 


(Pil. laBk «| 


*i)«Crani)) 


labB | labB) 
| 2 * 3 Jj" labBj- IABj 


where A — ab represents the area of the loop and the positive sign indicates that the rotation is clockwise 

about the y-axis. It is convenient to introduce the area vector à — Aj; where ĝ isa unit vector in the 

direction normal to the plane of the loop. The direction of the positive sense of ñ is set by the conventional 

right-hand rule. In our case, we have 5 = , . The above expression for torque can then be rewritten as 
7=IAxB 


Notice that the magnitude of the torque is ata ma 


allel to the plane of the loop (or 


im when B is p: 


perpendicular to). 


Consider now the more general situation where the loop (orthe area vector 4 ) makes an angle 0 with 


respect to the magnetic field. 


‘otation of a rectangular current loop 
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From Figure, the lever arms and can be expressed as: 


P C sinoi «cosok)- - 


and the net torque becomes 


i-hxBeR-25xf, 2. (singi +cos 0) (ni) 


jlabB sin j= 1A xB 
Fora loop consisting of N turns, the magn 


t=NIAB sin 0 


tude of the toque is 


The quantity NIÀ is called the magnetic dipole moment ji 
fi=NIA 

Using the expression for ji, the torque exerted on a current-carrying loop can be rewritten as 
i-üxB 

The above equation is analogous to 7 = jx E in Eq, the torque exerted on an electric dipole moment i 


in the presence of an electric field j 


Configuratoin energy of current loop in uniform magnetic field. 


Recalling that the potential energy for an electric dipole is U = js +E [see Eq], a similar form is expected 


for the magnetic case. The work done by an external agent to rotate the magnetic dipole from an angle 
© toBisgiven by 


Way = [(uBsin 0")d0'= uB(cos0, —cos0) 


-AU-U-U 


Once again, W,,, =—W, where W is the work done by the magnetic field. Choosing U, 0 at 0, = 1 


2, the dipole in the presence of an external field then has a potential energy os 
U--yBcos0- -j.-B 


The configuration is at a stable equilibrium when ji isa 


icd parallel to jj, making U a minimum with 


U min 7 HB. On the other hand, when ji and jg are anti: 


arallel, U, =+HB is a maximum and the 


system is unstable. 
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Illustration : : 
A uniform, constant magnetic field gy is directed at an angle of 45° to E 5 
the x-axis in the xy-plane. PORS is a rigid, square wire frame car- ^p. 
rying a steady current 1, with its centre at the origin O. At time t ^l 
=0, the frame is at rest in the position shown in the figure, with its F 78 


sides parallel to the x and y axes. Each side of the frame is of mass 
M and length L 
(à) — What is the torque 3 about O acting on the frame due to the magnetic field? 
(b) Find the angle by which the frame rotates under the action of this torque in a short inter- 
val of time At , and the axis about which this rotation occurs. (At is so short that any variation 
in the torque during this interval may be neglected). Given moment of any variation in the torque 
during this interval may be neglected). Given moment of inertia of the frame about an axis 
through its centre perpendicular to its plate is (4/3) Ml 
Sol. (a) As magnetic field j is in x-y plane and subtends an angle of 45" with x-axis 

B, = BcosáS"- B. 

And — B, = BsindS - B/42 


So in vector form 


B= i(B/ y2)+ B/42 


and M=1,Sk=1,0% 


swo t=MxB=1,Vi{ 


LEB 
t= x(-i+)) 


i.e, torque has magnitude 1,12 B and is directed along line QS from Q to S. 


(b) As by theorem of perpendicular axis, moment of inertia of the frame about QS. 


Ig 21i, =4{ Sv ]-2uc 
27723 S73 
And as t= la. 
get _hUBx3_ 31,8 
XM 72M 


As here a is constant, equations of circular motion are valid and hence from 0 - o Los? with 


o, 20 we have 
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Practice Exercise 


Qu 


Q3 


A current loop consists of a semicircle of radius R and two straight seg 
between them. The loop is then placed in a uniform ma, 


(a) Find the net force on the current loop. 


vents of length / with an angle 0 
tic field pointing to the right, as shown in 


(b) Find the net torque on the current loop. 


Figure shows a wood: 


sylinder with a mass m and a length L with N tums of wire wrapped around it 
longitudinally, so that the plane of the wire loop contains the axis of the cylinder. What is the least current 
through the loop that will prevent the cylinder from rolling down a plane inclined at an angle to the 
horizontal, in the presence of a vertical, uniform magnetic field B, ifthe plane of the windings is parallel to 
the inclined plane? 


A copper wire of density p with cross-sectional area S bent to make three sides of a square 


an tum 
abouta horizontal axis OO' (Fig ). The wire is located in uniform vertical magnetic field. Find the magnetic 
induction if on passing a current I through the wire the latter deflects by an angle 0 
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mg 
Q4 Q2 layer Q3 B=(2 


Moving coil Galvanometer : 


The main parts of a moving-coil galvanometer are shown in figure. 


The current to be measured is passed through the galvanometer. As the coil is in the magnetic field ij of 


the permanent magnet, a torque Ë = niA x B acts on the coil, Here n= number of turns, i= current in 


thecoil A 7arca-vectorof the coil and § = magnetic field atthe site of the coil. This torque deflects the 
coil from its equilibrium position. 


The pole pieces are made cylindrical. As a result, the magnetic field at the arms of the coil remains. 


\e of the c 


parallel to the pla everywhere even as the coil rotates. The deflecting torque is then F = niAB 
As the upper end of the suspension strip W is fixed, the strip gets twisted when the coil rotates, This 
produces a restoring torque acting on the coil. Ifthe deflection of the coil is 0 and the torsional constant 
of the suspension strip is k, the restoring torque is kO. The coil will stay at a deflection 0 where 
niAB=kO 
k i) 


957 17 nAB 


k 


Hence, the current is proportional to the deflection. The constant ay is called the galvanometer 


constant 


We define the current sensitivity of the galvanometer as the deflection per unit current. From Eq. this 
current sensitivity is. 

$ NAB 

T k 


A convenient way for the manufacturer to increase the sensitivity is to increase the number of turns N. 


We choose galvanometers having sensitivities of value, required by our experiment. 


We define the voltage sensitivity as the deflection per unit volt of applied potential difference 


DK 
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An inte 


ing point to note is that increasing the current sensitivity may not necessarily increase the 
voltage sensitivity. If N — 2N, i.e., we double the number of tums, then 


Thus, the current sensitivity doubles. However, the resistance of the galvanometer is also likely to double, 
since itis proportional to the length of the wire. In eq. N — 2N, and R — 2R, thus the voltage sensitivity, 


v ¥ 
remains unchanged 


Practice Exercise 


Q.1 Two moving coil meters, M, and M, have the following particulars 
R, = 109, N, - 30 
A, =3.6 « 10° m?, B, = 0.25 T 
R, = 140, N, =42 
A, = 1.8 x 10° m B, = 0.50 T 
(The spring constants are identical for the two meters) 


Determine the ratio of (a) current sensitivity and (b) voltage sensitivity of M, and M, 


Answers 


QI (a)14)1 
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Solved Examples 


Sol 


Sol 


A current I flows ina long straight wire with cross- 


(Fig.). Find the induction of the magnetic field at the point O. 


at- L (Rao) - do 
zR x 


Had — nol 


d Fy dà 
IB ZAR 7 2m R 


Inthe figure shown the magnetic field at the point P. 


Consider the figure 


B, - (8) +(B,), +(B,) +B), +B) 


inite wire) 


ect 


n having the form ofa thin half-ring of radius R P 
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(Bj, = 


> É 
8, 
i 
> B + 


Q.3 A thin insulated wire forms a plane spiral of N tight tums carrying a current 1. The radii of inside and 


metic indu 


outside turns (Fig.) are equal toa and b.. Find th ion at the centre of the spira 


EO 
Sol.  B,,- (as) = 
sel agr at) y 
an=" ar 
b-a 
dB = B, N = HON! dr 
2(b-a) r 


B-ja- LN! far Nt pb 
20-2) r 20-a) a 
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Q4 


Sol. 


A disc of radius R rotatesatana © about the. 


xis perpendicular to its surface and passing 


through its centre, Ifthe disc has a uniform surface charge density o, find the magnetic induction on the 


axis of rotation at a distance x from the centre. 


Considera ring of radius rand width dr. 


Charge on the ring, dq =(2nr dr) 
dq 
Current due to ring is dl = 77 


s2 gwr dr 


Magnetic field due to ring at point P is 


n 1509 r'dr 
dE B- fab n Iz ay à) 


Putting r? + x? =? and 2rdr=2t dt and integrating (i) we get 


maof R "s 


B 


2 | VR +x 


A circular loop of radius R is bent along a diameter and given a shape as shown in figure. One of the 


semi-circles (KNM) lies in the x-z plane and the other one (KLM) in the 


plane with their centres at 
origin. Current I is flowing through each of the semi-circles as shown in figure. 


A particle of charge q is released at the origin with a velocity V = - V,j . Find the instantaneous force 


Fon the particle. Assuem that space is gravity free. 


Magnetic field at the centre of a circular wire of radius R carrying a current lis given by 


1 
pate 
2R 
Tn this problem, currents are flowing in two semi-circles, KLM in the y-z plane and KNM in the x-z 
plane. The centres of these semi-circles coincide with the origin of the Cartesian system of axes. 


Bau (EEk 
2\2R 
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Q.6 


Sol 


B Be c» 
RIO 


Id at the origin is 


The total magnetic 


B, = 
AR 


Itis given that a particle of charge q is released at the origin with a velocity V=- V, . The instantaneous 
force acting on this particle is given by 


f=q(VxB] 


Inthe figure a charged sphere of mass m and charge q starts sliding from rest ona vertical fixed circular 
track of radius R from the position shown. There exists a uniform and constant horizontal magnetic field 


of induction B. The maximum force exerted by the track on the sphere. 


———— 


E, =qvB a and directed radially outward. 


N- mgsin0 + qvB == 


my 


> N=™ 4 mgsin0-qvB 
Rm q 


Hence at o 


+mg-qBJ2gR = 


Sol 


Q& 


along the 


A straight segment OC (of length L meter) ofa circuit carrying a current 1 amp is plac 


‘Two infinitely long straight wire A and B, each extending z = —7 to + are fixedat y=- a metre and y 


=+ a metre respectively, as shown in the figure. If the wires A and B each carry a current I amp into the 


place of the paper, obtain the expression for the force acting on segment OC. What will be the force on 
OC if the current in the wire B is reversed? 


Magnetic field B, produced at P(x, 0, 0) due to wire, B, =p,1/22R, B, jiL/22R . Components of 


B, and B, along x-axis cancel, while those along y-axis add up to give total field. 


=) (along — y direction) 


The force dF acting on the current element is dF = I(dT x BB) 


P 8 X 
ppt "i in 90°=1] 
patil i x dx 


Ifthe current in B is reversed, the magnetic field due to the two wires would be only along x- direc 


and the force on the current along x- direction will be zero. 


Shown in the figure isa very long semicylindrical conducting shell of 


radius R and carrying a current i along its length. An infinitely long straight 


current carrying conductor is lying along the axis of the semicylinder. If 


the current flowing thro 


h the straight wire is i, then find the froce on 


the semicylinder. 
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Sol 


Q9 


Sol 


The net magnetic force on the conducting wire 


=F=[2dFcos0 


dicosü 


> 


i ido 
en di - — x Rdü = 
when di t z 


Hui (id0)cos 0 
> Fs 
Wl ox 
i m 
> Feige J eroe 
A wire loop carrying a current Lis placed in the x-y plane asshownin m 


qand mass m is placed at the centre 
(b) 


figure. (a) Ifa particle with charg 


Pand leratior 


ven a velocity v along NP find its instantaneous ac 


Ifan external uniform ma 


netic induction ig — pj is applied, find the 


force and torque acting on the loop. 


(a)As in case of current-carrying straight conductor and arc, the 
magnitude of B is given by 


T 
Hs. (sina +sinp) 


B, 
And 
Hl 

And B, = 

And am 


So in accordance with right hand screw rule, 


(8.) 2sin60(-K) 


4r (acos60) 


5-3 ® 


Now as force on charged particle in a magnetic fields is given by 
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Q.10 


Sol 


so here, 


F 
andso @=—=10 


(b) As df= Č «B. so P= fial xB 
As here land jj are constant 
F=1[[fat|xB=0 — fasfar-o] 


Further as area of coil, 


n60""xa cos 60° |k =a k 


andhene — $-MxB- B| 7 kc 
x 45] 
ie OW T N-m gs xi 


A coil of radius R carries current /. Another concentric coil of radius (<<R) carries current į. Planes of 


two coils are mutually perpendicular and both the coils are free to rotate about common diameter. Find 


maximum 


netic energy of smaller coil when both the coils are released, masses of coils are M and m 


respectively 


Ifa magnetic dipole having moment M be rotated through angle g from 
equilibrium position in a uniform magnetic field B, work done on it is 


W =MB(1~cos0). This work is stored in the system in the form of energy. 


When system is release, dipole starts to rotate to occupy equilibrium position. 
and teh energy converts into kinetic ener 
maximum when stored energy is complet 


ry and kinetic energy of the system is 


ly released. 


ul 


Magnetic induction, at centres due to current in larger coil is B — ^c 


Magnetic dipole moment of smaller coil is iz 
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Qu 


Sol 


Initially planes of two coils are mutually perpendicular, therfore @ is 99° or energy of the system is 


U = (iar )B(L - cos90*) 


Moline 
IR 


U 


When coils are release, both the coils start to rotate about their common diameter and their kinetic 


energies are maximum when they become coplanar. 


1 
Moment of inertia of larger coil about axis of rotation is /, = m& 


1 
and that of smaller coil is /, = mr 


Since, two coils rotate due to their mutual interaction only, therefore, if one coil rotates clockwise then 


the other rotates anticlockwise. 


ies of la 


Let angular velo 


rand smaller coils be numerically equal to o» and o, respectively when 


they become coplaner, 
Accordi 


(o law of conservation of angular momentum, 
lo = Lo 


and according to law of conservation of energy, 


From above equations, maximum kinetic energy of smaller coil, 


Ul, 


l o) 
itu 


IscliMRr 
AMR? + mr*) 


What is the work done in transferring the wire from position (1) to position (2)? 


The loop can be considered as the combination of teh number of elementary loops. 


‘The net current in the dotted wires is 0 as current in the neighboring loops flowing through the same wire 
are opposite in direction. 


| Copied to clipboard. 


es 


consider an elementary loop of width dr at a distance r from 


the wire 
The 'dp’ magnetic moment of the elemental loop 
=I, dr 


‘The B at that point due to straight wire 


qU - -Bdy =H dtcos 


[As dp isanti-parallel to B.] 


y ja EMT 


Bysymmetry, U, =-L 


TA 
> AU = work done =-(U; - U,) = 24^ In. 


The work done in transferring the wire from position 1 to 2 


Ly Ly Ly Ly Ly 


LA + 
i^ 


n 


nl, b 


ELECTROMAGNETIC INDUCTION. AND. ALTERNA... P $ 


ELECTRO MAGNETIC INDUCTION 
Magnetic Flux 


Considera uniform magnetic field passing through a surface S, as shown in the figure below 
Let the area vector be A = Añ , where A is the area of the surface ñ and its unit normal. The magnetic 


flux through the surface is given by ©, = B- Å = BAcos0 


where 0 is the angle between B and ñ. Ifthe field is 
non-uniform, ®, then becomes 


o, = [8 dÄ 


The SI unit of magnetic flux is the weber (Wb): 1Wb = 1 T.m? 


Electromagnetic induction 


Th 


and moving charges (currents), respectively 


tric fields and magnetic fields considered up to now have been produced by stationary charges 


net 


It was observed that when a closed current carrying loop can set up a magnetic field . By nature of 


symmetry an obvious question comes in mind, can a current be gen 


rated with the help of magnetic field? 


Answer to this care in 1831 when michacl faraday discovered that a change in magnetic filed can 
produce a current in a loop . The phenomenon is known as electromagnetic induction. Figure illustrates 


Faraday's experiments. 


Faraday's Experiment 


Faraday observed that no current is registered in the galvanometer when bar magnet is stationary with 


respect to the loop, However, a current is induces 
bar magnetand the loop. In particular, the galvanometer deflects in one dire 


the loop, and the opposite direction as it moves away. 


in the loop when a relative motion exists between the 


jon as the magnet approaches 


Faraday concluded that whenever the flux of magnetic field through the area bounded by a closed 


conducting loop ch 


nges, an emf is produced in the loop. 


Lenz's Law (Deciding direction of inducted e.m.f.) 


The induced emf resulting from a changing magnetic ftux has a polarity that leads to an induced current 


whose direction is such that the induced m ic fi 


Id opposes the original ftux change. We shall discuss 


later on how itis in accordance with conservation of energy 


Hlustration 


Sol 


In Figure there is a constant magnetic field in a rectangular region of space. This field is directed 
perpendicularly into the page. Outside this region there is no magnetic field. A copper ring moves 
through the region from position 1 to position 5. Find the induced current in the ring as it passes 
through positions 

(à)! (b2 ()3 (4 (e$ 


(a) Since the field is zero outside the rectangular region, no 
Position 2 


flux passes through the ring in position 1 , there is no change in the 


flux through the ring, and there is no induced emf or current in the 


ring Position 3 
(b) In position 2 the flux increases. According to Lenz's law, the 
induced current must create an induced magnetic field that opposes ball 
the increase. To oppose the increase, the induced field must point 
opposite to the external field and, therefore, must point out of the Position $ 


-0-G-0-0-O 


page. for which the induced current must be counterclockwise 


(c) Here the field is not zero, Hence nonzero flux passes through the ring in position 3 but the flux 


through the ring is constant, and there is no induced emf or current in the ring 


(d) In position 4 the flux decreases. According to Lenz's law, the induced current must create an 
induced magnetic field that opposes the decrease. To oppose the decrease, the induced field must 
point in the direction of external field and, therefore, must point into the page. For which the 


induced current must be clockwise 


(e) Since the field is zero outside the rectangular region, no flux passes through the ring in posi- 
tions 5, there is no change in the flux through the ring, and there is no induced emf or current in 


the ring 


Copied to clipboard. 


ractice Exercise 


Q.1 — Determine the direction of the induced current for the following situations. 


(a) (b) 


Q2  Ametalringis placed near a solenoid, as shown in Figure. Find direction of induced current in the ring 


a. atthe instant the switch in the circuit containing the solenoid is thrown closed, 
b. — afterthe switch has been closed for several seconds, and 
c. atthe instant the switch is thrown open 
= 
li 
Switch 


Q3  Twocircularloops 4 and B have their planes parallel to each other, as shown in Figure, 


Loop A has a current flowing in the counterclockwise direction, viewed from above. 

(a) Ifthe currentin loop 4 decreases with time, what is the direction of the induced current in loop 
B? Will the two loops attract or repel each other? 

(b) Ifthe current in loop A increases with time, what is the direction of the induced current in loop 8? 
Willthe two loops attract or repel each other? 


" 


QA _ Fig illustrates plane figures made of hin conductors which are located ina uniform magnetic field directed 
away from a reader beyond the plane of the drawing. The magnetic induction starts diminishing. Find 
how the currents induced in these loops are directed. 

(a) (b) (c) (d) 
Answers 

Q.I — (a)anticlockwise when seen from the side of magnet — (b) clockwise when seen from the side of magnet 

Q.2 (a)clockwise when seen from the side of solenoid (b) zero 
(c)anticlockwise when seen from the side of solenoid 

QJ (a)anticlockwise when seen from above attract (b) clockwise when seen from above „repel 

QA (a) In the round conductor the current flows clockwise there is no current in the connector ; (b) in the 


outside conductor, clockwise ; (c) in both round conductors, clockwise ; no current in the connector, (d) 
in the left-hand side of the figure eight, clockwise 


Lenz's law And conservation of energy 


First figure (below) shows a bar magnet moving toward a conducting loop. It is the motion of the bar 
magnet to the right that induces an emfand current in the loop. Lenz’s law tells us that this induced emf 
and current must be ina direction to oppose the motion of the bar magnet. That is, the current induced 
in the loop produces a magnetic field ofits ow 
the approaching bar magnet. 


ag 
ern "S 


nd this magnetic field must exert a force to the left on 


Second figure shows the induced m 
toward it. The loop acts like 


c moment of the current loop when the magnet is moving 
ght. 


small magnet with its north pole to the left and its south pole to the ri 


Because like poles repel, the induced magnetic moment of the loop repels the bar magnet; that is, it 


‘opposes its motion toward the loop. This result means the direction of the induced current in the loop 
must be as shown in Second figure 


Suppose the i 
Then 


duced current in the loop shown in Second figure was opposite to the direction shown 


would b 


a magnetic force toward the right on the approaching bar magnet, causing the bar 


magnet to gain speed. This gain in speed would cause an increase in the induced current, which in tum 


would cause the force on the bar magnet to increase, 


and so on. This result is too good to be true. Any 


time we nudge a bar magnet toward a conducting loop it would move toward the loop with eve 


nereasing 
speed and with no significant effort on our part. Were this situation to occur, it would be a violation of 
conservation. The reality, however, is that ene 


enei yy is conserved, and Lenz's law is consistent with 


this reality 


Faraday's Law 


Note: 
qd) 
Q) 


6) 


[7] 


Whenever the flux of magnetic field through the ai 


ea bounded by a closed conducting loop changes, 
an emf is produced in the loop. The emf is given by 
d$, 


The -ve sign is according to Lenz's law (opposition) 


For a coil that consists of N loops, the induced emf would be: 
NA 

dt 
Average emfis is given by 


Ao, 
at 


We can see that an emf may be induced in the following ways: 


Copied to clipboard. 


(i) by varying the magnitude of jj with time (illustrated in Figure) 


(iii) varying the angle between j and the area vector A with time (illustrated in Figure) 


(5) — Induced currentis given by 
140, 
15- Rat 
(6) — Charge flown through a coil. 
nar 1 
aq - fiat = [- 199i. f -00 
a-fet- Rata 
oo, 
R 
0 


Heat developed will be 


H- [rat 


Copied to clipboard. 


do, 


(8) You can also evaluate the direction of€ from equations =- ^ 


The procedure to decide the direction is as follows: 


Put an arrow on the loop to choose the positive sense of current. This choice is arbitrary. Using righthand 
thumb rule find the positive direction of the normal to the area bounded by the loop. If the fingers curl 
along the loop in the positive sense, the thumb represents the positive direction of the normal. Calculate 


db, 
the flux through the area bounded by the loop. Ifthe flux increases with time, ^. is positive and is 
d®, - 
negative from equation z — ^,^ . Correspondingly, the current is negative. It is, therefore, in the 
db, 


direction opposite to the arrow put on the loop. If the flux decreases with time, =” is negative, c is 


dt 
positive and the current is along the arrow. 


Illustration : 


Figure shows a conducting loop placed near a long, stright wire carrying a current i as shown. If 


the current increases continuously. find the direction of the induced current in the loop. 


+ L3 


Sol Let us put an arrow on the loop as shown in the figure. The right-hand thumb rule shows that the 
positive normal to the loop is going into the plane of the diagram. Also, the same rule shows that 
the magnetic field at the site of the loop due to the current is also going into the plane of the 
diagram. Thus & and j are along the same direction everywhere so that the flux is positive. Ifi 

db, 

dt 


is positive. Thus, & is negative and hence , the current is negative. The current is, therefore, 
induced in the direction opposite to the arrow: 


increases, the magnitude of ©, increases. Since 9», is positive and its magnitude increases 


Mlustration = 
The magnetic flux through each turn of a 100 turn coil is (t — 21) * 10% Wb, where t is in 


second.Find the induced emf at t = 2s 
Sol. $ = (2) x 107 
9$ Le -2) x10 
at 


x10? .Wb/s 


=107 Wb/s 


--100x10?v EJ E 


Illustration : 


A wire in the form ofa circular loop of radius 10 cm lies in a plane normal to a magnetic field of 


100 T. If this wire is pulled to take a square shape in the same plane in 0.1 s,Find average induced 4 


emf in the loop is 


Sol According to Faraday's law of electromagnetic induction, 
LBA, -A) 
at ^ 


Let r be the radius of circle; then side of square formea 


Change is area of loop =A, - A, — sr 


Hence average emf induced 


x(4 - 1)x (0.1) x100 
4x01 


6.75 volt. 


Illustration : 


A conducting bar moves through a region of uniform magnetic field 
B - -BÉ (pointing into the page) by sliding along two frictionless 


conducting rails as shown in figure. An external force È, 


so that the conductor moves to the right with a constant speed v 
Find the 
a) emf induced in the coil. 


b) curent through the resistor and its direction. 


c) External force required to move the rod with constant speed. 
d) power delivered by external force 


©) power dissipated in resistor. 


Sol 
(à) — Letus take À out of the page. 
Now magnetic flux over the coil.will be 
D, =-Bix 
emf induced in the coil.will be 
do, p 
dt dt 


(b) current through the resistor will be 


Bw 
R 


(c) ^ Magnetic force on slider will be 


Bry 
=f, = (right 
R (righ) 


d) power delivered by external force 
Pa =F, : 
e) power dissipated in resistor 
_ Bey 
R 


Mlustration : 
A plane loop shown in Fig. is shaped as two squares with sides a 
20cm and b = 10 cm and is introduced into a uniform magnetic 
field at right angles to the loop's plane out of the page. The 
‘magnetic induction varies with time as B = B, sin ox . Find the 
amplitude of the current induced in the loop if its resistance per N 


unit length is equal to p . The inductance of the loop is to be 


negle 


Sol In both the loops e.m.f. are in opposing nature so we have to subtract in writing net flux 


Let us take à out of the page for bigs 


r part. 
Now magnetic flux over the coil.will be 

D, = (a? -b*)B, cosot 
emf induced in the coil.will be 


99s . (a? -b° )oB, sine 
e= Pe - (at -b?) 08, sinat 


current through the resistor will be 


j E _(@ -b°)oB, sinat _(a-b)oB, sinot 
R^ (paaro) 4 


current amplitude through the resistor will be 


_(a-b)oB, 
Cdp 


Copied to clipboard. 


Practice Exercise 


Q 


Q 


1 


4 


A bar magnet falls through a circular loop, as shown in Figure. [] 

(a) Describe qualitatively the change in magnetic flux through the loop when the bar 5 

magnet is above and below the loop. i 

(b) Make a qualitative sketch of the graph of the induced current in the loop as a "am 
J 


function of time, choosing / to be positive when its direction is counterclockwise as 


viewed from above. 


A small ci ides with the. 


lis introduced between the poles of an electromagnet so that its axis coin 


magnetic field direction. The cross-sectional area of the coil is equal to S = 3.0 mm?, the number of tums 
is N 760, When the coil tums through 180° about its diameter, a ballistic 


coil indicates 


Ivanometer connected to the 


ide between the 


arge q=4.5 4C flowin 


through it. Find the magnetic induction magi 


poles provided the total resistance of the elec 


ircuit equals R — 40 0. 


A connector AB ci 


slide without frictionalonga. shaped conductor located in a horizontal plane, The 
connector has a length |, mass m, and resistance R. The whole system is located in a uniform magnetic 
field of induction B directed vertically. At the moment t= a constant horizontal force F starts acting on 
the connector shifting it translationwise to the right. Find how the velocity of the connector varies with 


timet 


QP R F 


B 


Inthe previous question find the velocity of rod as a function of time, if initial 
vo towards right and F is not acting. 


it hasbeen given a velocity 


A copper connector of mass m slides down on two smooth copper bars, set at an angle a to the 
due to gravity (Fig). At the top the bars are interconnected through a resistance R. The 


horizontal 
separation between the bars is equal to /. The system is located in a uniform magnetic field of induction 
B, perpendicular to the plane in which the connector slides. The resistances of the bars, the connector 
and the sliding contacts, as well as the self-inductance of the loop, are assumed to be negligible. Find the 


steady-state velocity of the connector. 


Answers 


Qi (a) () 
Q2 B-I2RSN-05T 
FRÍ, ST x mgRsina 
vexn|t-e ™ —€— 5 
Q3 el Q4 v=ve Q5 v- as 


Generators : 


One of the most important applications of Faraday's law of induction is to generators and motors. A 


generator converts mechanical energy into electric ene 


y, While a motor converts electrical energy into 


mechanical ener 


Figure : (a) A simple g 


erator. (b) The rotating loop as seen from above. 


re (a) isa simple illustration of a generator. It consists of an N-turn loop rotating in a magnetic field 
h is assumed to be uniform. The magnetic flux varies with time, thereby inducing an emf, From 
Figure (b), we see that the magnetic flux through the loop may be written as 


Dp = B.A = BA cos0 = BA cos wt 


db, 
The rate of change of magnetic flux is qi BA asin ot 


Since there are N turns in the loop, the total induced emf across the two ends of the loop is 


do, 
N - NBAosin ot 
dt 


12 


Ifwe connect the generator to a circuit which has a resistance R, then the current generated in the circuit 


* MN 
is given by R7 og sinat 


The current is an alternating current which oscillates in sign and has an amplitude I, 7 NBAw/R. The 


(NBAo) |, 
power delivered to this circuitis P=I| [= "zd sin? ot 
On the other hand, the torque exerted on the loop is 

17 qBsin O= 4B sino 
Thus, the mechanical power supplied to rotate the loop is 
P, 7 07 BB osin ot 


Since the dipole moment for the N-tum current loop is 


N'A'Bo 
H7 NIA sin ot 
R 


the above expression becomes 


[ N'A?Bo. ) NABo)? 
Pa| R h | Boosin at = | ABO)” sin? ot 


As expected, the mechanical power in put is equal to the electric power output 


Motional EMF 
Consider a conducting bar of length / moving through a uniform magnetic field which points into the page, 
as shown in Figure. Particles with charge q> 0 inside experience a magnetic force F, = qv x B which 


tends to push them upward, leaving negative charges on the lower end. 


á 
= 
Figure : A conducting bar moving 


through a uniform magnetic field 


The separation of charge gives rise to an electric field Ẹ inside the bar, which in tum produces a downward 


electric force Ë, = qË . At equilibrium where the two forces cancel, 


we have qvB=qE or E = vB. Between the two ends of the conductor, there exists a potential di 
givenby 


ference 


-Eí- Bív 
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Since s arises from the motion of the conductor, this potential difference is called the motional emf. In 
general, motional emf around a closed conducting loop can be written as 


lel = | f(x By.as 


where dg isa differential length element. 


Illustration : 


A thin semi-circular conducting ring of radius R is falling with its plane vertical in a horizontal 
magnetic induction È (see figure). At the position MNO the speed of the ring is v . Find the 


potential difference developed across the ring. 


XXXXXxXx 
X x x xBx x 
x X XNx x x 
x xx x 
x[x x x x\ x 
M Q 


Sol. — The induced emf as given by Faraday s law of induction is 


E=-Bly 

1 = projection of ring perpendicular to the direction of v = 2 R 
Bx IR xy 
2BvR. 


Illustration : 


An air-plane with 20m wing spread is flying at 250 ms” straight south parallel to the 
surface. The earth s magnetic field has a horizontal component of 2x10* Wom? and the dip 
angle is 60°. Calculate the induced emf between the plane tips is. 
Sol — As the plane is flying horizontally it will cut the vertical component of earth s field B,,. So the emf 
induced between its tips, 
e=B,vl 
But as by difinition of angle of dip, 


B, 
Mné-u^ e, By =B, tang 


So =(B, tang)vl=210 x V3 x250%20 


3)«10" v =0.173V 
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Mlustration : 
A copper rod of length 't ‘rotates at an angular velocity «in a uniform magnetic field B as shown 


in figure. What is the induced emf across its ends? 


Solution: 
The rod is supposed to be the combination of a number of infinitesimal elements. Speed of each 


element is different. Consider an element at a distance £ from O. 
Ks HK 


" 
x apf * 
V 
rM 
$ 
x a Xx 


Speed of this element is œl, and is perpendicular to its len, 


jv8d 


As v-of 


= uB[ (dr = LoBU 
2 


'O" turns out to be +" and P the — ve terminal 


Illustration : 
A wire bent as a parabola y = ax? is located in a uniform magnetic field of induction B, the vector B being 


perpendicular to the x, y-plane. At the moment t= 0 a connector starts sliding translationwise from the 


leration « (Fig.). Find the emf of electromagnetic induction in the 


parabola apex with a constant acci 
loop thus formed as a function of y. 


o * 
Sol. — Obviously, from Lenz's law, the induced current and hence the induced em f. in the loop is anticlockwise. 


et 
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here, d= BdS ——2B x dy, 

and from 

Sealy 

ycav xc T 

Hence, 

E 2B y dy py [52 dy x 
&, 28 Ja ge - By yg using Gy = VOY 


Altemative sol 


c7 vB! 7 vBQx) = (\/2ey) (B) (2x) 


Practice Exercise 


Q.I — Forthesituation shown, find the emf induced in the loop. Explain your answer by both flux theory and 


theory of motional emf. 


Q.2 Figure shows a straight, long wire carrying a current i and a rod of length | coplanar with the wire and 
perpendicular to it. The rod moves with a constant velocity v in a direction parallel to the wire. The 
distance of the wire from the near end of the rod is a. Find the motional emf induced in the rod. 


l 


—— 


Q3 A rectangular loop with a sliding connector of length /is located in a uniform magnetic field perpendicular 
to the loop plane (Fig.). The magnetic induction is equal to B. The connector has an electric resistance R, 
the sides AB and CD have resistances R, and R, respectively. Neglecting the self-inductance of the 

constant velocity v. 


loop, find the current flowing in the connector during its motion with a 


5 
EE 


| 
B € 
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QA A square frame with side a and a long straight wire carrying a current I are 


located in the same plane as shown in Fig. The frame translates tothe right y 
with a constant velocity v. Find the emf induced in the frame asa function of 


distance x. 


A spherical conducting shell is placed ina vertical time-varying uniform magnetic field. Is there an induced 


current along the equator? 


Q.6 A metal rod of mass m can rotate about a horizontal axis O, sliding along a circular conductor of radius 
a (Fig.). The arrangement is located in a uniform magnetic field of induction B directed perpendicular to 
d to an emf source to form a circuit of resistance R. 


e, find the law according to which the source 


is and the ring are connect 


the ring plane. The 
Neglecting the friction, circuit inductance, and ring resistanc 


emf must vary to make the rod rotate with a constant angular velocity o. 


Q3  I=Bv/(R+R,,), where R,, 7 RR, /(R, +R,) Q4 be iaa 


P ; 9B? + 2mg sin ot 
5 Yes 6 & 
Q5 Ye Q6 & zm 


Induced Electric Field 


We have seen that the electric potential difference between two points A and B in an electric field Ẹ can 


be written as 


When the electric field is conservative, as is the case of electrostatics, the line integral of it is 


di-0 


path-independent, which implies f. 


Faraday's law shows that as magnetic flux changes with time, an induced current begins to flow. What 


47 


causes the charges to move? Itis the induced emf which is the work done per unit charge. However, 


since magnetic field can do no work, as we have shown, the work done on the mobile charges must be 
electric, and the electric field in this situation cannot be conservative because the line integral of a 


conservative field must vanish. Therefore, we conclude that there is a non-conservative electric field 


É,, associated with an induced emf: £= JE... ds 


Combining with Faraday's law th 


[z do, 
E,.d$ =-—® 
fes. 


The above expression implies that a changing magnetic flux will induce a non-conservative electric field 


which can vary with time, It is important to distinguish between the induced, non-conservative electric 


ield and the conservative electric field which arises from electric charges. 


Asan example, let's consider a uniform m: 


«tic field which points into the page and is confined to a 


circular r ses with time, i.e. 


on with radius R, as shown in Figure. Suppose the magnitude of j inci 


dB /dt> 0, Let's find the induced electric field everywhere due to the changing magnetic field. 


Since the magnetic field is confined to a circular region, from 


symmetry arguments we choose the integration path to be a 
circle of radius r. The magnitude of the induced field E,,. atall 
points on a circle is the same. According to Lenz’s law, the 
direction E,. of must be such that it would drive the induced 


current to produce a magnetic field opposing the chan; 


in 
magnetic flux. With the area vector à poi 
ative or inward. With dB /dt>0, the 


ting out of the page, 
the magnetic flux is n 


inward magnetic flux is increasing. Therefore, to counteract this 


change the induced current must flow counterclockwise to 


produce more outward flux. The di 
F 


ion of Ë, isshown in 


gure. 


Let’s proceed to find the magnitude of 


In the region r>R 
the rate of change of magnetic flux is 


x AB into page 
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db, d denas (3B) . 
4 "a8 7 Q4 CBA77 (a J 


Using equation, we have 


j& d EQ. 


deo, (dB) 
7) = - 8 =| Č her 


dt dt 
which implies 


r dB 


EET? 


do, (dB) 
da d 


E, nr) ]n 


R? dB 


or 
2r dt 


The pattern of E,, asa function of ris shown in figure. 


A plot of E,. asa function of ris shown in figure. 


Copied to clipboard. 


Practice Exercise 


1 Figure shows two circular regions of radii R, & R, (R, being the bigger circle), The magnetic field in 


dB 
both are decreasing at arateof “y -Calculate (Ed. for each of the three paths indicated. 


ath 3 


Q2  Auniformmagnetic field fills a cylindrical volume of radius R. Ifthe magnetic field is decreasing at a rate 


dB 
, find induced emfat rod's end. 


di 
=i 
Answers 

dB dB 
Q. xR} forpa 2,<—n(Ri— R?) forpath3 
Q.1 ay 7R? for path 1, at ( ) for path 
Q2 Lje-L28 

2 4 dt 


Eddy Currents : 


We have seen that when a conduc 


result of changing magnetic flux. Ifa solid conductor were used instead of a loop, as shown in Figure, 


Joop moves through a magnetic field, current is induced as the 


currents can also be induced along any closed loop in the conductor. The induced current are called an 


eddy current. 


‘The induced eddy currents also generate a magnetic force that opposes the motion, making it more 


difficult to move the conductor across the m held (Figure), 
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the conductor has non-vanishing resistance R, Joule heat 


ig causes a loss of power by an amount 
R. Therefore, by increasing the value of R, power loss can be reduced. One way to increase R 
is to laminate the conducting slab, or construct the slab by using gluing together thin strips that are 


insulated from one another (see Figure-a). Another way is to make cuts in the slab, thereby disrupting the 
conducting path (Figure-b). 


Figure (a) 


Figure (b) 


There are important applications of eddy currents. For example, the currents can be used to suppress 
unwanted mechanical oscillations. Another 


transit cars. 


pplication is the magnetic braking systems in high-speed 
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Self-Inductance : 


Consider again a coil consisting of N tums and carrying current / in the counterclockwise direction 


as 
shown in Figure. If the current is steady, then the magnetic flux through the loop will remain constant. 
However, suppose the current / changes with time, then according to Faraday's law, an induced emf will 


dl 
arise to oppose the change. According to lenz law the induced emf will be clockwise if | > 0,and 


counterclockwise if 5- <0. The property of the loop in which its own magnetic field opposes any 


at 
change in current is called "self-inductance," and the emf generated is called the self-induced emf or 
back emf, which we denote as c, . All current-carrying loops exhibit this property. In particular, an 


inductor is a circuit element (symbol 


) which has a large self-inductance. 
) 


Mathematically, the self-induced emf can be written as 


do, d 
N€ [B.dA 
dt al 


The above two expressions can be combined to yield 
No, 
1 


Physically, the inductance L is a measure of an inductor's "opposition" to the change of current; larger 


the value of L, lower the rate of change of current. 
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Illustration : 


Compute the self-inductance of a solenoid with N turns, length ¢, and radius R with a current I 
flowi 


through each turn, as shown in Figure.lgnore edge effects 


Sol. Ignoring edge effects and applying Ampere s law, the magnetic field inside a solenoid is given by 
Eq. 


HoNI 


B k= ponl k 


where n = N / Cis the number of turns per unit length. The magnetic flux through each turn is 
O, = BA = unl . (7R?) = unl? 


NO, 


Thus, the self-inductanceis L= ^1 


ur RH 


Note Wesce that Z depends only on the geometrical factors (n, R and () and is independent of the current /. 


Illustration : 


A long coaxial cable as consisting of two thin concentric cylindrical conducting shells of radii a 
and b and length l, . The conducting shells carry the same current I in opposite directions. 
Imagine that the inner conductor carries current to a device and that the outer one acts as a 
return path carrying the current back to the source. Calculate the self-inductance L of this 


cable. 
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Sol. Imagine a thin radial slice of the coaxial cable, such as the shaded rectangle in Figure. The 
magnetic field is perpendicular to the rectangle of length 1 and width b-a, the cross section of 
interest, Divide this rectangle into strips of width dr. We 


ee that the area of each strip is ldr and 
that the flux through each strip is 

B dA-Bldr 
Hence, we find the total flux through the entire cross section by integrating 


Practice Exercise 


Q.1 Calculate the self-inductance of a toroid which consists of V tums and has a rectangular cross section, 


with inner radius a, outer radius b and height 4, as shown in Figure. 


Q2 How many metres of a thin wire are required to manufacture a solenoid of length /, = 100 cm and 
inductance L= 1.0 mH if the solenoid's cross-sectional diameter is considerably less than its length? 


Ignore edge effects 


An, 1= 4ml, L7 = 100m 


Practice Exercise 


Q2 1= jAxl,L/n, = 100m 
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Energy Stored in Inductor 


Since an inductor in a circuit serves to oppose any change in the current through it, work must be done 
by an external source such as a battery in order to establish a current in the inductor. From the work- 4 


energy theorem, we conclude that energy can be stored in an inductor. 


The power, or rate at which an extemal emf e,,, works to overcome the self- 


duced emf, and pass 


current in the inductor is 


Ifonly the external emf and the inductor are present, the: which implies 


dWay di 
vd t dt 
Ifthe current is increasing with dI / dt> 0, then P > 0 which means that the external source is doing 
positive work to transfer. 


gy to the inductor, Thus, the internal energy Up of the inductor is increased. 
On the other hand, if the current is decreasing with dl/dt < 0, we then have P < 0. In this case, the 
external source takes energy away from the inductor, causing its internal energy to go down, The total 


work done by the external source to increase the current form zero to l is then 


P Irsanz oss 
Wey ™ [d Ws jwar-zu 


We comment that from the energy perspective there is an important distinction between an inductor and 
a resistor. Whenever a current I goes through a resistor, energy flows into the resistor and dissipates in 
the form of heat regardless of whether I is steady or time-dependent (recall that power dissipated in a 
4, 7 PR). On the other hand, energy flows into an ideal inductor only when the current 
is varying with dl / dt» 0. The energy is not dissipated but stored there; it is released later when the 
current decreases with d/dt <0. If the current that passes through the inductor is steady, then there is no 
e is an important distinction betw 


resistors P, =1V 


enan 


change in energy since P, = LI (dI / dt) - 0. Also note that the 
d a resistor. The potential difference across a resistor depends on I, while the potential 
difference across an inductor depends on dl / dt. The self-induced emf does not oppose the current 


inductor a 


itself, but the rate of change of current. 


Energy density in a magnetic field 


A long solenoid with length / and a radius R consists of N tums of wire. A current / passes through the 


coil. We have to find the ener 


density in the magnetic field. 


Energy of the solenoid is given by 


Copied to clipboard. 
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The result can be expressed in terms of the magnetic field strength B= pnl 


1 
Ua = 34, (9D (x 


Since nR? is the volume within the solenoid, and the magnetic field inside is uniform, the term 


per unit volume) of the magnetic field will be given by 


Hence magnetic energy density ( i.e.the energy 


U B? 


me phy 


Up 


ty, or the energy per unit volume of the magnetic field. The 
in be compared 


may be identified as the magnetic energy der 
above expression holds true even when the magnetic field is non-uniform. The result 


with the energy density associated with an electric field: 


LE 
wst 


Growth and decay of current in L-R circuit 


Growth of Current : 


Consider the RL circuit shown in Figure. At r= 0 the switch is closed. We find that the current does not 


rise immediately to its maximum value c / R. This is due to the presence of the self-induced emf in the 


inductor 
eA ani ~w s 
& T i 
A Aa 
RL circuit is described by the following differential equation: 
di 
z-IR-L 0 
dt 
The above equation can be rewritten as 
di dt di dt 
I-c/R L/R ^? eR t 
S L 
where = 


is the time constant of the RL circuit. The qualitative behaviour of the current as a function of time is 


depicted in figure. 
Integrating over both sides with prper limits we get 


Copied to clipboard. 
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Note that after a sufficiently long time, the current reaches its equilibrium value e/R. The time constant t 
is a measure of how fast the equilibrium state is attained; the larger the value of L, the longer it takes to 
build up the current. A comparison of the behavior of current in a circuit with or without an inductor is 
shown in Figure 

Similarly, the magnitude of the self-induced emf can be obtained as 


which is ata maximum when 70. ishes as r approaches infinity. This implies that a sufficiently 


long time after the switch is closed, self-induction disappears and the inductor simply acts as a conducting. 
wire connecting two parts of the circuit 
To see that energy is conserved in the circuit, we multiply Eq. by Jand obtain 

di 


P le PR £L 


The lefi-hand side represents the rate at which the battery delivers energy to the circuit. On the other 
hand, the first term on the right-hand side is the power dissipated in the resistor in the form of heat, and 


the second term is the rate at which er 


y is stored in the inductor, While the energy dissipated through 


the resistor is irrecoverable, the magnetic energy stored in the inductor can be released later. 


Decay of Current : 
Next we consider the RL circuit shown in Figure. Suppose the switch S, has been closed fora long time 
so that the current is at its equilibrium value c/R. What happens to the current when at £= 0 switches S, 
is opened and S, closed? 


Writhing loop equation 


| Copied to clipboard. 
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which can be rewritten as 


di at d at 
1^ L/R 


4 


Integrating over both sides with prper limits we get 
[3b i 
il t 


where t= L/R is the same time constant as in the case of rising current. A plot of the current as a function 


of time is shown in Figure. 


Mlustration : 


The inductance of a closed-packed coil of 400 turns is 8 mH. A current of 5 mA is passed through 
it.Find the magnetic flux through the coil 


Sol. 
Ni 
LN 
i 
, 400%6 
8x10" = 
? 5x10 
Sur Wb-107 Wb 
400 


Illustration : 


A current of I = 10 A is passed through the part of a circuit shown in the figure. What will be 
the potential difference between A and B when I is decreased at constant rate of 10? amp/s, at 
the beginning? 


Copied to clipboard. | 
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Sol. Applying the law of potential between the points A and B we obtain, 


E 
VT HRE-LR 


-V,=-10 x2 + 12-5 x102 x (-I0)) = -20 + 12 + 0.5 = -7.5 volt. 


Illustration : 


Two different coils have self inductances L, = 8 mH and L, = 2 mH. The current in one coil is 
increased at a constant rate. The current in the second coil is also increased at the same constant 
rate. At a certain instant of time, the power given to the two coils is the same. At that time, the 
current, the induced voltage and the energy stored in the first coil are i,, V, and W, respectively 


Corresponding values for the second coil at the same instant are i, V, and W, respectively. Then 


find 
i, Ww 
@ v 0 y 
di, di di, di &.Lh.8 
Sol e =L, ande, =L = > = 
ee dt dt d d e L, 2 
1 
^ 4 4 
Power given to the coils are same. 
i 1 
So ei =e. > i 4 


1 
Energy = 5 Li 


Illustration : 
A coil of inductance 8.4 mH and resistance 6 Q is connected to a 12 V battery. Find the time 
after which current in the coil is approximately 1.0 A 


Sol. Current developed with time in a coil of inductance 


)where x = L/R 


Hence 
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t/14ms - In| 


= — t-(14x0.603)ms = 0.97ms = 1 ms 


Illustration : 


The current in an L — R circuit builds up to 3/4" of its steady state value in 4 seconds. Find the 
time constant of this circuit 


Sol. 


©") where t—> time constant 


> 212 2 t 


" 1 R 
Q.1 Consider the circuit shown in figure be £9535 —NW- 
Determine the current through each resistor Nu 
(a) immediately after the switch is closed. Tu 
£ AN 
(b) a long time after the switch is closed. R 
'uppose the switch is reopened a long time after it’s been closed. What if E "n 
is each current s —4| 


(c) immediately after itis opened? 


(d) — afleralongtime? Figure AL circuit 


Q.2 A closed circuit consists of a source of constant emt & and a choke coil of induct 


nce L connected in 


series, The active resistance of the whole circuit is equal to R. At the moment t = 0 the choke coil 
ased abruptly nti 
Instruction. During a stepwise chang 


inductance was dec: nes. Find the current in the circuit as a function of 


imet. 


eof inductance the total magnetic flux (flux linkage) remains constant 


Q.3 Find the time dependence of the current flowing through the inductance L of the circuit shown in Fi 
after the switch Sw is shorted at the moment t=0. 


min 


Q4 — A coil of inductanceL = 2.0 pH and resistance R = 1.0 Q is connected to a source of constant emf 


3.0 V (Fig.). A resistance R, = 2.0 Q is connected in parallel with the coil. Find the amount of heat 


generated in the coil after the switch Sw is disconnected. The internal resistance of the source is negligible. 


LR 


R 


Sw c 


Practice Exercise 


D 
Qi () l-L-gzg. 


(Ry +Ry)e Rye Rye 
O) l= RR,+R,R,+R;R,'2" RR, +R,R,+R;R RIR, +R,R; +R;R; 
Rye 
© h*-hwg; RR, RR, à © L=b=h=0 
& À L? 
2 i ea š E ; 
Q2 Is RUM) Q3 i= ) Q4 Q- RRIT 


Mutual Inductance 
Suppose two coils are placed near each other, as shown in Figure. 


WE 


The first coil has NV, tums and carries a current /, which gives rise to a magnetic field B, . Since the two 


coils are close to each other, some of the magnetic field lines through coil 1 will also pass through coil 2. 


Let ®,, denote the magnetic flux throug 
will be an induced emf associ 


one tum of coil 2 due to /,. Now, by varying J, with time, there 


ted with the changing magnetic flux in the second coil 
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dó, — Nd n 
e-n, n LUN [Ras 
^" dt dt 
The time rate of change of magnetic flux ®., in coil 2 is proportional to the time rate of change of the 4 
current in coil 1 


ice. It can also be written as 


where the proportionality constant M,, is called the mutual inducta 


NO. 


The SI unit for inductance is the henry (H) 
L henry =1H=1T.m?/A 


We shall see that the mutual inductance M, depends only on the geometrical properties of the two coils 
such as the number of tums and the radii of the two coils. 


Ina similar manner, suppose instead there is a current /,in the second coil and it is varying with time 


(Figure). Then the induced emf in coil 1 becomes 


p #22 NH [gua 
wr wu dt 


This changing flux in coil 1 is proportional to the changing current in coil 2, 


noy 
d "Ud 


where the proportionality constant M, is another mutual inductance and can be written as 


No, 


According to reciprocity theorem 
M,)=M. 
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Illustration : 


Consider Fig. which shows two long co-axial solenoids each of length I. We denote the radius 
of the inner solenoid S,by r, and the number of turns per unit length by n,. The corresponding 
quantities for the outer solenoid S, are r, and n, respectively. Let N, and N, be the total num- 
ber of turns of coilsS, and S, respectively. Calculate the mutual-inductance M between the 
solenoids, Neglect the edge effects 


N turns P75, 


Sol — When a current I, is set up through Sọ it in turn sets up a magnetic flux through S, 
The magnetic field due to the current I, in S, is 
Bound, 
The resulting flux linkage with coil S, is. 
«b, (n (zr up d.) 


Hence the mutual-inductance M between the solenoids will be 


M-90/I,-um,n,r/l 


Illustration : 


The coefficient of mutual induction between the primary and secondary of a transformer is 5 H. 


Calculate the induced emf in the secondary when 3 ampere current in the primary is cut off in 2.5 


10~ second. 


dip 3 
Induced emf in the secondary s= MÈ =- 6 x I0 V 


5 = 
dt^ 1/4000 


The negative sign merely indicates that the emf opposes the change. 


Illustration : 


A small square loop of wire of side lis placed inside a large square loop of wire of side L (>>. 
The loops are co-planar and their centers coincide. Find the mutual inductance of the system 


4 
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Magnetic field produced by a current in a large square loop of wire at its center 


Practice Exercise 


Calculate the mutual inductance of a long sti 


ight wire anda rectangular frame with sides a and b. The 


frame and the wire lie in the same plane, with the side b being closest to the wire, separated by a distance 
I from it and oriented parallel to it 


Two thin concentric wires shaped as circles with radii a and b lie in the same plane. Allowing fora <<b, 
find 

(a) their mutual inductance: 

(b) the magnetic flux through the surface enclosed by the outside wire, when the inside wire carries a 


current]. 


There are two statio 


loops with mutual inductance L, .. The current in one of the loops starts to be 


vangas I, =at, where a is a constant, tis time. Find the time dependence L(t) of the current in the other 
loop whose inductance is L, and resistance R. 


Answers 


(a) Ly, = pora? / 2b ; b, 


p- the q ev) wh L/R 
b= Ue) where t=Ly 
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LC Oscillations : 


Consider an LC circuit in which a capacitor is connected to an inductor, as shown in Figure. 


Suppose the capacitor initially has charge Q, When the switch is closed, the capacitor begins to discharge 


and the electric is decreased. On the other hand, the current created from the discharging process 


the total 


generates magnetic energy which then gets stored in the inductor. In the absence of resistanci 
energy is transformed back and forth between the electric energy in the capacitor and the magnetic 
energy in the inductor. This phenomenon is called electromagnetic oscillation. 

The total energy in the LC circuit at some instant after closing the switch is 


1Q 1 
U=Uc+U, 2 +5 LP 


The fact that U remains constant implies that 


du. a(1Q 1,5] odo di 


d alc 2° J ta Ha 
Q, d 9 " 
€ dt 
where 
dQ 
dt 
di dQ 
and dt de 


Notice the sign convention we have adopted here. The negative sign implies that the current Tis equal to 


the rate of decrease of charge in the capacitor plate immediately after the switch has been closed, 


The general solution to equation is 
Q- Q, cos (mt * 4) 
where Q, is the amplitude of the charge and 6 is the phase. The angular frequency oy is given by 
1 
VLC 


The corresponding current in the inductor is 


%= 
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i dQ 1 

- = e Q, sin (t +$) =, sin (yt 
dc T% sin (t + 4) =I, sin (t+ 4) 

where J, = Qo, 


From the initial conditions Q(at t= 0) =Q; and I(at t= 0) — 0, the phase à can be determined to = 
0. Thus, the solutions for thec ind the current in our LC circuit are 
Q(t) - Q, cos et 


and Kt) - I, sin ot 


The time dependence of Q(t) and I(t) are depicted in figure. 


Using Eqs., we see that at ne, the electric energy and the magnetic energies are given by 


y instant ofti 


Qt) (Q; 

| 2 Joos? ost 

2C (2c) 

1 Ls LECO)? o Qi 
and Ug= 5 LPO = sin ot wQ sin? at - | 5c. {sin 
The electric and magnetic energy oscillation is illustrated in figure. 

uec — t 

m t 


Mechanical analogy 


The mechanical analog of the C oscillations is the mass-spring system, shown in Figure. 


constant k is displaced from its 
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equilibrium by x, then the total energy of this mechanical system is 


lis 
5 kx? 


where K and U, are the kinetic energy of the mass and the potential energy of the spring, respectively. 


Inthe n 
dU dfl mle) idv Lu dx o 
à al 275 7 Tg TP 


Using v and 


the above equation may be rewrite: 


dx 


The general solution forthe displacement is 


X= x, cos (ct + $) 


k 


where 0 du 


is the angular frequency and x, is the amplitude of the oscillations. Thus, at any instant ín time, the energy 


of the system may be written as 


dor eg d. ios 
U -2mxjoj sin (@t+ 6) * 7 kx; cos? (out 6) 


: R ls 
sin? (o, 6) + cos! (ot + 6) 7 5 kx} 


In figure we illustrate the energy oscillations in the LC circuit and the mass spring system (harmonic 


oscillator). 


Copied to clipboard. 
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LC Circuit Mass-spring System 


RAV 


Ek: "WEN 


Illustration = 


An inductor of inductance 2 mH is connected across a charged capacitor of 5 WF. Let q denote the 


Q = 200 C. 


instantaneous charge on the capacitor, and i the current in the circuit, Maximum value of q is 


(a) 
(b) 


When q = 100 uC, what is the value of | di/dt| ? 
When q = 200 uC, what is the value of i? 
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Sol. — (a) Charge stored in the capacitor oscillates simple harmonically as 
Q - Q, sin (ox + 9) and 


1 1 


m= =10's" 
vic \(2<10°H)(5.0~10°F) 


4t 17 0, if Q = Q, then 
Q (t) = Q, cos ox and if Q = Q,/2, then cos ox = % 


di(t) 


à sc)fots? h1) 
T7200 cos(ot) = (200x10 C (10*s) 10 A/s 


l2) 


(b) When the energy of the capacitor is maximum, the energy stored in the inductor will be 


2mH 
ES 


Illustration : 


A capacitor of capacitance 2 pF is charged to a potential difference of 12 V. It is then connected 
across an inductor of inductance 0.6 mH. What is the current in the circuit at a time when the 
potential difference across the capacitor is 6.0 V? 


Sol As the capacitor is charged to a potential difference of 12 V, the initial charge on the capacitor is 
q,7 CV, = 2x 108 x 12 C (0 
At any instant as the capacitor discharges through the inductor (LC circuit), the instantaneous 
charge on the capacitor is given by 
4 = q, cos ax (2) [because at t = 0, q = q] 
Butq = CV B) 


where V is the potential difference at the instant ‘t 


" a_y 
From (1) and (3) we obtain = 


Putting the value of V and V, we obtain 


io 2o md > 4-() 
> ot = /3 rad w 
Here o= VLC [0.6x107 «2»10* | 


Copied to clipboard. 
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10 
o> rad/sec 6 
2a ad ) 


The current through the circuit at that instant is given by 


d 
i- iot 
gle cost 


> i=g,asinoe 
Putting the value of q, from (1), c»from (5) and ex from (4) we obtain. 
10 
i| 22x 107 x12 x zr sin (m3) 


06A 


Practice Exercise 


Q.1 Consider the circuit shown in Figure. Suppose the switch which has been connected to point a for 


long 


time is suddenly thrown to bat r7 0. 


L 
999, 
£u 
Find the following quantities 
(a) the frequency of oscillation of the LC circuit. 
(b) — the maximum charge that appears on the capacitor. 
(c) the maximum current in the inductor. 
(d) — thetotal energy the circuit possesses at any time ¢ 
Answer 
Qu f ; 5)o-c n E a ice 
@ f= site Q= ()=eVE (d) 5 Cc 


Copied to clipboard. 


Solved Examples 


Sol. 


A variable magnetic field creates a constant emf E in a conductor / XN 
ABCDA. The resistances of portion ABC, CDAandAMCareR,R, — / 


oe 
and R, respectively. What current will be shown by meter M? The — pi us 


magnetic field is concentrated near the axis of the circular conductor. \ 


Let E, and E, be the emfs developed in ABC and CDA, respectively. Then E, +E, = E. There is no 
net emf in the loop AMCBA as it does not enclose the magnetic field. If E, is the emf in AMC then 
E, - E, =0. The equivalent circuit and distribution of current is shown in figure. 
By the loop rule 
R,(x-y)+R,x =E, +E, =E 


and Ryy-R(x-y)-E,-E, =0 


ER, 


Solving fory, y 
Bers Y RR, FRR, + RR, 


A rectangular frame ABCD made of a uniform metal wire has a 


A im "og 
straight connection between E & F made of the same wire as shown 

in the figure. AEFD is a square of side | m & EB = FC =0.5 m. D 

The entire circuit is placed ina steadily increasing uniform magnetic E : 


field directed into the place ofthe paper & normal to it. The rate 
of change of the magnetic field is 1 T/s, the resistance per unit 
length of the wire is 1 €/m. Find the current in segments AE, BE & 


EF 


Induced e.m.f. 


1v (area = 1 m°) 


Inducede.m.f. in EBCF = (area = 


Total induced e.m.f 


Given that resistance per unit length of the wire is 192/m_. Hence the equivalent circuit take the form as 


shown in figure. The resistances 30 and 20 are in parallel. Her 


e their equivalent resistance would 
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6 
\s 
E=$ =$ E l | 
Current from EF = 75 7 amp. | | 
Cunentin AE = mp. 
BE 3 
Current in BE - 7x7 - 7 amp. 


Q.3 — Averysmall circular loop of area 55x 10m resistance 2 ohm 


and negligible inductance is initially coplanar and concentric with 


a much larger fixed circular loop of radius 0.1 m. A constant 


current of 1 Amp. is passed in the bigger loop and the smaller 


rad/s about a diameter. 


Joop is rotated with angular velocity « 
Calculate (a) the flux linked with the smaller loop (b) induced 
emf and induced current in the smaller loop as a function of 


time, 


Sol, (a) The situation is shown in figure. The field at the center of larger loop, 


«Wb 


à, 2nl 
Be 22x10 
m 


B, 10 
4r R 


is initially along the normal to the area of smaller loop. Now as the smaller loop (and hence normal to its 


plane) is rotating at angular velocity c», so in time tit will turn by an angle @ = wt w.r. to B and hence 
the flux linked with the smaller loop at time t 


$ = BS, cos0 = (21x10 ^) (5x10 *)cosoxt 


ie, à,  xx10*cosot Wb 


(b) The induced emf in the smaller loop, 


d 6 
e= =-<(nx10" cosot) 
dt 


nx10^osinot volt 


(c) The induced current in the smaller loop, 


x10 sin ot 


> 
R 
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QA — Awire frame of area A and resistance R is suspended freely from a 0,392 m long thread. There is a 
uniform magnetic field of B tesla and the plane of wire-frame is perpendicular to the magnetic field, The 


forcely made to oscillate using extemal force with small angular amplitude 0, along the direction 


frame 


of magnetic field according to the law 0 = 0, sin . The plane of the frame is always along the direction 
of thread and does not rotate about it. What is the inducted e.m.f. in wire-frame as a function of time? 


Also find the maximum current is the frame. 
Sol. The situation is shown in figure. The instantaneous flux through the frame when displaced through an 


angle Q is given by 


Equation of S.H.M 

0-0, sint 
Now 

© - BAcos 


Instantaneous induced e.m.f. 


do 40 do 
c=- . posing? . pag (sind - 0) 
à à à 


d 
€ BA(0, sin ox) ^ (0, sin ax) 
dt 


BAO,sinot 0,cosot 


= Ln A0; sin2ot 


and — i, - BAo6j sin2ot /2R 


Q.5 — AcoilA C D of radius R and number of tums n carries a current i amp. and is placed in the plane of 
re and above the coil 


paper. A small conducting ring P of radius r is placed at a distance y from the 
ACD. Calculate the induced e.m.f. produced in the ring when the ring is allowed to fall freely. Express 


induced e.m.f. in terms of speed of the ring. 
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Sol 


Q6 


Sol 


We know that magnetic induction at some point on the axis of a current carrying coil at a distance y from 
its centre is given by 


Now, the magnetic flux linked with ring P is 


epactey DERIT RT | yt He nmiR'r 
dn QU ey) 2 Ry) 


E 3 dy 
PR sy) init qe yy ay( 9) 
d 2 dt i 2 Lat 
3jmniR"U | _ 3 yyaniR r yy 
IR +y) 2 Uy) 


An infinitesimally small bar magnet of dipole moment yj is point 


ig and moving with the speed v in the 


x-direction. A small closed circular conducting loop of radius a and of negligible self-inductance lies in 


the y-z plane with its center at x = 0, and its axis coinciding with the x-axis. Find the force opposing the 


motion of the magnet, ifthe resistance of the loop is R. Assume that the distance x of the magnet from the 


center of the loop is much greater than a 
Field due to the bar m 


jet at distance x (near the loop) 


pat 2M 
An x 
to 2M 
Flux lined with the loop: $= BA = za : x 


dh _ p, 6xMa? dx 
emf induced in the loop: €= 7 = 

mf induced in the loop. dA xd 
_ Hy 62Ma 


dn x 


R Rx 
Let F = force opposing the motion of the magnet 


=> Induced current: i 


Power due to the opposing force = Heat dissipated in the coil per second. 
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Q7 A square loop ofside'a' with a capacitor of capacitance C is located between 
two current carrying long parallel wires as shown. Thevalueoflinhewie |_, F : 
is givenas I= I, sino i 
(a) calculate maximum current in the square loop. tet 

(b) Drawa graph between charge on the lower plate of the capacitor v/s time. [JEE 2003] 


So. (a)  I-lsinot 


Flux linked with square loop. 


2 [In x - In(3a - x) 


nla 
Ho" in 2a - Ina -Ina +In2a] 
2n 


Ca 
In 2(1,)cos ot (i) 
x 


C(.,o)a 
ES In2cosot [I 


dq| — Clo’ 


In 


Maximum current ! = x = 


(b) 


Clo 
HyCloa ya 
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Sol 


Sol 


‘Two parallel vertical metallic rails AB & CD are separated by 1 m. They are 


re. A 
ly 
down the rails under the action of gravity. There isa uniform horizontal magnetic 


connected at the two ends by resistance R, & R, as shown in the f 


horizontally metallic bar L of mass 0.2 kg slides without friction, vertica 


field of 0.6T perpendicular to the plane of the rails, itis observed that when 
the terminal velocity is attained, the power dissipated in R, & R, are 0.76 W 
& 12 W resp Find the terminal velocity of bar L & value R, & R, 
Atterminal velocity 


1.96 
mg-l/B > 02*98-1*1*06 > deg Amp. [m 
le = (0.76 + 1.2) = 1.96 Q) 
From (1) and (2) 
1.96 

e-196 > — e-06volt 
06 

e 0.36 
P 0.76 > R, 0470 

R, 0.76 ` 0.76 
P R, 1.2 > R, 12 030 
P=Fy » 156=mgv => 196=196v => v=Imis 


A rod of length 2 a is free to rotate in a vertical plane, about a horizontal axis O passing through its 


midpoint, A long straight, horizontal wire is in the same plane and is carrying a constant current i as shown 


in figure. At initial moment of time the rod is horizontal and starts to rotate with constant angular velocity 


w. Calculate e.m.f. induced in rod as a function of time. 


‘The rotated position of the rod after a time t is shown in figure. Consider 


small element of length dx of 
the rodata distance x from the centre. 


The velocity of the element v = xe and its distance from the wire is r = (d — x sin ox) . Magnetic induc- 


tion at this position 


2n(d- xsinot) 
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‘The induced e.m.fin this element 


njxo)dx 
2a(d—xsinot) 


de = By dx = 


In order to obtain the resultant c.m.f., we integrate this expression from (~a) to +a, Hence 


. Ho — xdx 
2n "(d xsinot) 


(d-asinot 


asin et + dlog| 
sin ot d+asinot 


mjo (d+asinot 


log| 
zr 


2asinot dl 


Q.10 Pand Qare two infinite conducting plates kept parallel to each other 
and separated by a distance 2r. A conducting ring of radius r falls vertically 


between the plates such that planes are always tang 


tto the ring. Both 


the planes are connected by a resistance R. There exists a uniform 


d of strength B perpendicular to the plane of ring. The 


arrangement is shown in figure. Plane Q is smooth and friction between 


magnetic fi 


the plane P and the ring is enough to prevent slipping. Att — 0, the 


p 
(a) the current through R as a function of time 


ves and the ring. Find 


(b) terminal velocity of the ring (assume g to be constant), 


Sol, Letv be the velocity of C.M. of the ring at any time t. 
e m.f. across the diameter of ring, e=2 B vr. 
Current through R is 1=(2 B v r/R) (i) Fm 
The different force on the ring are shown in figure. f 
For rotational motion 
fr =la 
la da 
t=- C a=a/r) (6i) 
ror 
where a = acceleration of CM mg 
4B 
Now F,-BiL- TT, (Le20 (iii) 


For translational motion 
mg-f-F,-ma (iv) 


Substituting the value of fand F, from eqs. (ii) and (ii) in equation (iv), we get 


"n 
" Lx R 
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Qu 


4B 
mg v=ma+ 
E 
mp ABT ue [E] 
or S Uk el 
mg- 3B. [mt] 
or "778 al r] 
—— MT 
or [mg- PT i 
LR] 
foraring 1= mr 
Wom) =dt 
mB v 
| R 


Integrating equation (iv) with proper limits, we get 


MR og [me IP 
agp eR 


mg- B^ V| 
mR jog, | —R i 
o apie” mg 
meR[, a] 
ar | e)» 


2Bvr 
R 2Br 


A rectangular conducting loop in the vertical x-z plane has length L, width W, mass M and resistance R. 

Itis dropped lengthwise from rest. At t=0 the bottom of the loop is at a height h above the horizontal x- 
axis. There is a uniform magnetic field B perpendicular to the x-z plane, below the x-axis. The bottom 
ity of 


and top of the loop cross this axis at t=t, and t, respectively. Obtain the expression for the vel 


the loop for the time t, < 
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Sol 


For time t,, the loop is freely falling under gravity, so velocity attained by loop at 


induced emf 


e=-=-BuW 


and Induced current 


BuW 


I= clockwise 


Magnetic Force 


B'uW 
F=WIB 


dv B'uW 
mg 


So, m 
? di 
á mdv 
{mg BW'v 
s-k J| 

Integrating, 

mR og [mg P UV 

- log, | mg- 

Bw |e R | 


mR 
BW 


Substituting for A, 


Gives the velocity v of the loop in the interval t, < t< t. 
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e 


Sol 


Q.13 


(a) 
(b) 


Sol 


A coil of inductanceL = 50 x 10* henry and resistance = 0.5 p is connected to a battery of emf — 5.0 
il. Now a 


battery is switched off. Find the amount of heat generated in the coil after switching off the battery. 


some instant the connection of the 


V.Aresistance of 10 q is connected parallel to the 


1 
Total energy stored in the inductor = 5 Li 


r 
(R+r) 

=V" 2 30x107x5 8s gx 1043 

eR +r) 


A metal rod OA of mass m & length ris kept rotating with a constant 
10. 


angular speed « ina vertical plane about horizontal axis at the 


The free end is arranged to slide without friction along a 


circular ring in the same plane as that of rotation, A uniform & constant 


ced conducting 


magnetic induction È is applied perpendicular & into the plane of rotation. 


as shown in figure, An inductor L and an external resistance R are 


connected through a switch S between the point O & a point C on the 


ring to form an electrical circuit. Neglect the resistance of the ring and 

the rod. Initially, the switch is open. 

What is the induced emf across the terminals of the switch ? 

(i) Obtain an expression for the current as a function of time after switch S is closed, 

(ii) Obtain the time dependence of the torque required to maintain the constant angular speed, given that 


the rod OA was along the positive X-axis at t= 0. 
Let v be the velocity of C.M. of the ring at any time t. 
m f. across the diameter of ring, e=2 B vr. 

Current through R is 17 (2 B v r/R) (i) fs 
The different force on the ring are shown in figure. t 
Forrotational motion 


fr-la 


C a=a/r) i) 


icceleration of C.M. 


where. 
mg 


AB'Y 
Now F,-BiL- B 


v CL 


(iii) 


Copied to clipboard. 
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For translational motion 
mg-f-F, =ma Gv) 


Substituting the value of fand F, from eqs. (ii) and (ii) in equation (iv), we get 


la 4B 
mg-= =ma 
DOR 
mg- 
1 
o mg v=a]m+—| 
AB 
or 8p | 
dv 1 
[me ]=dt 
n AB r 
or mg 
l R 


foraring | = mr 


Qm) - dt 
| mg (v) 
Integrating equation (iv) with proper limits, we get 
mR AB 
log,| mg v 
av R | 
Br 
-mR | 7E | 
mE log ] 
or — Br mg 
l J 
mgR 
7e (vi) 


aB'r| 


For equation (i) and (vi), we get 


Copied to clipboard. 


Sol 


Sol 


A square loop of side a and a straight, infinite conductor are placed in the i 


same plane with two sides of the square parallel to the conductor. The 


1 

inductance and resistance are equal to L and R respectively. The frame is 
tumed through 180° about the axis OO’. Find the electric charge that flows i 
in the square loop. lp: 

di) "ur sate i 
By circuit equation i={ -LẸ |/R where « = induced emfand L% = self-induced emf 
> Rq j-9a-ii] 9.79 riu =O iu =O) 

dt m 
>  q=(p9-9)/R 


Consider a strip at a distance x in the initial position. Then B = (p, /47)(21/x) along the inward normal 


tothe plane. 


la d 
do, = (u,L/2mx)a dx coso = Het d 


Hila fa nola, a+b 


ix 2 b 


gla, 2a+b 


Similarly 9, 


lal 


A thin wire ring of radius a and resistance r is located inside a long 
solenoid so that their axes coincide. The length ofthe solenoid is equal 
to its cross-sectional radius to b. At a certain moment, the solenoid 


was connected to a source of constant voltage V. The total resistance of 


the circuit is equal to R. Assuming the inductance of the ring to be 
negligible, find the maximum value of the radial force acting per unit 
length ofthe ring. 

The inductance L of the solenoid 


L-y,n sb 
The current through the solenoid varies as. 


v 
Xt) (i-e) 
R 


B(1)= magnetic induction 
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-u I(t) 
-9 a BA 
at 


flux through ring = 


di di 
c=, pa? = 


dt 


nna. 


di(t) 
a 


whee  i(Üis 


Force unit per length on the ri 


F(t) = un Kt).pi, nKt ma? /r 


n" KK 


mm QV V Re 
F(t) | Tet) 
r IR IIR TE j 


mV ve 


r 
Initial conditions are F(t) =0ast=0 


F(t)=Oat rs 


For finding maximum value of force, we diffe 


iate F(t) w.rt. tand put to zero. This gives the time at 


which this occurs, 


Copied to clipboard. 


Alternating current 


Introduction 


Voltages and currents that vary symmetrically in magnitude and direction with time are very common. 
The electric mains supply in our homes and offices is a voltage that varies like a sine function with time, 


voltage) and the current driven through the appliances is 


Such a voltage is called alternating voltage 
called the alternating current (ac current) 


Basic Principle of AC Generation: 


Alternating voltage is generated by rotating a coil of conducting wire in a strong magnetic field. The 


magnetic flux linked with the coil changes with time and an alternating emf is thus induced. Instantaneous 


flux linked with coil is 
$7 G.Byn o 
1Bn costo +0,) 
where A= area of the coil (in m?) 


B - magnetic field (in tesla) e 
n=number of tums 


w 7 angular frequency =" = 27 (inrads") 


f= frequency (in hertz) 


0, 7 initial phase angle. 


With the change of time cos(w +0, ) changes consequently an emf V is induced, According to Faraday's 


law 
do 
dt 


=- 2 LiBncostot +,)] 
7 


di 
= ABn oisin(or +0) 


v= 


r sin(or +0,) 
Here V, = voltage amplitude of sinusoidal voltage or the peak value of ac voltage 


where V, = ABno 


Copied to clipboard. 


54 


Average Values of ac Voltage and ac Current: 


[vo a 


average volue of voltage (from t = t, to t = t,) = i 


AC voltage or currrents are commonly sinusoidal (sine or cosine function) and their mean values for 


complete cycle is zero. 


() Average value for positive half cycle (or rectified average value): 


V - V, sinor 


‘fv sinat dt 


Jv, sinot dt - 5, = 0.6374 


(V), i 


0 


This is also known as the rectified average value of a sinusoidal voltage 


G) Root Mean Square Value (V... or I...) 


V m (from t=t, tot=t,) NÀ (Ddt/t,—t, 


rms value for a complete cycle of sinusoidal voltage 


V=V,sinot 


fv sin’ otdt 


" 
Vm \ T v2 


rms value fora complete cycle of sinusoidal current 


I=I,sinot 


sin? otdt 


T 2 


Peak value 
or RMS value= — 7 


How do we measure sinusoidally varying voltage or current? 
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Moving coil ga 


Ivanometer measure steady currents but if we pass sinusoidal current through them, the 


needle ma 


wiggle at low fequency but its average deflection is zero. Hot wire instruments are common 


used to measure the rms values (also known as virtual values). 


It must be emphasied here that meters used for ac voltage and current measurement are always calibrated 


to read rms values, not peak (or maximum) or rectified average values, The usual domestic power 


0 - volt ac" has rms voltage of 220 V. The voltage amplitude or peak value is 


supply 


Illustration: 


If a domestic appliance draws 2.5 A from a 220-V, 60- Hz power supply, find 
(a) The average current for full cycle 

(b) The average of the square of the current 

(c)The current amplitude. 


(d) The supply voltage amplitude. 


Sol (a) The average of sinusoidal AC values over any whole number of cycles is zero. 


(b) — RMS value of current = 1, = 2.54 


(P), = Uy = 6.254 


Vim = 


Supply voltage amplitude 
V, =V2V,,,) = 2220) 


-23H V 


AC Voltage Applied to a Resistor : 


A resistor connected to a source z of ac voltage as shown in the ci 


uit digram . The symbol foran ac 


source in a circuit diagram is ©. For simplicity, we consider a source which produces sinusoidally 


varying potential difference across its terminals. Let this potential difference, also called ac volta 
given by 
V=V, sinot i) 


ge, be 


where V, is the amplitude of the sinusoidal voltage and œ is its angular frequency. 


‘The instantaneous potential drop across the resistor R is 
sin ot -IR 


sinot 


or 


171, sin oot (ii) 
where Lis the instantaneous current and the current amplitude I, is given by 
V 


hou (iii) 


Equation (ii) is just Ohm's law which for resistors work equally wellfor v. 
both ac and de voltages. The voltage across a pure resistor and the 


nd (ii)are plotted asafunction — [5 


current through it, given by equation (i) 
oftime in figure. Note, in particular that both V and I reach zero, minimum 


and maximum values at the same time. Clearly, the voltage and current 


are in phase for a circuit containing pure resistan 


We see that, like the applied voltage, the current varies sinusoidally and and 
negative values during each cycle. Thus, the sum of the instantaneous current values over one 


complete cycle is zero, and the average current is zero. The fact that the average current is zero, 


corresponding positiv 


however, does not mean that the avera id that there is no dissipation of electrical 


ge power is zen 


energy. As you know, joule heating is given by p'r and depends on q? (which is always positive 


whether I is positive or negative) and not on I. Thus there is Joule heating and dissipation of electrical 


energy when an ac current passes through a resistor. 
The instantaneous power dissipated in the resistor is 
P-PR-IRsin' ot iv] 


The aver: 


value of Power P overa cycl 


Where the bar overa letter(here, P) denotes its average value. 
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To express ac power in the same form as de power (P = I?R) „as special value of current is used. Itis 


called, root mean square (rms) or effect 


e current and is denoted by 1, 


Similarly, we define the rms voltage or effective voltage 


From equation [ii], we have 


V,=1,R Ivi] 
or [vii] 
or lix] 


In terms of rms values, the equation for power and relation between current and voltage in ac circuits are 


esseni 


ily the same as those for the dc case. 


In fact, the I, or rms current is the equivalent de current that would produce the same 


power 


also be written as 


loss as the alternating current, Equation [v] c 


(since V, =I R) i 


Illustration 
A bulb is rated 60 W at 220 V/50 Hz. Find the maximum value of instantaneous current through 


the filament? 


22042 =311V 


220° 220x220 242 
Rw 220 , 220x220 | 2920. 806.670 
P 60 3 
Vul 3 


039A 
R — 80667 


Illustration: 


A light bulb is rated at 200 W for a 220 V supply. Find 
(a) The resistance of the bulb; 

(b) The peak voltage of the source; and 

(c) The rms current through the bulb. 


Sol. — (a) We are given P = 100 W and V = 220 V. The resistance of the bulb is 


22:0VY _ 5494 
Pp 200W . 


(b) — The peak voltage of the source is 


=V2V,,, =311V 


(c) — Since, P= V 


200 
200W 20.904 
220V 


| Copied to clipboard. 


Practice Exercise 


IFE, represents the peak value of the voltage in an ac circuit. Find the rms voltage. 


In an ac circuit, the rms value of current I, is related to the peak current I, by the relation 


Q3  Theelectric current ina circuit is given by i =i, Vt for some time, What is the rms current for the period 
t70tot-c 
Answers 
QI E Q2 42) Q3 14/43 


Representation of AC Current and Voltage by Rotating Vectors - Phasors: 


In the previous section, we saw that the current through a resistor is in phase with the ac voltage. But this 
is not so in the case of an inductor, a capacitor or a combination. In order to show phase relationship 


between voltage and current in an ac circuit, we use the motion of PHASORS. The analysis of an ac 


circuit is facilitated by the use of a phasor diagram. A phasor is a vector which rotates about the origin 
with angular speed © , as shown in figure. The vertical components of phasors V and I represent the 


sinusoidally varying quantities V and I. The magnitudes of phasors V and I represent the amplitudes or 


the peak values V, and I, ofthese oscillating quantities. Figure (a) shows the voltage and their relationship 


re for the case of an ac source connected to a 


at time t, ie., corresponding to the circuit show in 


resistor. The projection of voltage and current phasors on vertical axis, i.e., V, sin ot and I, sin ox, 


ind current at that instant. As they rotate with 


respectiv 
frequency o, curves in fi 


ly represent the instaneous value of volta 


rre(b) are generated which respresent the sinusoidal variation of voltage and 
current with time. 


V,sinot, JN 


w (5) 
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From figure (a) we see that phasors V and I for the case of a resistor are in the same phase, This is so 


forall times, This means that the phase angle between the voltage and the current is zero. 


AC Voltage Applied to an Inductor: 


Anac source connected to an inductor as shown in the circuit below. Usually, inductors have appreciable 
resistance in their windings, but we shall assume that this is ideal inductor (having zero resistance). Thus, 
the circuit is a purely inductive ac circuit. Let the voltage across the source be V = V, sin wt. Using the 
loop equation. e(t) - 0, and since there is no resistor in the circuit. 


E 
T o 
at i] 


00 


Where the second term is the self-induced emf in the inductor; and L is the self 
Combining equation [i] and [x], we have 


nductance of the coil. 


dV OV inet 
sino i 
dt L ba 
di = V sin otdt 
v 
17 — V. costo) 
ol 
SI 
Using ~c0s(ot) = sin{ ot), wehave 


: 


where ly =< is the amplitude ofthe current. The quantity oL is analogous to the resistance and is 


iductive reactance, denoted by X, 


(xiii) 
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The dimension of inductive reactance is the same as that of resistance and its SI unit is ohm (Q0) . The 


inductive reactance limits the current in a pure inductive circuit in the same way as does the resistance in 
a pure resistive circuit. The inductive reactance is directly proportional to the inductance frequency of the 


voltage source, 


A comparison of equation (i) and (i) for the source voltage and the curren 


in an inductor shows that the 


z 1 
by = orone-quarter 


current lags the volta; 


cle. Figure a shows the voltage and the current 


phasors in the prese 2. behind the voltage phasor V. When 


ase at instant t. The current phasor I is 


rotated with frequency o counter-clockwise, they generate the voltage and current given by equation [i] 
and [xi 


respectively and as shown in figure (b) 


We see that the current reaches its maximum value later than the voltage by one-fourth of a period 


7 ^ |. You have seen that an inductor has reactance that limits current similar to resistance in a dc 


circuit. Does it also consume power like a resistance? Let us try to find out. 
The instantaneous power supplied to the inductor is 


P,=IV= 


| V, sin (ot) =-1, V, cos (ox). sin (ot) = 


x 
sin | ot- 


i * sin (20t) ..[xiv] 


So, the average power overa complete cycle is zero 
since theaverageof sin(2wt) over a complete cycle is zero. 


Thus, the average power supplied to an inductor over one complete cycle is zero. 


Physically, this result means the follows. During the first quarter of each current cycle, the flux through the 
inductor builds up and sets up a magnetic field and energy is stored in the inductor. In the next quarter of 


as the current decrease, the flux decreases and the stored ener 


is returned to the source. Thus, 


in each halfeyele, the energy which is withdrawn from the source is retumed to it without any dissipation 
of power. 
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Illustration: 


A pure inductor of 50.0 mH is connected to a source of 220 V. Find the inductive reactance and 
rms current in the circuit if the frequency of the source is 50 Hz. 


Sol. The inductive reactance. 


3.14x50x50x10°Q 


579 
The rms current in the circuit is 


v, ov 


-1401A 


AC Voltage Applied to A Capacitor: 


Anac source c connected to a capacitor only, a purely capacitive ac circuit is as shown. 


When the capacitor is connected t nt, but does 


ac source, as in fig 
The c: 


current reverses each half eyele, Let q(t) be the charge on the capacitor at any time t. The instantaneous. 


re, it limits or regulates the cur 


not completely prevent the flow of charge. 


pacitor is alternately charged and discharged as the 


voltage V(t) across the ca 


pacitor is. 


a) 
Vith= rn (xv) 


From the Kirchhoff's loop rule, the voltage across the source 


Vd the capacitor are equal, 
V, sin ot 


To find the current, we use the relation I= 


1 E (V Cina) = oCV, cos(ot) 


Using the relation, cos(ox) - sin| ot 7 |. we have 


1-1,sin | t+ (xvi) 
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where the amplitude of the oscillating current is 


(/@C) 


Comparing itto |, for a purely resistive circuit, we find that (1/«C) plays the role of resistance. 


R 


Itis called capacitive reactance and is denoted by X, 
X, = 1/oC = 1/2nfC (xvii) 
the amplitude of the current is 


(xviii) 


The dimension of capacitive reactance is the same as that of resistance and its SI unit is Ohm (9) . The 
capacitive reactance limits the amplitude of the current in a purely capacitive circuit in the same way as 
does the resistance in a purely resistive circuit. But it is inversely proportional to the frequency and the 
capacitance, 


A comparison of equation (xvii) with the equation of source voltage equation (i) shows that the current in 


a capacitor leads the voltage by z/2. Figure shows the phasor diagram at an instant t. Here the current 


z 
phasor Tis 7 rad ahead of the voltage phasor V as they rotate counter clockwise. Figure shows the 


variation of voltage and current with time. We see that the current reaches its maximum value earlier than 
the voltage by one-fourth of'a period. 
The instantaneous power supplied to the capacitor is 
P.=IV=I,cos (at). V, sin (ot) 
= 1, V, cos (ox) sin (0t) 
Vo sin(. 
= ^ siot) [xix] 


So, as in the case of an inductor, the average power 


Since average of sin 2wt over complete cycle is zero. As discussed in the case of an inductor, the 
ch quarter period is returned to the source in the next quarter period. 


energy stored by a capacitor in e 


Thus, we see that in the case of an inductor. the current lags the voltage by 90° and in the case of a 
capacitor, the current leads the voltage by 90°. 


es 


Illustration: 


30.0 uF capacitor is connected to a 220 V, 50 Hz source. Find the capacitive reactance and the 


current (rms and peak) in the circuit. If the frequency is doubled, what happens to the capacitive 


reactance and the current. 


Sol. The capacitive reactance is 


-1060 


Erg 


The rms current is 


The peak current is 


2.96A 


This current oscillates between 2.964 and — 2.964 and is ahead of the voltage by 90" 
If the frequency is doubled, the capacitive reactance is halved and consequently, the current is 
doubled. 


AC Voltage Applied to a Series LCR Circuit: 


Figure shows series LCR circuit connected to an ac source c. As usual, we take the voltage of the 


source to be V = V, sinat 


If q is the charge on the capacitor and I the current, at time t, we have, from Kirchhoff's loop rule: 


di a 
LS CIR S-v 
FA « (xx) 


We want to determine the instantaneous current I and its phase relationship to the applied alternating, 
voltage V. We shall use the technique of phasors to solve equation [xx] to obtain the time -dependence 


of | 


| Copied to clipboard. 
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Phasor-Diagram Solution: 


From the circuit shown in figure we see that the resistor, inductor and capacitor are in series, therefore, 


the ac current in each element is the same, having the same amplitude and phase. Let it be « 


I= 


sin (at + 9) (xxi) 


where 6 is the phase difference between the voltage across the source and the current in the circuit, On 


the basis of that we construct a phasor diagram for the present case. 
Let be the phasor representing the current in the circuit as given by equation [xxi]. Further, let 


Va» Ve, and V represent the voltage across the inductor, resistor, capacitor and the source, 


z 
respectively. From previous section, we know that V, is in phase with I, V, is + rad behind Land 


rad ahead of I. V, , V, and lare shown in figure (a) with appropriate phase-relations, 


The length of these phasors or the amplitude of V, , V, and V, are 


v 


LX, (xxii) 
The voltag 


VeVi EN, +V (xxiii) 


This relation is represented in figure (b). Since Vey and V, , are always along the same line and in 


opposite direction, they can be combined vectorilly into a single phasor (V, + V,) which has a magnitude 


s, V, is represented as the hypotenuse ofa right- angle triangle 


Vie) [xxiv] 


Substituting the values of V, V, and V, , from equation [xxii] into the above equation, we have 


VQ + (1, Xc- I, X Y 
-AS[R H(XL- X] 
Mo 
9o = Rx -X (xxv (a) 


Byanalogy to the resistance ina circuit, we introduce the impedance Z in ac circuit 
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(xxv (b)) 


where Z= R° «X. -X,) (xxvi) 


Since phasor Lis always parallel to phasor V, , the phase angle 6 is the angle between V, and V and 


can be determined from 


tan = 


from the impedance triangle 


x: =X, 
tang (xxvii) 
R 


dl 


Equations (xxvi) and (xxvii) are shown in figure. This is called Impedance triangle which is a right 
triangle with Z as its hypotenuse. 
Equation (xxv (a)) gives the amplitude of the current and figure gives the phase angle. With these, equa- 


tion (xxi) is completely specified. 
If X, > X, .6 is positive and the circuit is capacitive. Consequently, the voltage across the source lags 
the current. 


ive and the circuit is inductive. 


IF X, « X, ism 


Consequently, the voltage across the source leads the current 


Fi 


ure shows the phasor diagram and variation of V and I with o forthe case X, > X, 


Thus, we have obtained the amplitude and phase of current for an LCR series circuit using the technique 


of phasors. But this method of analyzing ac circuits suffers from certain disadvantages. First, the phasor 
diagram states nothing about the initial condition. One can take any arbitrary value of t and draw different 


phasors which show the relative angle between different phasors. The solution so obtained is called the 


steady-state solution. 
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Mlustration : 


When an AC source of e.m.f. E 


E, sin (1001) is connected across ! og 
ra 


a circuit, the phase difference between the e.m.f. E and the current 


Tin the circuit is observed to be x14, as shown in the figure. If the t 
circuit consists possibly only ofR-C in series. What will be the relation 


between the two elements of the circuit ? 


Sol Given E = E, sin (100 t). Comparing this with E = E, sin «x, we have w=100rads". It follows 
from the figure that the current leads the e.m.f. which is true only for R-C circuit, and not for R-L 
circuit. Hence the circuit does not contain an inductor. Thus choices (c) and (d) are not possible. 
For R-C circuit, the phase difference between E and I is given by 


tan 
M (RC 


Given $ - x/4. Also w=100rads”. Using these values in, we get 


tan| 5| - —— or rc-t 
4)” 100RC 100 


Illustration : 


An LCR series circuit with 100 Q resistance is connected to an ac source of 200 V and angular 
frequency 300 rad/s. When only the capacitance is removed, the current lags behind the voltage 
by 60°, When only the inductance is removed, the current leads the voltage by 60°. Calculate the 
current in the LCR circuit. 


R with, 


Sol. When capacitance is removed, the circuit becomes 


tang ie, X, =Rtano=100V3 Q 


and when inductance is removed the circuit becomes C-R with, 
tang A ie,  X,-Rtmné-100/3 Q 


as here X, = Xe so the circuit is in series resonance and hence as X= X, — 


Copied to clipboard. 
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Resonance: 


An interesting characteristic of the series RLC circuit is the phenomenon of resonance. The phenomenon 


of resonance is common among systems that have a tendency to oscillate ata particular frequency. This 


frequency is called the system's natural frequency. If such a system is driven by an energy source at a 


frequency that is near the natural frequency, the amplitude of oscillation is found to be large. 


co, we found that the current 


Foran RLC circuit driven with voltage of amplitude V, and frequenc 


v 


amplitude is given by 1 
JR HX, - X.) 


1 
with X, =z and X, coL. So if o is varied, then at a particular frequency X,, the 
impendance is minimum. This frequency is called the resonant frequency 
1 1 
then OL or 0 = (xxxv) 
oC vic 
Vo 


Atresonant frequency, the current amplitude 


maximum; Ip 
The variation of I, with « in a RLC series circuit with L=1,00mH, C= 1.00 nF for two values of R: 
(i) R= 100 Q and (ii) R= 2002 are shown in the figure. For the source applied V,=100 V . o, for this 
(1) 


We see that the current amplitude is maximum at the resonant freque 


Illustration : 


Resonance frequency of a circuit is f Ifthe capacitance is made 4 times the initial value, then find 


the resonance frequency ? 


Sol. 5 time 


Power in AC Circuits: The Power Factor: 


We have seen that voltage V= V, sin ox applied to a series RLC circuit drives a current in the circuit 


given by I=I, sin (ox + 6) where 


y= V and $= tn 
b=- and nar v 


Therefore, the instantaneous power P supplied to the source is 
P— VI - (V, sin ot) * (I, sin (ox 4)] 


Volo 
2 [cos $ — cos (20t + 6)] (xxix) 


The average power over a cycle is, 


ven by the aver 


ofthe two terms in R.H.S. of equation [xxxvii]. 


Second term average is zero, therefore, 


folo. ^y do 
0 cosp= 7 cos 
, cos (xxx) 
This can also be written as, 
Zcosó (xxxi) 


So, the average power dissipated depends not only on the voltage and current but also on the cosine of 


the phase angle à between them. The quantity cos is called the power factor. Let us discuss the 


following cases: from impedence triangle cos $ 


e circuit: 


Case (I) Resi 


Ifthe circuit contains only pure R, itis called resistive. In that case $ = 0, cos = 1. There is maximum 


power dissipation. 


Case (II) Purely Inductive or Capacitive Circuit : 


Ifthe circuit contains only an inductor or capacitor, we know that the phase difference between voltage 


and current is ~ . Therefore, cos = 0 , and no power is dissipated even though a current is lowing in the 


circuit. This current is sometimes referred to as wattless current. 


Case(IHI) LCR Series Circuit: 


Inan LCR series circuit, power dissipated is 


iven by equation [xxxviii] where $= tan!“ 


$ may be non-zero (except Ž ) ina RL or RC or RCL circuit. Even in such cases, power is dissipated 


only in the resistor, 
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Case (IV) Power Dissipated at Resonance in LCR Circuit: 


At resonan 


X, =0, and §=0. Therefore, cos - 1, and P — 1,z — 1? R. That is, maximum 


power is dissipated in a circuit (through R) at resonance. 


Illustration: 
Find the power factor of the circuit shown in figure ? 
xen 
Sol. R-40*40-80Q . 
X, 2100-40 - 602 50H; 
c OORT 
z V30? +60° =100 mioa 
Power f p-R_ 8 og 
ower factor, cos 4 NT 
Z 100 


Mlustration : 
4 current of 4 A flows in a coil when connected to a 12 V dc source. If the same coil is connected 
to a 12 V, 50 rad/s ac source a current of 2.4 A flows in the circuit. Determine the inductance of 
the coil. Also find the power developed in the circuit ifa 2500 WF capacitor is connected in series 


with the coil, 


Sol. Incase ofa coil as Z- NR? «E 
1 V 
ns Z ARto 


so when dc is applied 


I2— ie, R=—=32 @ 


but as X, =0L, 
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Now when the capacitor is connected to the above circuit in series, 


" L l w 
eC 50x2500x10* 125 
S. zZ 
and hence 
R 
so, P, = Visly COS = (lpas *Z)x1,,, x] — | 
lz) 
ie, B-ÉR-Q4yx 
IHlustration: 


4 750 Hz., 20 V source is connected to a resistance of 100 ohm, an inductance of 0.1803 henry 
anda capacitance of 10 microfarad all in series. Calculate the time in which the resistance (thermal 


capacity 2 J/"C) will get heated by 10°C 


Sol. As in this problem, 


X, =oL =2nfl 750%0.1803 = 849.20 
Qo Xese l 21.20 
EP DC 750x105 ^7 
so, X=X, 8492-212 = 8280 
and hence, Z 00) (828) =8340 


y 


but as in case of ac 


P, = Vul, C089 = V 


20 
n" P, =| | xR-| 20 | (190 0.0875W 
Vz) 834) 


and as, U =Pxt=mcA0=(TC)A0 


re (TC)xa0_ 2 


= 348s 
P 0.05 


Copied to clipboard. 


Practice Exercise 


Q.I Anac circuit having resistance (R) and inductance (L) connected in series with a source of o angular 
frequency. Find the power factor. 

Q2 Inan LCR series ac circuit, the voltage across each of the components, L, C and R is 50V. Find the 
voltage across the LC combination. 

Q.3 Ifina series L-C-R circuit, the voltage across R, Land C are Vp, V, and V, respectively. Find the 
voltage of applied AC source. 

Q4 Ina LR circuit the A.C. source has voltage 220 V and the potential difference across the inductance is 
176 V. Find the potential difference across the resistance. 

Answers 
QJ RAR oL) Q2 Zero Q3. J(V,) «(V.- V.) 
Q4 12V 


Band Width and Q-Factor: 


Angular frequency variation of power in LCR series circuit. 
[ R 
P=P... | 
fro! 
J| e +{40- 1 ) 
li co) | 


Graph between P& o as shown in the fi 


R 
Now, 6-0, => 
iow. i 


or — (@, +0) -(, m or 2Aw= 
‘The frequency interval between half maximum power points is known as band width, 
‘The ratio of resonance frequency and band width is known as quality factor (Q). 


o, uL 


Q = 
7 tao R 


Copied to clipboard. 
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Q factor is a measure of the sharpness of resonance. Resonance will be sharp if the value of bandwidth 
(2o) is small. This is of course possible only when the power-frequency curve fall steeply around 


Illustration: 


A resistance R and inductance L and a capacitor C all are connected in series with an AC supply 
The resistance of R is 16 ohm and for a given frequency, the inductive reactance of L is 24 ohm 
and capacitive reactance of C is 12 ohm. If the current in the circuit is 5 amp., find 
(a) The potential difference across R, L and C 
(b) The impedance of the circuit 
(c) The voltage of AC supply 
(d) Phase difference between applied source voltage and current drawn 

Sol. (a) Potential difference across the resistance 

V, =iR =5x16=80 Volt 
Potential difference across the inductor 
V, = iX, = 5x24 = 120 Volt 
Potential difference across the capacitor 
V. iX, =i * (1/0C) = 512 = 60 Volt 


(b) Z- JR? «(X, - X.) 


Vidor (24-12) ]- 20 ohm 
(c) The voltage of AC supply is given by 
E=1Z= 5 x20 = 100 volt 
(d) Phase angle 


;[ eL - (0/0C) 24-12 


$= tn R jatar |^ |= tan (0.75) - 36°46" 


Mlustration: 
Obtain the resonant freqency and Q-factor of a series LCR circuit with L = 3.0 H, 
C= 2774F and g «740. It is desired to improve the sharpness of the resonance of the circuit by 


reducing its full width at half maximum by a factor of 2. Suggest a suitable way 


3 henry, C=2710°F, R-740 


rad s 


To double Q without changing ,, reduce R to 3.70 


Copied to clipboard. | 
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Illustration: 


A series L-C-R circuit is connected to an AC source of 


50 Hz. as shown in figure. If the readings of the three py 


voltmeters V,, V, and V, are 65 V, 415 V and 204 V 
on Eo 


respectively, calculate, 


(i) The current in the circuit 


(ii) The value of inductor 


(ili) The value of the capacitor C and 
(iv) The value of C (for the same L) required to produce resonance. 


Sol (i) Here V, = i. R, 


where i, „ is the rms value of current in the circuit. 


Ve 
i 
-=R 
204 ; 
(i) V, =i. XX, or X, =~ x, - 20-150 
Li eH 0.65 
313.85 
Now X, =@L=2nfL or L= Š L231385 | o henry 
ri 2250 
ETE 
(iii) 638460 
i. 0.65 
X= ! c 1 5x10^ = Su 
C eC af 2nx 50x638.46 " 


(iv) Let 'C' he the capacitance of capacitor that will produce resonance with inductor L = 1.0 
henry. Then 


1 1 


f y 
PANT C g 


1 


== 10.1 «10° F= 10. pF 
Ax x(50) x10 


| Copied to clipboard. 


Solved Examples 


50 mH inductor and a 20yF capacitor connected to 


Q.1. A circuit consists of a series combination of 


igible ohmic resistance. (a) Find the amplitude and rms value of 


220 V, 50 Hz supply. Thecircuit has n 
current. (b) Find the rms values of voltage across inductor and capacitor. (c) What is the averag 
transferred to (i) the inductor, and (ii) the capacitor? (d) What is the total power absorbed by the circuit 


power 


20V, V - 50Hz and 


50 * 10? H, C= 20yF = 20x10*F, V 


Sol Given L= 50mH 


2nv = 1007 rads" . Therefore, peak value of voltage is 


x220 - 311V 


The peak value of the current in a series LCR circuit is 


M M a) 
1) Z 


r{or- |) 
| oc 


Putting R =0 we have 
1 Q 
uc 


(a) Substituting the values of V, L and C in equation (2) and solving we get 1, = -2.17A . The 


amplitude of current is the magntidue of modulus of current. Therefore, amplitude of curernt is 


I1 [= 2.17A 


(V), = Homa OL = 1.53% 1002 107 =23.1V 
Voltage drop across capictor is 

33 
[a 1 =243V 


ol 100nx 20x10 

(c) Since in an inductor the voltage leads the current by a phase angle of 90°, the power transferred 
to itis 0. Thus P, =0. We know that in a capacitor the current leads the voltage by 90°, Hence 
power transfered to capcitor is 0. Thus P, = 0 


(d) To 


power absorbed by the circuit is P = P, +P, =0 


75 


Sol. 


Sol. 


A bulb is rated 55 W/110 V. It is to be connected to a 220 V/50 Hz with inductor in ser 
be the value of inductance so that bulb gets correct voltage. 
220 
: =110 or R aii 
ITUNES WR + Do 


We want 


or 4R? =R°+ Lo or Lo=V3R 
L(100x) = 22043 


220.732 x110 
224.732) ., yj ; r= 309p 
3.14 35 


A circuit draws a power of 550 watt from a source of 220 volt, 50 Hz, The power factor of the circuit 


is 0.8 and the current lags in phase behind the potential difference. To make the power factor of the 


ance will have to be connected with it 


circuitas 1.0, what cap 


As the current lags behind the potential difference, the circuit contains resistance and inductance. 


Power, P= v, xi. *cos $ 


Here, i „where Z = (R° + (0L) 
e, bane 777 vi ] 
VÀ, xcos VÀ, xcos 
pa baz è 
P 
220) x0 
So, z=! s 08 ..704ohm 


Now, power factor cos $77 orR =Z cos à 
R = 704 x 0,8 7 56.32 ohm 


Further, Z? - R? «(oL or (oL) - (Z° - R^) 


—————À 
Or — oL-J(704) -(56.32) = 42.20hm 
When the capacitor is connected in the circuit, 


Copied to clipboard. 
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1 
en cos $= LoL =—— 
when cos >= lc P. 


1 1 
eXoL) 2xf(oL) 


1 
^ (23,1450) (42.2) 


-75x10* 


7SuF 


QA Find the average current in terms of I, for the waveform shown. 


E 
4 
o : 
T 
ly 
t 
122$; 0<t 
Sol ; 
ren [Li] cen 
n }2 
: 2 
i Ldt d 
I d 
EAM 


Q.S A sinusoidal voltage of peak value 283 V and frequency 50 Hz is applied toa series LCR circuit in which 
R =30, L=25.48 mH, and C — 796 uF . Find (a) the impedance of the circuit; (b) the phase difference 
between the voltage across the source and the current; (c) the power dissipated in the circuit; and (d) the 
power factor. 


Sol. (a) To find the impedance of the circuit, we first calculate X, and X, 


x50x2548x1070.-8Q 


1 
3.14x50 


-4n 


796x10 


Copied to clipboard. 
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(b) Phase difference, 


$-un 


since à is negative, the current in the circuit lags the voltage across the source. 
(c) The power dissipated in the circuit is 


P= 


Now, 


Therefore, P = (40A x 30 = 4800W 


(d) Power factor = cos =cos53.1° =0.6 


Q.6 — Aninductorof 20x10" henry, a capacitor 100 uF anda resistor 50 C are connected in series across 


a source of emf'V = 10 sin (3141). Find the energy dissipated in the circu 


in 20 minutes, If resistance is 


removed from the circuit and the value of inductance is doubled, then fi 


id the variation of current with 
time in the new circuit. 


Sol Here, time of | cycle T 1/505. So, we have to calculate the aver 


ige energy as time >> T, 


o 314 


Energy consumed in time t= (V1. cosé)t 


R 
t 
Z 


E t fa ) 10 sin 3 


Now. 


J50} «| 314x20x10? — 


Y 


| 
314x100x10* / 


56 ohm 


10° x 50x 20x60 
x3153.6 


Energy consumed joule 


When resistance is removed, 
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R 
cos. 2,70 o 
0sh=7,=0 or à 


314x40x10 


a 
=1939 
1-2 sin(ot +9) 
10 
-——sin314t- 2/2) 
193 
0,52 cos 314 t Amp. 
Q.7.— Aresistorof 2000 and a capacitor of 15.0 pF are connected in series to a 220 V, 50 Hz ac source. (a) 


Calculate the current in the circuit; (b) Calculate the voltage (rms) across the resistor and the capacitor. 


Is the algebraic sum of these voltage more than the source volta 


Sol — Given 


? If yes, resolve the paradox 


R - 2000, C -1.0uF - 15.010 ^F 
Vos = 220V, f = S0Hz 


(a) In order to calculate the current, we need the impedance of the circuit. It is 


z=\R 


2000) x 2x3.14% 0«15x10*0) 


= J(2000) + (212.30) 
=291,50 


Therefore, the current in the circuit is 


cuit, we have 


R =(0.755A)(2000) =151V 


Ve = Igy Xe = (0.755 A)(212.30) = 160.3V 
The algebraic sum of the two voltage, V, and V, is311.3V which is more than the source voltage of 


220 V. How to resolve this paradox? As you have leamt in the text, the two voltages are not in the same 
phase. Therefore, they cannot be added like ordinary numbers. The two voltages are out of phase by 
ninety degrees. Therefore, the total of these voltages must be obtained using the Pythagorean theorem: 


Vect 


WWE =220V 
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Sol 


Thus, if the phase difference between two voltage is properly taken into account, the total voltage across. 


of the source. 


the resistor and the capacitor is equal to the voltag 


An LCR circuit has L= 10 mH, R 3 Q and C= 1 pF connected in series to a source of 15 cos wt V. 


Calculate the current amplitude and the average power dissipated per: 


leata frequency that is 10% 
lower than the resonance frequency 


As here resonance frequency, 


rn = a = 10 
^ JAC Vio? x10* s 
10 9 ad 
so,  ®=0,-—~w, =—a, 29x10 ™ 
100 10 s 


and hence, X, = ol. -9x10 x10° -900 


1 1 
oC 9xl0 xI0* 


nuo 


so, X-X 11.11-90-21.110 


and hece, Z= /R? «X? = YF « OLN 


ie, — Z-49444563 -21.320 


andas here E= 15 cos ot, i.e, E,715 V, 


E 15 
Z 2132 


, 0.704 A 


The average power dissipated, 


P, = VLL, £089 (1, X Z) lig, E 
£ 


e, P, 
ie P, 
s P, 
Now as f = 
P, 0.74J/s. nx0.74 J 
So. AIDS 


cycle (9x10'/2x)cycle/s — 9x10" cycle 


16x10 


Q9 A series LCR circuit containing a resistance of 120 Q has angular resonance frequency 4» 10' rad s 


At resonance the voltages across resistance and inductance are 60 V and 40 V respectively. Find the 


values of Land C. At what frequency the current in the circuit lags the voltage by 45" ? 


So A x=0, 1e V2 01. 
Sol Atresonanceas X=0,1= 75575 

" V 

andas V, = IX, = loL LA 


so, 


1 
andas %2 Tc. Lej 


1 1 
e. C uF 
ie, 02x107x(4x10) 32" 


Now in case of series LCR circuit, 


X 
ta L^ 
nga 


so current will lag the applied voltage by 45° if 


ol 
tan 45 oc 
R 
ie, d«I20-0 d ! 
(1/32) x10 

ies a? -6x10°@-16x10" =0 

610° + (6x10) + 64x10 
ie, o= - 

610° 10x10: ra 
ie, ox EXIT +10x10" _ 9 198 rad 


Q.I0. Inaseries RC circuit R= 5000,C = 2p, V = 2825in(377t). The power consumed is 


(A) 14100 W (B) 141 W (©) 10W (D) 141 W 


So. p= eR x500 282x500 oy 
EZ Y 1410x1410 
2 10 
t 31] | 
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Sol, 


Sol 


Q.13 


Sol 


Q.l4 


Sol 


Sol 


The value of L, C and R in an LCR series circuit are 4 mH, 40 pF and 1000 respectively. The quality 
factor of the circuit is 


(A) 10,000 (B) 100 (C) 1000 (D) 10 


1 Lo L 4x10 
JLC Q= R^ RÁLC 100V4x10 40x10 


-100 


Inan LR series AC circuit the angular frequency of applied emfis 2  10*rads * and the value of resistance 


T i 
is 200.. The instant at which the value of emf is maximum E, the value of current is +8 . The inductance 


in the circuit will be 
(A) 1 mH (B) 40 mH. (C) 8mH (D) cannot be predicted 
Lo 


$-n/2-n/A-n/4, ünn/A-1- < L-1mH 


The self inductance of the motor of an electric fan is 10 Henry. In order to impart maximum power at 50 
Hz it should be connected to a capacitance of 


(A) 3x10*Farad (B) 2«10* Farad (C) 10* Farad (D) 107 Farad 


For maximum power to be transferred 


X, = X, or Lo. 
Co 


orc=_t 1 10°F 
Lo? 10x(100x) 


A coil of resistance 200 ohms and self inductance 1.0 henry has been connected to an a.c. source of 


frequency 200/ x Hz. The phase difference between voltage and current is 
(A)30° (B) 63" (CO) as (D) 75 


25(200/ 2)l 


200 


$-6» 


The p.d. across an instrument in an a.c. circuit of frequency fis V and the current flowing through it is I 
such that V =5 cos z ft (B) volt and 1=2 sin (2 ft) amp. The power dissipate in the instrument is 


(A) zero (B) 10 watt (C) 5 watt (D)2.5 watt 


As V=5 cos n ft (2)=5 sin (2 


And 


2sin (2 ft) 
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Q.16 


Sol 


Sol 


Q18 


Sol. 


phase difference between V and Lis È 


Average power P= V,..I,,, *cosġ=0 4 


In an L-R circuit, the value of L is (0.4/ x) henry and the value of R is 30 ohm. If in the circuit, an 
alternating emf of 200 volt at 50 cycles per second is connected, the impedance of the circuit and current 
willbe: 


(A) 11.4 ohm, 17.5 ampere (B) 30.7 ohm, 6.5 ampere 
(C) 40.4 ohm, 5 ampere (D) 50 ohm, 4 ampere. 
Here X, =@L =2nfL 


+X} 2307 +40 - 500 


200 
Z 30 


4^ 


Inana circuit, V & Lan 
V= 100 sin (1001) volt 
T= 100 sin (100 t+ 2/3) mA. 

The power dissipated in the circuit is 


(A) 10* watt (B) 10 watt (C)2.5 watt (D) 5 watt 


cos} 


00 (100 
100 (100,10 )eoseor 


=— x= =2.5 watt 


Analternating voltage (in volts) varies with time t (in seconds) as V — 200 sin (100 zt) 
age is 200 V 


reis 220 V 


ofthe voli 


(A) The peak val 


(B) The rms value of the volt 


(C) The rms value of the voltage is 10042 V 
(D) The frequency of the voltage is 50 Hz 


V=200 sin (100 xt) 


Comparethis equation with V =V, sino 
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Q.19 


Sol 


Sol 


Q21 


e 


A 50 Q electric heater is connected to 100 V, 60 Hz ac supply. 
(A) The peak value of the voltatge is 100 V 


(B) The peak value of the current in the circuit is 


(C) The rms value ofthe voltage is 100 V 
(D) The ms v 2A 


lue of the curre 


2 
1002 =2V2A 


„= 100 V. Peak value of volta A 


1004/2V . Peak value of current = 


L, C and R respectively represent inductance, capacitance and resistance, Which of the following 
combinations have the dimensions of frequency ? 
(A) R/L (B) I/RC 


(©) nic (D) 1/ Vite 


The dimensions of wL and 1/«C are the same as those of resistance, when 


Ina series LCR circuit 


(A) the voltage V, across the inductance leads the current in the circuit by a phase angle of z/2 
(B) the voltage V, across the capacitance lags behind the current by a phase a 
(C) the volta 


gle of 2/2 


ge V, across the resistance is in phase with the current 


(D) the votage across the series combination of L, C and R is V 


The voltage across the combination is given by v = [vv, } + (v, - v, } 


If V = V, sin(ot + 2/3) when will the voltage be maximum for the first time ? 


(A) T/6 (B) T/12 (C) T3 (D) None of these 


sin (wt+ 1/3) = 1 or ot = /6 


n/6 ort 


T 


If i- t, 0« t « T then rms value of current is 


T j 
(B) (C) (D) None of these 


T 
(A) 
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Q24 


Sol 


Q25 


Sol 


Sol 


Q27 


Sol 


In the circuit shown in figure, what will be the readings of voltmeter and ammeter? 


42 L c 002 
(A) 800 V, 2A W- - 


(B)220 V, 2.2A 


(C)300 V, 2A 
(D) 100 V, 


220V, 50Hz 


As 
and 

V, =V =220V 
HERE NT 
ind R 100 ^ 


AnAC voltmeter in an LCR circuit reads 30 V across resistance 80 V across inductance and 40 V 
across capacitance, The value of applied voltage will be 


(A) 25V (B) 50V (C) 70 V (D) 150V 


V= vi +(V, - V. = 30 +40" = sov 


InanACc a resistance of 30, an inductance coil of 40 and a condenser of 8Q are connected 


in series with an AC source of 50 V (rms). The average power loss in the circuit will be 


(A) 300W (B) 600 W 
(C) 400 W (D) 500 w 
p= Yin 5073. Soy 

Iz 5 


The current flowing in a coil is 3 A and the power consumed is 108 W. If the a.c. source is of 120 V, 50 


Hz, the resistance of the circuit is 
(A) 240 (B) 10 
(C) 120 (D) 62 


P 108 
From P= PRA = S 
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Q.28 Ifthe phase difference between voltage and current is x/6 and the resistance in the circuit is /300 Q, 
then the impedance of the circuit will be 
(A) 400 (B) 200 


(C) 500. (D) BA 


R 43 300 
Sol. c08§= iz or T - jz orZ=200 


Q.29 The rms voltage of the wave form shown is 


(A) 10V (B) 7V 
(C) 637 V (D) None of these 


Sol 


(Etwa v 


Question No. 30 to 32 
A 100 resistance is connected in series with a 4H inductor, The voltage across the resistor is, 
V, 7 (2.0V) sin (10%). 


Q.30  Findthe expression of circuit current 
(A) (2107 AJsin(to' t) (B) (2107 A)sin(io'c) 
(©) (2«107A)sin(to't) (D) None of these 
Q.31 Find the inductive reactance 


(A) 2 10° ohm (B) 3 * 10° ohm 
(C) 4 * 10° ohm (D) 5x 10 ohm. 


Q2. Find amplitude of the voltage across the inductor. 
(A) 40V. (B) 60 V 
(C) 80V (D) 90 V 
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Sol. 30 to 32 


30 i- Ye - 2.0V)sin(to"r) 


5 100. 0x10? A Jsin(10'1) 


31. X, <oL = (10")x(411)=4.0«10°ohm 


32 Amplitude of voltage across inductor, 


2.0x 107 A 4.010" ohm) = 80 volts 


Question No. 33 to 


Ifvarious elements, i.e., resistance, capcitance and inductance which are in series and having values 


1000 ©, IF and 2.0 H respectively. Given emfas, V = 1004/2 sin1000t volts 


Q.33 Voltage across the resistor is 


(A) 70.7 Volts (B) 100 Volts 

(C) 141.4 Volts (D) 270.7 Volts 
Q34 across the inductor is 

(A) 70.7 Volts (B) 100 Volts 

(C) 141.4 Volts (D) 270.7 Volts 


Q.35 Voltage across the capacitor is 
(A) 70.7 Volts (B) 100 volts 
(C) 141.4 Volts (D) 270.7 Volts 


Sol. 33 to 35 


33 rms value of voltage across the source 
10042 
v 100 Volt 


From question, «=1000rad/s 


La Y v 
121 JRX, =x.) 


R?+(oL-_'.) 
Y oC 
100 
-= =0.0707amp 
ay 
000) +{ 1000: 
{oot +| 1000«1«10 


Since the curernt will be same every where in the circuit, therefore 


P.D. across resistor V, —i, R = 0.0707 1000 - 70.7 volts 
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Sol. 


P.D. across inductor V, i, XL = 0.0707 «1000. 


- 141 A volt 


1 
P.D. across capa =i_X, =0.0707x = 70.7 volts 
P.D. across capalitor V x, T0000 


Figure shows a series LCR circuit connected to a variable frequency 200 V source. L= 5H, 
c 


OuFandR = 40€ 


L c 
o 

Column 1 Column It 
(A) The impedance of the circuit at resonance (in ohm) (P) 1250 
(B) The current amplitude at resonance (in A) (Q) 200 
(C) The rms potential drop across the inductor ® 40 

at resonance (in volt) 

(D) The rms potential drop across the resistor at © 


resonance (in V) 


0-0, =1//LC (resonance) 


Z-R-400 


Lo VIZ Ym = 5/24 
R 


The rms potential drop across L is 1250 V 


The rms potential across R is = I, x R= $x 40 = 200V 
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Reflection of light at plane surface 


Some Basic terms 


Ray : The straight line path along which the light travels in a homogeneous medium is called a ray. 


Ray 
Beam of light : A bundle or bunch of rays is called a beam. It is of following three types 
(a) Convergent beam : In this case diameter of beam decreases in the direction of ray. 


EE 


(b) Divergent beam : It is a beam in which 


Il the rays meet at a point when produced backward and 


the diameter of bea 


n goes on increasing as the rays proceed forward. 


(c) Parallel beam : Vt is a beam in which all the rays constituting the beam move parallel to each other 


and diameter of beam remains same. 


Shadow formation 


adow formation is explained by the law of rectilinear propagation of light which state that in a 
homogeneous medium light travels along straight paths. Thus, an opaque object placed between a point 


source of light and screen will cast a shadow with a sharply defined boundary 
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Reflection of light 


When a beam of light is incident on a boundary separating two media then some part of it may be 
transmitted and some is tumed back in the medium from which it became incident (reflection of light) 


Specular and diffuse reflection 


‘The type of reflection which is usually invoked ina discussion of reflection at plane and spherical mirrors 
is known as specular or regular reflection. An incident parallel beam of light is reflected as a parallel 


beam in figure. The energy in the incident 


ned to one direction only on reflection. 
tion is the most common type of reflection and no image formation takes place 


Diffuse or irregular refl 
as the reflected light can not intersect at a common point. 


‘Specular reflection Diffuse reflection 


Plane Mirror 


Ahighly polished smooth surface is a mirror. To form. 


deposited on a glass surface for high reflectivity 


thin transparent plate ——————9 


Laws of Reflection 


Reflection from a plane surface 


(i) The incident ray (AB), the reflected ray (BC) and normal (NN) to the surface (SC’) of reflection 


at the point of incidence (B) lie in the same plane. This plane is called the plane of incidence (also plane 


ofreflection). 


Copied to clipboard. 
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e between normal and the incident ray) and the angle of 


reflection (the angle between the reflected ray and the normal) are equal. 
Zi -Zr 


The angle of incidence (the a 


Laws of Reflection in vector form 


incident ray 


Let — &-unit vector alon 


fi =unit vector along normal 


è, “unit vector along reflected ray 


Now & =componentof è parallel to mirror 


& - (à &)à 
and — &, =component of è, perpendicular to mirror 
(wa 

Hence êr =ë -ë= 6-28 iR) 


Note : 
Whenever reflection takes place, the component of incident ray parallel to reflecting surface remains 


unchanged, while component perpendicular to reflecting surface (i.c., along normal) reverses in direction. 


Consider incident ray along unit vector è given 6, =~ xi — yj unit vector along reflected ray will be 


given by è, =—xi+ yj similarly ê, = xi + yj diverge. 


Principle of reversibility of light : 


According to this principle if the path of light is reversed then it will retrace its path. i.e., if BP would 
incident ray then PA would be corresponding reflected ray 


Deviation produced by plane mirror : 


6= 180-20 
Angle of deviation produced by a single surface depends on the angle of incidence, Greater the angle of 
incidence lower will be the deviation and vice-versa. 
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Rotation of Mirror and Incident ray : 
()  Ifincident ray is rotated (Mirror is kept fixed) in the plane of incidence by angle 0 then reflected ray 


rotates by the same angle in the same angle in plane of incidence but in opposite sense. 


Fig. Rotation of incident ray 


(i) — Ifmirror is rotated (taking position of incident ray same) by angle 0 such that normal at the point of 


incidence rotates in the plane of incidence then reflected ray rotates by 20 and in same sense. 


8, 7 Deviation in first position of mirror 


1-26 

8, 7 Deviation in second position of mirror 
1-200) 

DEDE: 2006) 720 


Rotation of plane mirror 


Image formed by Plane mirror 


Object : The point of intersection of incident beam is called point object. 


Real object : Ifthe incident beam is diverging then its intersection point is called real object . It can be 


seen by human eye and can be photographed by camera. 


Real 
object 
Virtual object point : 


If the incident beam is converging then its intersection point is called virtual object. It cannot be seen by 
human eye and photographed by a camera. 


I 


Image : The point of intersection of reflected or refracted beam is called image. 
Real image: If the reflected or refracted beam is converging then its intersection point is called real 


Copied to clipboard. 


image. It can be seen by eye, photographed by a camera and can be taken on screen. 


di 


Real 
image 
Virtual image: Ifthe reflected or refracted beam is dive 


ing then its intersection point is called virtual 


taken on screen. 


image. It can be seen by eye, photographed by a camera but can't be 


ut. 
MN 


| 


virtual 
image 


k 
DAN 


Image of a point object formed by plane mirror 


Cas For real object Cas For virtual object 


Real Virtual Real < 775^. Virtual 
object Image image 7 object 
5 
Features : 
GÖ Distance of object from mirror = Distance of image from the mirror. 
G) Theline joining a point object and its image is normal to the reflecting surface, 
Gi) ‘The size of the image is the same as that of the object 
(iv) — Forareal object the image is virtual and for a virtual object the image is real. 
Mlustration : 
Ae 


Figure shows a point object A and a plane mirror MN. Find the 
position of image of object A, in mirror MN, by drawing ray 
diagram. Indicate the region in which observer's eye must be present 


in order to view the image. (This region is 


ZONWNNN = 


called field of view:) 


Sol. 


See figure, consider any two rays emanating from the object N, and N, are normals 


ir, and i,=r, 


The meeting point of reflected rays R, and R, is image A’. Though only two 


Illustration : 


Sol. 


rays are considered it must be understood that all rays from A reflect from 

A reflect from mirror such that their meeting point is A’.To obtain the tag en 

region in which reflected rays are present, join A’ with the ends of mirror aj 

and extend. The following figure shows this region as shaded. In figure. 

there are no reflected rays beyond the rays 1 and 2, therefore the observers 

P and Q cannot see the image because they do 

not receive any reflected ray è 

Find the region on Y axis in which reflected rays are present. 

Object is at A (2, 0) and MN is a plane mirror, as shown. E nis 
tm 

The image of point A, in the mirror is at A' (6, 0). Join A'M and 

extend to cut Y axis at M' (Ray originating from A which strikes the 

mirror at M gets reflected as the ray MM" which appears to come — 

from A), Join AN and extend to cut Y ais at N^ Ray originating | 

from A which strikes the mirror at N get reflected as the ray NN’ Re 

which appears to come from A’) L 

From Geometry |Z LOS x 

M's (0, 6) «^s 


N' 2 (0, 9). M'N'is the region on Y axis in which reflected rays are present. 


Practice Exercise 


Q.1 Seethe following fi 


ure. Which of the object(s) shown in figure will not from its image in the mirror 
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Answers 


Motion of object and mirror : 


Let, , =X co-ordinate of object w.r. mirror 
X, X co-ordinate of image w.r.t mirror M Y 
Youn =Y co-ordinate of object w.rt. mirror 
Y, =Y co-ordinte of image wrr.t mirror 

For plane mirror ý mX 
Xim -Xi 

Differentiating both sides wrt. "t" 
dx dx 
a orn) di (Xy) 


[Vorm)s =~ [Vix 7 Vax] 


Vix 22V = 


Similarly, Y,„=Y 
Differentiating both side w.r.t. t we 


Vim dy = Void 


In nutshell, for sloving numerical problems involving calculation of velocity of image of object with respect 
to any observer, alw 


s calculate velocity of image first with respect to mirror using following points. 


Gu, =Ù 


Vou t Gad + Vrm). 


Velocity of image with respect to required observer is then calculated using basic equation for relative 


motion. 
ws. 7 Velocity of A with respect B 
Vs 
() Ifan object moves towards (or away from) a plane mirror at speed v, the image will also approach (or 


recede) at the same speed v, and the relative velocity of image with respect to object will be 2v, as 
shown in figure. 


Qv vere! The object and its imag 
(A) move towards cach other 
with same speed v 
Rest 
9 dye! The image of a stationary 
Rest object moves with 2v if the 
ve (B) — mirror moves toward it with v 
(i) Ifthe mirror is moved toward (or away from) the object with speed v, the image will also move toward 


(oraway from) the object with a speed 2v, as shown in fig 


Illustration : 


Two blocks each of mass m lie on a smooth table. They are attached to 
two other masses as shown in the figure. The pulleys and strings are light. 
An object O is kept at rest on the table. The sides AB & CD of the two mo [nt 
blocks are made reflecting. The acceleration of two images formed in f uS | i 


those two reflecting surfaces w.r.t. each other is 
(A) 5g /6 (B) 5g /3 (Og/3  (D)17g/6 


We know that 
V,=2V,+¥, 


j : 
differentiating a, = 2a, + a, 
a7 0 
a, - 2a, 
= 24, 
3 
4,748. %"3 


| Copied to clipboard. 


Practice Exercise 


Q.1 — A point object is moving with a speed v before an arrangement of two mirrors as shown in figure. Find 
the velocity of image in mirror M, with respect to image in mirror M,. 


M, 


M 


Aperson walks 


a vel 


ty vina straight line forming an angle a with the plane of a mirror. What is the 
velocity v, at which he approaches his image assuming that the object and its image are symmetric 


relative to the plane of the mirror? 


Answers 


Q1. 2vsin Q2  2vsina 


Image of extended object : 


An extended object like AB shown in figure is combination of infinite number of point objects from A to 
B. Image of every point object will be formed individually and thus infinite images will be formed A’ will 
be images of A, C' will be image of C, B' will be image of B etc. All point images together form extended 
image. Thus extended i 


is formed of an extended object. 
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Properties of image of an extended object, formed by a plane mirror : 
(1) Size of extended object — size of extended image. 
Q) Theim: 


of erect, ifthe extended object is placed parallel to the mirror. 
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(3) — Theimage is inverted if the extended object lies perpendicular the plane mirror. 


Be——ea Aree 


Object image 
À x 


Note: Ifan extended horizontal object is placed 
formed will be vertical. See fig 


Calculation of minimum height of mirror : 


(Minimum height ofa single mirror required fora man to see its complete image 


ea ‘aban "NR 


AE M,,M, and AE H'F' are similar 


MM, _ z 
HF 2z 
o — MM,-HF/2-HF/2 
the minimum size ofa plane mirror, required to see the full image of an observer is half the size of that 
observer. 


4 


G) ^— Minimum height ofa mirror required to see top as well as bottom of wall when man is mid of wall and 
mirror. 


AP A 


AE M,, M, and AE H'F' are similar 
MM, x 
7 


B AB H 
7. 3 3 
the minimum size of a plane mirror, required to see the full image of an observer is one third the size 


extactly betw 


or MM. 


of wall if observer is standin wall and mirror. 


Reflection at two 
Calculation of deviation : 


rors 


In this case net derviation surffered by incident ray is algebraic sum of deviation due to individeula 


reflection 


where. à, 7 Devidation due to single reflection 


Note : While summing up. sense of rotation is taken inot account 


Illustration : 


Two plane mirrors are inclined to each othere such that a ray of light incident on the first mirror 


and parallel to the second is reflected from the second mirror parallel to the first mirror. Determine 

the angle between the two mirror. Also determine the totaldeviation produced in the incidnet ray 

due to the two reflections 

Sol. Form figure 30 = 180 
8- 60 


6, = 1807-2 x 30 


-an* Q7) 
«3o- 120°) 


Total deviation = à, + 6 


=u) 


6, = 1807-2 
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Formation of Multiple image by two parallel mirrors: 


Ifrays after getting reflected from one mirror strike second mirror, the image formed by first mirror will 
function as an object for second mirror, and this process will continue for every successive reflection. 


Illustration : 


Sol. 


Figure shows a point object placed between two parallel mirrors. Its distance from M, is 2cm and 
that from M, is 8 cm. Find the distance of image from the two mirrors considering reflection on 


mirror M, first. 


Let us start forming image from M, . O is an object for M, which from image I, behind it. Now I, 
act an object for M, which from image I,, behind it. Again 1, act as object for M, and M, form 


image I,,, behind it and so on. Here we get a series of image 


Incident | Reflected | Reflected | Object | Im Obje Image 
Ray by ray Distance Distance 
Ray | M Ray2 o n AO=2m | Ah = 2em 
Ray2 M; | Rays m EH Blj-12em | Bl) =12em 
Ray3 Mi Ray4 1 hy Al*22em | Ali = 22cm 


Ray 4 M; Ray5 m haz | Bla 732m | Bii; 7 32cm 


And so on 
Similarly a series of images will be formed by the rays striking mirror M, first. Total number of 


image = a 
Incident | Reflected | Reflected | Object | Image Object Image 
Ray by ray Distance. Distance 
Ray | M: Ray2 o h BO = Sem Bl; = scm 
Ray2 M, Ray3 k h Al-lem | Aly = 18cm 
Ray3 M; Ray4 Ly bg | Bly =28em 
Ray4 M Rays hn Aly; = 38cm 


A scheme is given in which both series of images are covered. 


4 
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Image formed by mirror M Image formed by mirror M 
(distance are measured from M,) (distance are measured from M) 
2cm 


18cm 
10cm 


22cm 


38cm > 32cm 


42cm « > 48cm 


Locating all the images formed by two inclined plane Mirrors 


Consider two plane mirrors M, and M, inclined at an angle 0 =a + B as shown in figure. 


Point P is an object kept such that it makes angle a with mirror M, and angle B with mirror M,. Image 
of object P formed by M, denoted by I, will be inclined by angle a on the other side of mirror M,. This 


angle is written in bracket in the figure besides I1. Similarly image of object P formed by M,, denoted by 


Lp will be inclined by angle fon the other side of mirror M,. This angle is written in bracket in the figure 
besides 12. 

Now I, will act as an obect for M, which is at an angle (a + 20) from M, Its image will be formed at 
(o. 2])) on the opposite side of M,. This image will be denoted as 1, and so on. Think when hsi will 
process stop. Hint The virtual image formed by a plane mirror must not be in front of the mirror or its 


extension, 


Illustration : 


Consider two perpendicular mirrors. M, and M, and a point object O. Taking origin at the point 
of intersection of the mirrors and the coordinate of object as (x, y), find the position and number 


of images 
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Sol. Rays 'a' and 'b' strike mirror M, only and these rays will 
from image I, at (x, — y), such that O and I, are equidistant 
from mirror M,. These rays do not form further image 


because they do not strike any mirror again. Similarly rays 


'd' and 'e' strike mirror M, only and these rays will form 
image I, at (=x, y). 
such that O and I, are equidistant from mirror M. 


Now consider those rays which strike mirror M, first and 


then the mirror M, 


z 


For incident rays 1, 2 object is O, and reflected rays 3, 4 form image 1, 
Now rays 3, 4 incident on M, (object is I) which reflect as rays 5, 6 and form image 1 ,,. Rays 5, 
6 do not strike any mirror, so image formation stops 


1 and Ly, are equidistant from M,, To summarize see the following figure 
Now rays 3, 4 incident on M, (object is 1) which reflect as rays 5, 6 and form image 1,,. Rays 5,6 


do not strike any mirror, so image formation stops 


EEN (M, forms image 1, 
4 object O) 
M, forms image 
of object 


P^ 
P 
ri 


For rays reflecting first from M, and then from M, first image I, (at (x, »)) will be formed and 


this will function as object for mirror M, and then its image I, , (at (x, -y)) will be formed. 


1, and Ip, coincide, 


Three images are formed 
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Shortcut: 
When 360" is exactly divisible by 0. 
Here two cases may arise 
o o 
(a) If 388 is even integer then number of images = 360 1, Whatever the location of object 
(symmetric orunsymmetric) 
o o 
(oir E is odd integer then number of images = 3e forunsymmetric placement 
o 
= 360 ~1 for symmetric placement. 


Illustration: 


‘Two mirrors are inclined by an angle 30°. An object is placed making 10° with the mirror M,. Find the 
positions of first two images formed by 


h mirror. Find the total number of images using (i) direct 
formula and (i) counting the images. 
Sol Figu 
Number of images 


is self explanatory 


360 
(i) Using direct formula ; “55> = 12 (even number) 
number of images = 12-1 — 11 
(ii) By counting. See the following table. 
Image formed by Mirror M, Image formed by Miror M, 
(angles are measurec trom the mirror My.) (angles are measured from the minor M, ) 


Stop because next angle will be more than 180° Stop because next angle will be more than 180° 


To check whether the final images made by the two mirrors coincide or not : add the last angles and the| 
angie between the mirrors. If it comes out to be exactly 360°, it implies that the final images formed by| 
the two mirrors coincide. Here last angles made by the mirrors + the angle between the mirrors = 150°| 
+ 170° + 30° = 360. Therefore in this case the last images coincide. Therefore the number of images =| 
number of images formed by mirror M, + number of images formed by miror M, -1 (as the last images 
lconcide)- 6 +6 -1 =11 


Copied to clipboard. 


Practice Exercise 


Q.1 Two plane mirrors forms an angle of 120°. The distance between the two image of a point source 


formed in them is 20 cm and the point source lies on the bisector of the angle formed by the mirrors. 


What is the distance of the light source from the point where the mirrors touch? 


Q.2 To get three images of a single object, what should be the angle between two plane mirror: 


Q.3 Two plane mirrors are inclined at an angle of 60° to each other. If an object is placed between 
them, find the number of images produced. 


Answers 


Q1 ILS$&cm Q 


9" Q3 5 
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Reflection at spherical mirror 


Aperture : The edge of a spherical mirror is a circle, Part of the plane of circle, enclosed by the circle 
is called its aperture 

Paraxial Ray: A light ray incident on the mirror at very small angle then the ray is called paraxial ray. 
Marginal Ray:A light ray incident on the mirror at finite angle then the ray is called marginal ray. 
focus :Suppose a light ray AQ parallel to x axis become incident on a concave mirror at angle of 
incidence 0 (fig).After reflection we have reflected ray QF a 
at F. We want to calculate PF 


angle of reflection 0 which intersects x axis 


Intriangle CFQ 

ZQCF = ZAQC - 0 (alternate angle) 
le CFQ is an isoscless tri 
= CN=QN=CQ/2=R/2 
In triangle NFQ 


coso -QN R/2 
OF QF 
R 
> 2C0S0 
R 
" CF-QF 
20050 
R 


PF=PC-CF=R-CF Toi 


For marginal rays 0 is not small. Hence different light rays intersects x-axis at different points. But if we 
consider paraxial beam (0 0) 


=> PF (As 0-+0 = cos0— 1) 


iall the light rays intersects x-axis at single point. This single points called focus of the spherical mirror 


ies 
& 

As i increases cos i decreases. Ifi isa smallanglecosi «1 

Hence CQ increases CQ=R/2 


Principal axis : A line passing through focus and centre of curvature. 
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Pole: Point of intersection of principal axis and mirror. 
Focal length (f) : The distance between focus and pole is called focal length 

Sign Convention : 

The following sign convention is used for measuring various distances in the ray diagrams of spherical 
mirrors: 

All distances are measured from the pole of the mirror. 


Distances measured in the direction of the incident r 


are positive and the distances measured in the 
direction opposite to that of the incident rays are negative. 


Distances measured along y-axis above the principal axis are positive and that measured along y-axis 


below the principal axis are negative. 


Bhecten of the Diection ofthe 
Po eidestray incidem oy 


U " € 
* negare Poste Negotive robes 
ditence clitance distance Satonce 
‘Spherical Mirrors [Lenses 
inh + tor concavo mien for converge ena 
cecilia E object wn hort of he manor (al coe [meet teens a 
(objects babi tho ror ral ce) "ine obec to he right othe lera (val object 
he mage in on fa minor (ral image x an image (real) lormad to the right ofthe ena by a on abject 
Image Distance 
(ine mage 9 behind Be moror wr maae Toran image (vta formed to the f he Jone by a rel object 
Magnification = + 
Aer an rage a & vrid wa eapoct ote obec 


Mirror formula 


Inthis section we describe quantitatively where images are formed when light rays are reflected at 


spherical mirror. Consider two transpa 
We assume that the object at O. Let us consider the paraxial rays leaving O. As we shall see, all such 


nt media having indices a spherical mirror of radius R (Fig.). 


rays are reflected at the spherical surface and focus ata single point I, the image point. Figure shows a 
lo point I 


Je ray leaving point O and reflec 


4) 
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Now we use the fact that an exteriorang 


angles. Applying this rule to triangl 
i=p-a 
From law of reflection 


QP QP _ QP 
oP" IP CP 
Taking sign convention 

u--OP v 


we get 


Note : This relation is same in all cases no matter object or image pois 


concave or convex. 


Graph : v vsu : 
(a) For concave mirror 


— Virtual image of 


1 
Real 


Real im 
a real object 


ss OQC and CQL in F 


of any triangle equals the sum of the two opposite interior 


igure gives 


T 


approximation) 


is real or virtual, mirror is 


(b) — Forconvexmirror 


Real image of 


Concave mirror 
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Image Tracing for Transverse Extended Object 


Intracing image ofa transverse extended object we should keep in mind following 


(1) — Arayparallelto principal axis after reflection from the mirror passes or appears to pass through its focus 


Q) Aray passing through or directed towards centre of curvature, after reflection from the mirror, retraces 
its path (as for it 0, = 0 and so 0, — 0) 
(3) — Ray drawn from the top of the object toward the focal point on the back side of the mirror and is 


reflected parallel to the principal axis. 


Image Tracing in some cases 
G) — Whenthe objectis placed at infinity, a real, inverted and very small image is formed at the focus. 


For a distance object image is 
formed at the focus 


xe 
v where y=fy 
m where 8e«1 

6) When the object is placed beyond C (2f, « x c), a real, inverted and diminished image is formed 


between F acid C 


For an object placed beyond C 
image is formed between C and F 
ve-y where fy<y<2f, 
m--8 where 0<6<1 
Gi) ^ When the object is placed at C 
(x=2f,),a real, inverted and equal size image is formed at C. 


0, 
dE 


where 


where 
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(iv) 


[7] 


When theobjectis placed between F and C (f, <x < 2f,), a real, inverted and larg 
beyond C. 


image is formed 


Forano 
age is formed beyond C 


ject placed he 


where 


m=-6 where 8»1 


When the objectis placed at focus F, a real, inverted and very large image is formed at infinity 


Ss 3 
4 J 


v=-y where y= 


m--6 where 8»1 


Note virtual object 


When the object is placed between F 
mirror. 


A virtual image is formed for an object 


v=+y 


m=+8 where $51 


Convex mirror 
The fig. shows a convex mirror of focal length f, in front of which an object O is placed at a distance x 
from the pole P. 


An object O placed in front of 
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According to Cartesian sign convention, the formulae may be modified as 
u--x and f=+f, 


fy +x 


Tus v= 


The above expression shows that whatever may be the value of x, v is always positive and its value is 


always less than or equal to fy 
‘The magnification formula may be modified as 
fo 


m= +x 


When the object is placed at infinity, a virtual, erect and very diminished image is formed at the focus. 


Illustration : 


Sol. 


Can a convex mirror form real images 


t is virtual and is placed between F and P. 


Yes, only when the o 
The fig. shows a convex mirror exposed to a converging beam which converges to a point that 


lies between F and P. 


-xfa 
fx 


v becomes negative (real image) only when x < fy 
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FOR CONCAVE MIRROR 


Position of 
object (real) 


Position of image 


Characteristics of image 


At infinity 


ALF 


Real, inverted, highly diminished 


Between 
infinity and C. 


Between C and F 


Real, inverted, diminished 


AC 


ACC 


Real, inverted, same size as that of object 


Between C and F 


Between infinity and C 


Real, inverted, magnified 


AF 


At infinity 


Real, inverted, highly magnified 


within F 


Behind the mirror 


Virtual, erect, magnified 


FOR CONVEX MIRROR 


Position of 
object (real) 


Position of image 


Characteristics of image 


At infinity 


AF 


Virtual, erect, highly diminished 


Ata finite distance 


Between P and F 


Virtual, erect, diminished 


Transverse or Lateral or linear magnification 


Itis defined as 


h 


height ofobject h, 


After using geometry we get 


Note : 


Sign of m, states orientation of image ws. to object and its magnitude compares size of image with size 


of abject 


Newtonian formula for mirrors 


here dis 


w=f& m= 


inces are measured from focus 


Copied to clipboard. 
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Illustration : 


A concave and convex mirror of focal length 10 cm and 15 cm are placed at distance 70 cm. An object 


4B of height 2 cm is placed at distance 30 cm from concave mirror. First ray is incident on con 


mirror then on convex mirror. Find size position and nature of image. 


Sol For concave mirror, 


u=—30em, f--l0em 
Using 
itt 
vu f 
2010.24 : 
* v730 10 sase 
Now 
'B'_ -V CIS 
"B (15) 4B Me 


4B u (-30) 


Image formed by first reflection will be real inverted and diminished 


For convex mirror 


f'- «15cm 


Now, 


Image for Longitudinal Object 


Ifan object is placed along principal axis then itis called longitudinal object. 


y small size then longitudinal magnification is defined as. 


_ length of image _ dv 


— length of image du 
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Now using 


Differentiating w.r.t0. u we get 


deo vs 
du ow ™ 


Illustration : 
An object AB is placed on the axis of concave mirror of focal length 10 cm end A of the object 
is at 30 cm from mirror. Find the length of the image (a) If length of object is 5 cm (b) If length 
of object is 1 mm 


30cm, 


Sol. For point A, u--3m, f=-10cm 


Using 


> > — v--ISem 
v 30 10 


Similarly for point B. u  -35m 


Using 


we will get v'--l4em 


Now size of image | A'B' =| (-15)-(-14)|=1em 


(b) — hereu--30cm, f =-10cm 


parod 
Using va f 
Wate do. 
d v 30 10 
Now dec OF a, 
> = lag?)- i 
900 jf " 
i.e.the length of the image is 2. 10* m. 


Copied to clipboard. 
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Relation between velocity of object and image if object is moving on principal 


axis: 
we can write 
du 
velocity of object relative to mirror= You =" 
d 
velocity of image relative to mirror v. 3" 


Now using 


Differentiating w.r./o. 1 we g 


dv Y du 
dw dt 
=> Vy mvyoy 


Relation between velocity of object and image if object is moving perpendicular 


to principal axis: 


we can write 
dh, 
velocity of object relative to mirror = You, = 
dh, 
velocity of image relative to mirror = Ys, = 
dividing we get 
Vme _ dh _ h 
Yost dh, h 
^ Vna =M Yonn 


Illustration : 
A mirror of radius of curvature 20 cm and an object which is placed at distance 15 cm both are 


moving with velocity 1 ms" and 10 ms? as shown in figure. Find the velocity of image. 
ims 


10ms 
— 


Sol Using 


n 


Now, using. 
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)-[C19)-0)] 


Practice Exercise 


Q.1 A beam of light converges towards a point O, behind a convex mirror of focal length 20 cm. Find the 
nature and position of image if the point O is (a) 10 cm behind the mirror (b) 30 cm behind the mirror 
Q.2 A plane mirror is placed 22.5 em in front of a concave mirror of focal length 10 cm. Find where an object 
can be placed between the two mirrors, so that the first image in both the mirror coincides. 
Q3 A concave mirror of focal length f produces a real image n times the size of the object. What is the 
distance of the object from the mirror? 
Q.4 The focal length ofa concave mirror is 30 cm. Find the position of the object in front of the mirror, so that 
the image is three times the size of the object. 
Q.5 — Ashortlincarobjectof length b lies along the axis of a concave mirror of focal length fat a dist 
from the pole. What is the size of the image? 
Q.6 Ifa luminous point is moving ata speed V, towards a spherical mirror, along its axis, show that the speed 
at which the image of this object is moving will be given by 
TE 
Msz] Yo 
Answers 
QA (2)-20 (b) +60 Q2 15cm fromthe concave miror Q3 in 
QA Case I Ifthe image is inverted (i.e., real) : 40 em in front of the mirror. 


Case I If the image is erect (i.e., virtual) : 20 cm in front of the mirror 


Refraction of Light At plane Surface 


Refractive Index 


The refractive index (denoted by p orn) of a material fora given colour at light is defined as 
ig 
Where c speed of light in vacuum and 
v speed of light in the medium for that colour of light. 
Note : 
6 nl 
(i) Wecanalso say refractive index as absolute refractive index. 


(ii) ‘The refractive index of a material depends on wave! 


hof lightand given by (Cauchy's equation) 


2 A 
M, = Ho +> 
Xo 
Where Hi, = refractive index of a material for light ray of wave length 2. 


u, = constant depending on nature of material. 
A = constant depending on nature of material 


Itis well known that in visible range the wavelength violet light is minimum of red light is maximum. So using 


Cauchy's equation we can say that in visible range the refractive index of a material is maximum for violet 


and minimum for red and hence (i) speed of light ina material is maximum for red and minimum for violet 
in visible range (i) dev 


tion of violet ray is maximum and red colour of light ray is minimum in visible range 
for same material and same angle incidence. 
(v) When light passes from one medium to another then speed and wavelength changes such that frequency 


remains unchanged (hence colour also). 


(v) Relative Refractive Inde: 


The ratio p/p, is called refractive index of second medium relative to first and represented by jt, or p. 


[or Hee 
Ly = or given colour of light and different two media). Note : 1H2 = 
1H 774, 7 v, (forgiven colour of ight and diferent two media). Note : 1H2 
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Mlustratio 


How long will the light take in travelling a distance of 500 metre in water? Given that ufor water 
is 4/3 and the velocity of light in vacuum is 3x10” cm/sec 
Sol. We know that 
_ velocity of lightin vaccum 
velocity of lightin water 
3x10 


ocity of lightin water 


Copied to clipboard. 
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or velocity of light in water =2.25x10" cm/sec 


500x100 
Time taken = 5. 


2x10* sec 


Illustration : 
(a) Find the speed of light of wave length à = 780 nm (in air) in a medium of refractive index 
nel 
(b) What is the wavelength of this light in the given medium 


70 
<s = 503 nm 
^ u SS 


Sol. IR L igg x 108 b 
ol (vou = Tss ms (b) 


Practice Exercise 


Q.1 Light of wavelength 6000A enters from air into water [a medium of index of refraction(4/3)]. What is the 
(a) speed (b) wavelength (c) frequency and (d) colour of light in water? [Speed of light in free space 
is 3» I0 m/s] 


Q2. Ifthe wavelength of light in vacuum is 5800 A, then calculate the wavelength in glass (,11,= 3/2] 


Answers 


Q.1 (a) 2.25% 10* m/s, (b) 4500A (c) 5*10™ Hz and (d) yellow Q.2 3866A 


Refraction of Light 
Ifa light ray passes from one transparent medium to another medium but 


having oblique incidence then it deviates from its path (either towards 


normal or away from the normal) This bending of light ray due to change 
‘of medium is called refraction of light. 


Laws of Refraction 
Ist Law : Incident ray, refracted ray and normal at the point of incidence are coplanar i.e. refracted ray 
must lie in the plane of incidence. 

Ind Law (Snell's law) : The ratio of sine of a 


for given two media and given colour of light which is equal to refractive index of second medium relative 


le of incidence with sine of angle of refraction is constant 


to first for that colour of light. 


i, sin6, 


Husino, 


In vector form: 


ny) = nd d) 
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Deductions : 
(a) If there is no change of medium light ray passes undeviated. 


(b) Iflightray incident normally then transmitted light ray is also normal. 


(c) Iflight ray passes from rarer to denser then it bends towards the normal, 


(d) Iflight passes from denser to rarer then it bends away from the normal. 


Illustration : 


A cylindrical vessel, whose diameter and height both are 
equal to 30cm is placed on a horizontal surface and a small 
particle P is placed in it at a distance of 5.0 cm from the 
centre. An eye is placed at a position such that the edge of 


the bottom is just visible. The particle P is in the plane of 


drawing. Up to what minimum height should water be 
poured in the vessel to maks the particle P visible ? Given 
refractive index of water = 4/3. 


Sol — From figure 
x*30-h 
PA -20-x 
20- (30h) =h- 10 
Using Snell's law we get 
4 ^ 
ixsinr= Ssini 
h-10 
Dssin 45°= 3* Th (10) 
23 (h— 10y = 9hr 
h 26.7 cm 
Practice Exercise 
Q.I — Ifonefaceofa prism of prism angle 30° and p = VŽ issilvered, the incident ray retraces its initial path. 
What is the angle of incidence? 
Q.2 Atay of light falls on a transparent glass slab with refractive index (relative to air) p find the angle of 
incidence for which the reflected and refracted rays are mutually perpendicular. 
Q3 — Aperson looking through the telescope T just sees the point A on the rim at the bottom of a 


cylindrical vessel when the vessel is empty. When the vessel is 
completely filled with a liquid of refractive index 1.5, he observes a 
mark at the centre B of the bottom, without moving the telescope or the 
vessel. What is the height of the vessel if the diameter of its cross— 


section is 10 cm? 
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Q4 — Apolestandi 
are the lengths of the shadows thrown by the pole on the surface and bottom of the pond if the sun is 30° 


ina clear water pond stands 1 m above the water surface, the pond is 2 m deep. What 


over the horizon?[Refractive index of waters 4/3] 


Answers 


Qi 45 Q2 tanp Q3 845cm Q4 


Critical Angle of incidence 


Here AB is refracting surface, O is a point source of light, placed in denser medium. A number of rays 


become incident from O to the surface AB. The ray OA, being normally incident, travels undeviated. As 


we consider the rays having larger angle the rays will be deviated more and more. Fora particular value 


of angle of incidence (called critical angle of incidence) light ray grazes in the surface 


For 0,=0. > 0,=90! 
Using snell's law, 
Homer Sin, = p, sin 90" 


Hase 
sind, 


[m 


Ifthe light ray is incident having angle of incidence greater than critical angle of incidence then the light is 
totally reflected and obeys the laws of reflection. This phenomenon is called total internal reflection 


Illustration : 


A ray of light traveling in a transparent medium falls on a surface separating the medium from 
air at an angle of incidence of 45°. The ray undergoes total internal reflection. Find the refractive 
index of the medium 
Sol. Here 45°> 0, 
sin 45°> sin 0 
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Illustration : 


In the figure shown, for an angle of incidence i at the top surface, what is the minimum refractive 


index needed for total internal reflection at the vertical face? 


Sol. Applying Snell s law at the top surface 
sine =sini © 


For total internal reflection the vertical face 
aR OH 


psin®, =1 
Using geometry, 0, =90° -r 


psin(90—r) «1 o, 


On squaring and adding equation (i) and (ii), we get 


pw sin? r+ cos! r1 sin'i 
or  p=yi+sini 


Illustration : 
A point source of light is placed at the bottom of a tank containing 
a liquid (refractive index = p) upto a depth h. A bright circular 
spot is seen on the surface of the liquid. Find the radius of this 
bright spot. 


Sol. Rays coming out of the source and incident at an angle greater 


than 0, will be reflected back into the liquid therefore, the 


corresponding region on the surface will appear dark. As is obvious 
from the figure, the radius of the bright spot is given by 


sin6, hsind 
R=htano, = Pi? 2e d i 


cost, di -sin' 6, 


Since sin9, 


Practice Exercise 


Q.1.— Amyof light from a denser medium strike a rarer medium at an angle of incidence i. If the reflected and 


refracted rays are mutually perpendicular to each other, what is the value of critical angle? 


Q.2 A beam of parallel rays of width 20 cm propagates in glass at an angle 60° to its plane face. Find the 
beam width after it goes over to air through this face. The refractive index of glass is 1.8. 


Q3 — Arayoflight travelling in glass (u — 3/2) is incident on a horizontal glass-air surface at the critical angle 
©,- Ifa thin layer of water (u =4/3) is now poured on the glass-air surface, at what angle will the ray of 


ight emerge into air at the water-air surfac 


4 
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QA A particular optical fibre consists of a glass core (index of refraction n) surrounded by a cladding (index 
of refraction n, « nj). Suppose a beam of light enters the fibre from air at an angle 0 with the fibre axis as 
shown in figure. Show that the greatest possible value of 0 for which a ray can be propagated down in 


fibre is given by 0 = sin"! [nz —n2] 
n 


Answers 
Q. smW(ani) — Q2 20cm Q3 90" 
(3) Calculation of angle of deviation : 
When p, < p, When p, > p, 


Plot of deviation vs angle of incidence 


light travells from rarer to denser 


Practice Exercise 


Q.1 A ray of light is incident on the surface of a spherical glass paper we 


ht making an angle a with the 
normal and is refracted in the medium at an angle B. Calculate the deviation. 


Answers 


QI af) 
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Shifting of image : 


Here we will encounter two cases. 


(à) Whenobjectisin denser (b) when object is in rarer 
medium with respect to observer medium with respect to observer. 


Here p, < p, 


From Snell's law 
hi, sinO, =p, sin 0. 


for paraxial rays 0.0 


10, 71,9. 
> tan, =p, tan 
PQ 2 PQ 
à à 
> Bopp 
IP y 
= OP y, 


Relation between the velocities of object and image if object is moving perpendicular to the surface: 
2d 
dt 


Y 


d 
Oat (op a Vitas = 3L (IP) 
) and ae 
but 
IP p FE S 
OP n " 


differentiating both sides with respect to time we get 


dip is do 
dt gud 


JP 


Practice Exercise 


Q.1 A fish rising vertically to the surface of water in a lake uniformly at the rate of 3 m/s observes a king- 
fisher (bird) diving vertically towards the water at a rate of 9 m/s vertically above 


of water is (4/3), find the actual velocity of the dive of the bird. 


Ifthe refractive index 


Q.2  Aconcave mirror of radius of curvature one metre is place at the bottom ofa tank of water, The mirror 
forms an image of the sun when itis directly overhead. Calculate the distance of the image from the 
mirror for (a) 80 cm and (b) 40 cm of water in the tank. 

Q3. Abird in airis diving vertically over a tank with speed 6 cm/s, Base of the tank is silvered. A fish in the 
tank is rising upward along the same line with speed 4 ens. [Take: p, = 4/3] 

(A) — Speedofthe image of fish as seen by the bird directly 
(B) Speed of image of bird relative to the fish looking upwards 
Answers 
Ql 4.5 m/s Q.2  (a)S0cm from the mirror (b) 47.5 cm 


3 a4 ^ 
Q3 (A) Velocity offish inair=4% 7 737, Velocity of fish wrtbird o3 «679 


4 


(B) Velocity of bird in water =6 x Z =84, wart fish=8 +4= 121 


Refraction Through Slab 


ing of ima 


Let an object O be placed at one of the slab (thickness-t, R. I-11) and the distance between the surface 
closer to the object and the object be x. 


Copied to clipboard. 
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At first surface 
rP, p 


OR 1: = — PR-ygOP ax 


At second surface 


IP, d 
IP, p 


Now, shifting will be given by 


Ax - OP, - IP, - (x 9- | 


1 
Ax=t}1 
m 
Note that shifting occurs in the direction of propagation of light 


Practice Exercise 

Ql An object is placed 21 cm infront of a concave mirror of radius of curvature 10 cm. A glass slab of 
thickness 3 cm and refractive index 1.5 is then placed close to the mirror in the space between the 
object and the mirror. Find the position of the final image formed. (You may take the distance of the 
near surface of the slab from the mirror to be 1 em). 

Q2 A20 cm thick glass slab of refractive index 1.5 is kept in front ofa plane mirror, Find the position of 
the image (relative to mirror) as seen by an observer through the glass when a point object is kept in 
airata distance of 40 cm from the mirror. 

Answers 

Q.1 7.67 emin frontof mirror Q2 803cm 


Combination of slabs : 


Copied to clipboard. 
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At first surface 
rP, p 


OR 1: = — PR-ygOP ax 


At second surface 


IP, 1 
= 3 > IBexel 
TP, p m 
Now, shifting will be given by 
Ax - OP, - IP, - (x 9- | 
1 
Ax=t}1 
m 
Note that shifting occurs in the direction of propagation of light 
Practice Exercise 
Ql An object is placed 21 cm infront of a concave mirror of radius of curvature 10 cm. A glass slab of 
thickness 3 cm and refractive index 1.5 is then placed close to the mirror in the space between the 


obj 
near surface of the slab from the mirror to be 1 em). 


tand the mirror. Find the position of the fi ofthe 


l image formed. (You may take the distanc 


Q2 A20 cm thick glass slab of refractive index 1.5 is kept in fror 


ofa plane mirror. Find the position of 
the image (relative to mirror) as seen by an observer through the glass when a point object is kept in 


airata distance of 40 cm from the mirror. 


Answers 


Q1. 7.67cmin front of mirror Q2  803cm 


Combination of slabs : 
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Netshift will be 


(tt te 


n, Hy Hs Ht n, 


Hlustration : 
A tank contains three layers of immiscible liquids (figure). The first layer is of water with refractive 
index 4/3 and thickness 8 cm. The second layer is an oil with refractive index 3/2 and thickness 
9cm while the third layer is of glycerine with refractive index 2 and thickness 4 cm. Find the 


apparent depth of the bottom of the container 


^ 
Tesi 
Sem[[n 74 


Sol. I : Method of interfaces : 
4 ray of light from the object undergoes refraction at three interfaces. (1) Water-oil, (2) Oil- 


glycerine (3) Glycerine-air. The coordinate system for each of the interfaces is shown in figure 


n 


Inerfce  4Y ^ 


Interface gy 
Interface 1 x 


Water-Oil Interface 
d, = -$cm, p, = 4/3, p, = L5 


Hy _ tb us 


Ws gg, oro doo p, We get d, = -9em 


Oil-Glycerine Interface 


d, =-(9 + 9) =—I8cem, u, = 1.5, p, =2 


n 
or d,- 4 d, we get d, =-24 cm 


Glycerine-Air Interface 
d,=-{4 + 24) =-28 cm, p, =2, p, =1 
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[S m 
or d,= p d, we get d,=-14 cm 


d d 


As 
Thus the final image is 14cm below the glycerine - air interface 
Sol II : Method of elements : 


The system now comprises three slabs - one of water, one of oil and one of gi 
in this Section and given by equation, the net shift of the system in the sum of the individual shifis 


vine. As discussed 


each of the slabs asuming they were in air 


Therefore, 


Net shift s=1, [+n] 
Lon H "n 


7em. 
The direction of the shift is in the direction of the incident rays which is upwards. Therefore, final 


position of the object is = (4 + 9 + 8) — 7 = 14cm below the glycerine-air interface. 


Mlustration : 
4 


Ina tank a 4 cm thick layer of water | W 9 5 | floats on a 6 cm thick layer of an organic liquid (u 
1.48). Wiewing at normal incidence how far below the water surface does the battom of tank 


appear to be ? 


d, d 
Sol. d, E 
" nn 
6 4 
148 4/3 


d, 7 7.05 cm 


Sifting in path : 
ent ray is parallel to 


medium then after refraction the emery 


When a ray passes through a slab placed in a 
the incident ray but it seems that it has translated some distance (Ad, called shifting 


path) 


Copied to clipboard. 
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In triangle P, P, P, 


t 
P P= 


173. cos, 
In triangle P, P, P, 


[ 


530, sin (0, 6.) 


A=P,P,=P, P, sin (8, ~0,)= — 


Elemenating 0, (using Snell's law), we get 


© sin(0, —0,) = tino, 1 — 1 599. 
co50; | vni -adsis'o, | 
Practice Exercise 
Qu An object O is located at the bottom of a tank containing two immiscible liquids and is seen vertically 


from above, The lower and upper liquids are of depths h, and h, respectively and of refractive 


indices p, and p, respectively. Locate the position of the image of the object O from the surface. 


Q.2 Allightis incident at 40° on a glass plate of refractive index u = 1.3 and width h= 1 cm, and emerges 


from the other side of it. Find the linear displacement of the light ray caused by refraction, 


Answers 


Copied to clipboard. 
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Snell's law for a number of parallel surface 


I,sin6, = p,sin0, 


= p, sin0, 


Hi sinO, = const. 


ie. the product of refractive index of a medium and sine of angle made by light ray in that medium with 


normal is constant for refraction through many parallel surfaces. 
If uj 7 ui, 0, 7 0, 


ie, the ray in Ist medium is parallel to the ray in the nth medium. 


Continuous variation of refractive 


u sin 9 =constant 


dy 

dx Slope of tangent 
=cotiť ^ n-f() 
-uni, Yo a-f() 


In situation where there is continuous varation of refractive index, critical angle is approximately 90° and 


bending of ray takes place if angle of incidence approaches 90? while travelling successively from denser 


Copied to clipboard. 
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to rarer layers. 


Mlustration : 
Find the variation of R. I. assuming it to be function of y such that a ray entering at origin at 


ibolic path y = x° as shown in figure 


grazing incidence follows a parc 


vy 
: x 
Air 
dy 
Sol. tan (90 — i) = cos i = 2x 
dx 
Using Snell's law v 
z 1 
1-sin 5 =ysini 
i ES 
or sini- 
or u=cosesi= fai 41 


or u= Jays 


REFRACTION THROUGH PRISM 


2. 


Prism is a transparent medium whose refracti 


g surfaces are not parallel but are 


inclined to each other, 


Basic Terms 


(i) Angle of prism or reflecting angle (A) 


The angle between the faces on which light is incident and from which it 
mE A prism deviates a light ray 
(ii) Angle of deviation (8) 
Itis the angle between the emergent and the incident ray. It other words, itis the angle through which 
incident ray tums in passing through a prism. 
8-(-r)*(e-r) 
or ó8-ite-(n*r) 


o 6 


Condition of no emergence 
A ray of light incident on a prism of angle A and refractive index p will 
not emerge out of a prism (whatever may be the angle of incidence) if 


A> 20,,where 0, is the critical angle 


1 / 
sin (A/2) 


Condition of grazing emergence 


By the condition of grazing emergence we mean the angle of incidence. A 


ence becomes e = 90' 


* LAU EO ve 


iat which the angle of emer, 


Grazin 
ray in a prism 


Note : That the light will emerge out ofa given prism only if the angle of incidence is greater than the 
condition of grazing emergence 


Condition of maximum deviation 
Maximum deviation occurs when the angle of inc 
Bu 90? *e-A 


where e=sin" [usin (A -0,)] 


lence is 90 


Condition of 
maximum derivation 
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Condition of minimum deviation 
The minimum deviation occurs when the angle of incidence is equal to the angle of emergen 


à, 


Using Snell's law 


Bain +A] 
snl Pon A] 
u= w[4] Ligh ay pases io 
2 prism sy strically in the 


Note : That in the condition of minimum deviation the light ray passes through the prism symmetrically, 


ie. the light ray in the prism becomes parallel to its base. 


Characteristic of a prism 
(a) Variation of 8 versus i (shown in diagram). 
For one (except à min) there are two values of angle of incidence. 


xt the same value of 8 because of reversibility principle of light. 


If i and e are interchanged then we 


idence for which the angle of deviation is minimum. 


(b) ‘There is oneand only one angle of in 


metrically want 


When =8,,,, the angle of minimum deviation, then i= e andr, =r, the ray passes s 
Awhere 


-angle of 


the refracting surfaces. We can show by simple calculation that à, 


incidence for minimum deviation, and r=A/2 
[ A8 
sin ^7 


n= A] 
sin, | 


Tiprim. 


n 


Also à, (n 1)A (for small values of ZA) 
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Illustration : 
A prism with angle A = 60° produces a minimum deviation of 30°. Find the refractive index of the 


material. 
Sol. We know that 


A8, 
sin{ A*5an ) 
u- (A) 
sin{ ^] 
Here A= 60, 8, 730 
in (90+ 30) 
2 sin 45 
Bin) sin 30 


Thin prisms 


In thin prisms the distance between the refracting surfaces is negligible and the angle of prism (A) is very 


small 
Since A 7 r, = ry, therefore, if A is small then both r, and r, are also small, and the same is true for 
i, andi, 
According to Snell's law sin i, 7 isinr o dun 

sini, 7 usinr, oqr dn 
Therefore, deviation 8-(i -r+ i-r) 

67 (r, *r) * (i-r) 

$-A(u-1) 


gled prism is independent of the angle of ín 


Note : That the deviation for a smal 


Illustration : 


A thin prism of angle A = 6° produces a deviation 8= 3°. Find the refractive index of the material 


of prism. 
Sol We know that 6= A (u- 1) 
"m 

or ubt 


Here A — 6°, 8= 3°, therefore 
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Mlustration : 
Find the co-ordinates of image of the point object 'O' formed after reflection from concave mirror 


as shown in figure assumming prism to be thin and small in size of prism angle 2°, Refractive 
index of prism materal is 3/2. 


Consider image formation through prism. All incident rays will be deviated by 


Sol. 


(^ is very small) 


Itis clear 


or d= ac em 


Now this image will act as an object for concave mirror 


u 7 25 cm, f = -30 cm 


uf. 
v 150 cm 
u-f 


Also, m» — = 46 
u 


cm 


Distance of image from principal axis = c. * 


( z 
Hence, co-ordinates of image formed after reflection from concave mirror are | 175cm, ^ em 


4e 


Illustration : 


The cross-section of the glass prism has the form of an isosceles ? 
triangle. One ofthe equal faces is silvered. A ray of light incident N 
normally on the other equal face and after being reflected twice, i 
emerges through the base $ ( 
of prism along the normal. Find the angle of the prism yi V 
Sol. From the figure 
a=90"-A 
i=90"-a=A 6) 


Ako fi-90'-2i-99 -2A 


and 


Thus, y=r=2A 
From geometry, 
A+y+y=180' 


180 
or A 36 


Some interesting Facts related to refraction and total internal reflection 


Be 


ling of an object 
When a point object in a denser medium is seen from a rarer medium it appears to be at a depth (d/p). 
soifa linear object is dipped inclined to the surface ofa liquid. (say water) actual depth will be different 


forits different points and so apparent depth. Due to this the object appears to be inclined from its actual 
position or BE as shown in figure. 


Visibility of two images of an object 
When an object is in a glass container and is seen from a level higher than that of liquied in the container 
as shown in figure , two images I, and L of object O can be seen simultancously-one due to refraction 


at the upper surface while the other at the side surface. 


SK 
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‘The sun is oval shaped at the time of rising and setting. 


In the moring or eveing, the sunin at the horzon and refactive index in the atmosphere of the earth 
es with height. Due to this, light reaching earth's atmophere from different parts of vertical diameter 
at different heights in earth's atmophere and so travels in media of different refractive 
ant and hence bends unequally. 


Due to this unequal bending of light from vertical diameter, the image of the sun gest distorted and it 


decre 


ofthe sun ente: 


indices at the same i 


apperars oval and larger. Howver at noon when the sun is overhead, then due to normal incidence there 


will be no bending and the sun will appear circular. 


Similarly you can explain Sun rises before it actually rises and sets after it actually sets. 


Stars twinkle, 
Stars are self- luminous distant object, so only a few rays of li 
However, due to fluctuations in refractive index of atmosphere the refraction becomes irre 
li 
moon or free space we look at a star this effect will not take place and star light will reach the eye 


ht reach the eye through the atmosphere. 
ular and the 


ht sometimes reaches the eye and sometimes it does not. This gives rise to twinkling of stars. If from 


continuously 


‘Tree appear inverted in deserts (mirage) 
Itis an optical illusion created due to the phenomenon of total internal reflection, This is seen in hot 
region. In hot areas like deserts surface of earth is very hot. So, air in the lower regions of atmosphere is 

ight and it increases as 


hotas compared to that in higher regions. This result in variation of density with he 


go up. In this situation atmosphere can be assumed to be made of large number of thin layers of air 


we 


Ab 


to rater medium. Therefore, its angle of incidence at c 


n of light starting from an object say a tree and travelling downward finds itself going from denser 


nsecutive layers goes on increasing gradually til it 


surpasses the critical value and is reflected back due to total-internal reflection, A virtual image of the 


objectis seen by eye at E. Due to the disturbance of air, the mirage is wavy in nature, thus giving an 


of water which is actually not there. This effect is also called infe 


illusion for the presen ior mirage. 


' 
Ships appear above in the air in cold countries (looming) 


This effect occurs when the density of air decreases much more rapidly with increasing height than it 
does under normal conditions. This situation sometimes happens in cold region particularly in the vicinity 
of the cold surface of sea or of a lake. Light rays starting from an object S (say a ship) are curved 
downward and on entering the eye the rays appear to come from S’, thus giving an impression that the 
ge. 


ship is floating in air. This effect is also called superior mi 
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An eye placed inside water sees the external world within a cone and rest surface of water appears as a 


h 
vast sheet of mirror. Radius is f 
v1 


Diamond and glass both shine if cut to the special shape, but diamond shine more than glass piece cut to 


same shape. 


Optical fibre. 
In optical fibre a fine material of high refractive index is coated with a material of relatively low refractive. 
index. When a light is incident in it, it suffers a no. of total internal reflection and comes out of it. It is used 


as light pipe. 


reflecting prisms. 


Dispersion of Light 


When a beam of light (cont l wavelengths) falls on one face of a prism, it splits into its 


ining sever 


constituent colours. This phenomenon of splitting of light into its constituent colours is called dispersion 
of light and the band of colours obtained on a screen is called spectrum. The cause of dispersion is 
variation of refractive index with wavelength of light. An approximate empirical relation as proposed by 
Cauchy is given by 


B 
HA)=A+ 5 
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where A and B are known as Cauchy's constant. The value of A and B depends on material of prism. 
We know that X, X, 
Hence, a 
The difference in the deviations suffered by two colours in passing through a prism gives the angular 


à, 


dispersion for these colours. The angle between the violet and red colours is known as angular dispersion. 
We know that for small angle of prism, deviation is given by 


Red 
Orange 
Yellow 
“Green 
Blue 
Indigo 
Violet 


8-(u- DA 

8, 7 Deviation in violet colour (p, - A 

6, 7 Deviationinredcolour = = (p, - DA 
Hence, Angular Dispersion (A.D) 8,- 8, 


[PY 
ar from above relation that angular dispersion depends upon (i) the nature of material ofthe prism 


Itisc 


and (i) the angle of the prism. This is also defined as the rate of change of angle of deviation with 


dö 
wavelngth i.e., A.D.= 5 
Dispersive power ofa prism is def 


by the prism. 


ned as the ratio between angular dispersion to mean deviation produced 


(= Dispersive power 


Öy-ök ye du 

= a Taa 
Where dp denotes the difference between the refractive indices of material of prism for violet and red 
light. It is also defined as dispersion per unit deviation. Yellow colour is taken as mean colour. 


Hy+He Hg 
MT or 


Also, m= 
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Dispersion without Deviation 


Let us considera crown glass prism combined with a flint glass prism in position as shown in figure. Let 


Aand A' be the angles of crown glass prism and flint glass prism respectively. Let p, } and p, be the P 


refractive indices of the crown glass for violet, yellow and red colours respectively 


Let p,', ’and j,” be the corresponding values for the flint glass prism. 


Let and à' be the deviations suffered by yellow light through crown 


glass prism and flint glass prism respectively. 

Ifthe combination does not produce any deviation, then 
$80 

oro (u-DA*(r-DA'-0 

oro (U-DA'-qu-1A 


1-1 
a afia) 
This is the condition for no devition. The negative sign indicates that the two prisms are to be placed in 
position as shown in figure. 

Net angular dispersion — [(d, — d) + (d*, -d*)] ^u, -u )A+ (p°, -p° JA" 

AJ 


[es zo] 


II 


(i- DA [ uc &(o- o") 


Here wand o" are the dispersive powers of crown glass and flint glass respectively. As the dispersive 
powers wand are not equal, in such a combination there will be resultant dispersion and the final 


dispersed beam is parallel to the incident beam. 


Since o' >o therefore the net angular dispersion is negative. This explains why the order of colours in 
the spectrum due to combination is opposite to that in the crown glass prism. 


Deviation without dispersion : 
For the combination of prism shown in fi 
(8,-8)*(&/-8)-0 


ure, if there isto be no angular dispersion, then 


or (1,7 nA Q7 8) A 
or (u,-n)A 


or 
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This is the condition for achromatism i.e., the condition for no dispersion. This condition can be written 
in another formas given below. 


From equation (1), 


Hy Hy Hn ch. 


(u- DA +R- DAC -0 
i-l “1 
E E White 
or bord =0 light 
o ò 
or > = 
o è 
Since, «>, ae 
or (w—1D)A> (DAY 
Bu, (p-1)<(p'-1) ATA 


So, the crown glass prism should have a larger angle than the flint glass prism. 
Netdeviation =8 +5 


: (i-DA"] 
(- DA*(Qr- DA Qi- DA |t Gp | 
nali BI py 7n, T - 
DA Lr (Using equation (2)) 
M-m, Hy Hy HI (o 
id mol n-b aj 4 € 


Since o> o, therefore the net deviation is in the direction of the deviation produced by crown glass 


prism. 


Remark: 


A parallel sided glass slab can be looked upon as the combination of two prisms producing no deviation 


and no dispersion, 


Practice Exercise 


Q4 A ray of light undergoes deviation of 30° when incident on an equilateral prism of refractive index 


V2. What is the angle subtended by the ray inside the prism with the base of the prism? 


Q2 A thin prism P, with angle 4” and made from glass of refractive index 1.54 is combined with another 
prism P, made from glass of refractive index 1.72 to produce dispersion without deviation. What is 


theangle of the prism P,? 
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Q3 


A rayof light is incident at an ar 
emerging out of the prism makes an angle of 30" with the incident ray. Show that the emergent ray is 
perpendicular to the face through which it emerges and calculate the refractive index of the material 


e of 60° on one face of a prism which has an angle of 30°, The ray 


of the prism. 


A glass prism of angle 72° and index of refraction 1.66 is immersed in a liquid of refractive index 


1,33. Find the angle of minimum deviation for a parallel beam of incident light passing through the 


prism. 
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formation of image by a Spherical refracting Surface 


axis and the refracting surface. 


Pole (vertex) : Point of intersection of principal 
Focal Point ( F) : It is an axial point having the property that any incident ray traveling parallel to the axis 
will after refraction, proceed toward, or appear to come from this point 
Focal length (f) : The distance of the focus from the vertex of the refract 
There isa great significance of the sign of focal length as itis able to state whether the spherical refracting 


urface is called focal length. 


in the chant. 


surfac 


converging or diverging 


Sign off Nature of the system 
+ve converging 
ve diverging 


Relation between position of object distance, image distance and radius 
of the spherical refracting surface : 


In this section we describe how images are formed when light rays are refracted at the boundary between 
two transparent materials. Consider two transparent media having indices of refraction p, and p, , 
where the boundary between the two media is a spherical surface of radius R (Fig.). We assume that the 
ial rays 


at O is in the medium for which the index of refraction is i, . Let us consider the paraxi 


objec 
leaving O. As we shall see, all such rays are refracted at the spherical surface and focus ata single point 


1, the image point Figure shows a single ray leaving point O and refracting to point I 


P, 
p, ^ B p 
- / — 
« {ja : = 
Y a r ~~ 
- + bin, z -—] 
o 1 1 
——— R ——_+ 
N 
p 4 "| 


Snell's law of refraction applied to this ray gives 
m 
Because 0, and 6, are assumed to be small, we can use the small-angle approximation sin 0 = 0 (with 


angles in radians) and say that 


Now we use the fact that an exterior angle of any triangle equals the sum of the two opposite interior 
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angles. Applying this rule to triangles OPC and PIC in Figure gives 
07a 
B=0,t+7 
Ifwe combine all three expressions and 
37 Quo 
From Figure, we see thr 


minate 0, and 0,, we find that 


mon 


ri 


ht triangles that have a common vertical leg of length d. For paraxial 


rays (unlike the relatively large-a 


le ray shown in Fig.), the horizontal legs of these triangles are 
approximately p for the triangle containing angle a, R for the triangle containing angle f, and q for the 
triangle containing angle y ). In the small-angle approximation, tano 
approximate relationships from these triangles as follows: 


so We can write the. 


d d 
tano sa tans f tany = 
d 


P 


We substitute these expressions into above Equation and divide through by d to give 


P g R 
Let 
u= object distance (with sign convention) 
v= image distance (with sign convention) 
R= Radius of curvature (with sign convention) 
then 


pu ety R=R 
putting the values of p, q and R in above equation we g 


Hy yy 
vou R 


Rules for image tracing for a linear, transverse extended object : 
The basic rule is same as that in mirrors. Briefly, 


Ö — Drawaray parallel to the princ 
through F. 


al axis which after refraction will be along the line passing 


G) Draw a ray incident along the line through centre it will pass undeviated 
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Transverse Magnification : 


Snell's law of refraction applied to this ra 


H, Sind, = 4, sind, 


Because 0, and 0, are assumed to be small, we can say that 


sino, 
y 


sind, = 0, = tand, = 


From the above equations we get 


mE: 

q 
y na 
Y P 


Transverse magnification is given by 


Y. n8 
Y P 


Let 
u object distance (with sign convention) 
v= image distance (with sign convention) 

then 
pu qe 

putting the values of p and q in above equation we get 


m, 
mm 


Longitudinal Magnification 


for small longitudinal object, 
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Optic Power : 


It represents the conversing ability of an element. Fora single spherical refracting surface it is defined as 


Illustration. : 
A linear object of length 4 cm is placed at 30 cm from the plane surface of hemispherical glass of 
radius 10 cm. The hemispherical glass is surrounded by water. Find the final position and size of 


the image. 


Sol. For IY surface 


4 3 
m 3 M, =>," =—20em, and R-«I0cm, 
m_m n-u) 
using 
e v u R 
(3) (5) 05-5) 
v C3) 1 
v--30cm 
TP em _(43)(3% 
Using 1B uu i (4cm) | (3. )(-20) 
(B2 s3em. 


4' B'behaves as the object for plane surface 


4 
Tj waz and R=, u'=—40 


Solving it we will get, y*=-25.4em 
egt (un) 
AB (unu) 


Now using, 


= "B"-53 


63». (43)(-40) 


The final images in all the above cases are shown in figure. 


Copied to clipboard. 


Practice Exercise 


Q.1 A parallel beam of light travelling in water (a =4/3) is refracted by a spherical air bubble of radius 2 mm 
situated in water. Assuming the light rays to be paraxial (a) Find the position of the image due to refraction 
at the first surface and the position of final image. (b) Draw a ray diagram showing the positions of both 
the images. 

Q.2 A point souree of light is placed in air at a distance 2R from the centre of a glass sphere of radius of 
curvature R and refractive index 1.5. Obtain the position of the intermediate and final images 

Q3 — Anair bubble in glass (= 1.5) is situated ata distance 3 cm from a spherical surface of diameter 10 cm 
as shown in figure. At what distance from the surface will the bubble appear if the surface is (a) convex 
(b) concave. 

w © 
QA — Ifamark of size 0.2 cmon the surface ofa glass sphere of diameter 10 cm and p= 1.5 is viewed through 
the diametrically opposite point, where will the image be seen and of what is size? 
Answers 
Q. (a)0.6cmand0.1 emleftof firstsurface — Q2 — wand 2R 
Q3  (a)-2.5cm(b) -1.66 cm Q4 0.6cm 


Refraction through lens 


Lens : 


A lens is an optical system bounded by two or more than two refracting surfaces having common axis. 


Refraction through a simple thin lens : 


In simple lens ifthe surfaces are very close to each other then the lens is called simple thin lens if they are 
'ligible distance then called simple thick lens 


separated by non n 


Thin lens is classified (Geometrically) to following categories. 


Biconvex Planeconvex ^ Biconcave — Planoconcave — Convexo concave 
But according to its action a lens may be of two types. 


Simple Thin Spherical lens 
1 
Y + 
Converging lens verging lens 
or convex lens or concave lens 
(If it converges Parallel beam) (If it diverges parallel beam) 


Some basic terms related to thin spherical lens : 


Optic Centre (C) y 
is parallel to the incident ray then the point at which refracted ray intersects the principal axis is called 


a light ray is incident on lens is such that after refraction from lens the emerge 


optic centre of that lens. 


Primary Focal Point (F,) : The position of object if image is at infinity is called primary focal point 


L4 


Where L, = converging lens 


L,=diverging lens 
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Secondary focal point (F ) : The position of imag 


ifobjectisat infinity is called secondary focal point 


focal length f: The distance between optical centre and secondary focal point is termed as focal length. 
Note : Signoff Nature of the lens 


*ve conve 


ve diverging 


Quantitative Discussion of a thin spherical lens placed in a Medium for 
an axial point object : 


Considera thin spherical lens (m — m.) is placed in a medium (m- m, ) as shown in figure. 
Let a point object O is placed on the principal axis of the lens. For the first refracting surface O is an 


object point and the corresponding image point it 1. Now I, will act as object point for second surface 


which again form an image at I. For lens we can say that O is object point and I is image point 


At first surface, oa oe (i) 
n. n 

At second surface, en Gi) 
Combining (i) and (ii) we get. 

11 (t) M L) 

v u (ua JR, R Gi) 
Calculation off: Ifu- 

(s (roa 

fu JUR R j «t9 
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This formula is known as lens maker formula. 
from (iii) and (iv) 


This formula is known as lens formula 

Power of a thin spherical lens : 

Itis defined as sum of the power of individual surfaces 
H-H Hah 


(1 1) 


P=(H-He RR : 


Note : The sign of P and f'are same. 


Mathematical Analysis to state whether the lens is converging or 
diverging : 


Biconvex : 
a, ya !) (n 1 1) 
[24] | -[ ul 
fln, (+R, -R,) (p, (R, R, 
If Hy > Hs [Is uy hs, 
f +ve - ve 
P= * ve - 0 
Nature» Converging diverging neither converging 


nor diverging 


Plano convex : 


1_(# RN ORAN 
[Ia TW R) iu, JR 
If [Lam [m 
f- *ve z 
* ve 0 
Nature» Converging neither converging 


nor diverging 
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Extended objects : 


Way of image tracing 


To locate the image of a converging lens (Fig.), the following three rays are drawn from the top of the 


object 

+ Ray Lis drawn parallel to the principal axis. After being refracted by the lens, this ray 
passes through the focal point on the back side of the lens. 

+ Ray2is drawn through the center of the lens and continues in a straight line. 

+ Ray3 is drawn through the focal point on the front side of the lens (or as if coming 


from the focal point iflul<f) and emerges from the lens parallel to the principal axis. 


To locate the image of a diverging lens (Fig.), the following three rays are drawn from the top of the 


object 

* Ray | is drawn parallel to the principal axis. After being refracted by the lens, this ray 
ss directed away from the focal point on the front side of the lens. 

. zh the center of the lens and continues in a straight line. 

+ Ray3isdrawn in the direction toward the focal point on the back side of the lens and 


‘emerges from the lens parallel to the principal axis. 
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Magnification : 


‘Transverse magnification : 


Longitudinal 


B 
WN sh 
Ae oF 
B 
From A'S PAB and 
BABY th D 
P aP 7 "m 
h, v f 
m, 
n u fru 
nagnifi ritudinal object 
Using 
ri 
vu f 


dv v 
du u 


Illustration : 


Sol. 


What if the object moves right up to the lens surface, so that u — 0? Where is the image ? 

In this case because u << R, where R is either of the radii of the surface of the lens, the curvature 
of the lens can be ignored and it should appear to have the same effect as a plane piece of 
material. This would suggest that the image is just on the front side of the lens, at v = 0. We can 


verify this mathematically by rearranging the thin lens equation. 


If we letu > 0,, the second term on the right become verty large compared to the first and we can 
neglect I/f. The equation becomes 


10d 
v u 
v=-u=0 


Thus v is on the front side of the lens (because it has the oposite sign as v), and just at the lens 


surface. 
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Hlustration 
Plot graphs of image distance as a function of object distance for a lens for which the focal 


length is 10 cm if the lens is 


(a) convex. (b) concave 


Sol. (a) (b) 


dem) 


Real image 


A 


Viewalimage 


Viran image: 


L Li ` 


bm400 00 @ 10 2) 30 49 16 20-20-02 101m or 


RedoMen Virna! abert 


Jed dei Virwal object 
Illustration : 


A thin equiconvex lens of refractive index 3/2 and radius of curvature 30 m is put in water 


4 
(refractive index == ). Find its focal length. 


1m Qr: 
" 1 | 
Sol. tu. le R) 
1 (32 Y 1,1) 
f (4/3 Ao3 03) 
1 (9 M2) 
«o Mea 
14.2 
9. $78 03 
or f-120m 
Mlustration : 


A lens of focal length f projects m times magnified image of an object on a screen. Find the 
distance of the screen from the lens. 

Sol. Image will be real. 
We know that 


1a 

fov 

> 

> [+ u is negative] 
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Practice Exercise 


QI Aglas 
ofthe 


convex lens of refractive index (3/2) has gota focal length equal to 0.3 m. Find the focal length 


s if it is immersed in water of refractive index (4/3). 


Q.2 A projector lens marks an image of an object on a screen 6 m from the lens. If the magnification is 24, 
whats the focal length of the lens? 
Q3 — Athin glass (refractive index 1.5) lens has optical power of -5 D in air. 


ind optical power in a liquid 
medium with refractive index 1.6 


Find the relation between n, and n, if the behaviour of a light ray is as shown in the figure 


aside 


Q.5 A point object is located at a distance of 15 cm from the front surface thick bi-convex lens. The lens is 
10cm thick and radii of its front and back surfaces are 10 cm and 25 cm respectively. How far beyond 


the back surface of this lens (m = 1.5) is the image formed? 


Q.6 — Anequiconvex lens of refractive index (3/2) and focal length 10 cm inair is held with its axis vertical and 


its lower surface immersed in water (m= 4/3), the upper surface being in air. At what distance from the 


lens, will a vertical beam of paral on the lens be focused? 


ight incide 


Q.7 A magnifying lens has a focal length of 10 cm. (a) Where should the object be placed if the image is to be 
30 cm from the lens? (b) What will be the magnification? 


Q8 — Aconverging beam of light forms a sharp image on a screen. A lens is placed in the path of the beam, the 


lens being 10 cm from the se 


ven. It is found that the screen has to be moved 8 cm further away from the 


lens to obtain a sharp image. Find the focal length and nature of lens. 


Q9 — Anobject 25 emhig 
formed is 50 cm, find the distance between the object 


is placed in front of a convex lens of focal length 30 cm. If the height of image 


and the image? 


Q.10 A point object O is placed at a distance of 0.3 m from a convex lens (focal length 0.2 m) cut into two 
halves each of which is displaced by 0.0005 m as shown in figure. Find the position of the image, If more 


than one image is formed, find their number and distance between them. 


ra T 


mon 
Answers 

QI 12m Q2 024mere Q3 1D Q4 m 

Q.5 200m Q6 20cm Q7 ()-L5cm(b4 — Q8 -225cm 


Q.9 — Case I (Ifthe image is inverted 
Q.10 03cm 


, real) 90 cm ; Case 2 ( If the image is erect i.e., virtual) —> 15 cm 
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Note: 


All the formula derived earlier is valid only for thin lens and applicable when lens is thin as well as medium 
on both sides of the lens is same, If the lens is thick or medium on both sides of the lens is different then 
we have to work with each surface step by step. 


Displacement method : 


nt method, in two 


This is a laboratory method to find the focal length of convex lens. In displace 


different situation real image of a real object are formed on the screen for given position of object and 


sereen by displacing the lens, 


Ifa thin converging lens of focal length "is placed between an object and a screen fixed at a distance D 


apart and if D> 4f, then there are two positions of the lens at which a sharp image of the object is formed 


on the screen. 
Ifthe object is ata distance ‘u’ from the lens, the distance of image from the lens v= (D — u). So from 


lens formula, 


E s 
sll i 
E b ; 
a b-p-a [* - 
D T D 
1 1 1 
vou f 
t 1 1 1 
wehave, (D-a) -a f 
ie 3 -Da*Df-0 
1 
Sothat a= 5 [D+ /D(D-4f) ] (i) 


Now there are three possibilities 


(a) 
(b) 


(e) 


IfD «4f:a will be imaginary, so physically no position of lens is possible. 

If D=4f: In this situation a= D/2 = 2f. So only one position is possible and in this situation, 
b=D-a=4f-2f=2f(=a) 

ID 4f: In this situation both the roots of equation (i) will be real. 
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ie. a-a-i| Jp oar] 


1 
md a-D-a-5 [p«/Dib-a6] Gi) 


So if'd » 4f, there are two positions of lens at distance a, and a, from the object for which real image is 
formed on the screen. 


Letus assume a >b 


> a= [p-/pw-an)] 


and b= 5 [p+ /Dw-4n] 


Calculation of focal length of len: 


The displacement of the lens will be 


x=b-a - JD? -4Df 


Note: (a)mm,=1 => 


asbyb-a) DX x 
(b) m, - m, (abba) 


Di f 


Mlustration : 
For two positions of a converging lens between an object and a screen which are 96 cm apart, 
two real images are formed. The ratio of the lengths of the two images is 4.84. Calculate the focal 


length of the lens 


Sol. atb=96 
m 
ere — = 4.84 
Here m 
+b 52 
mi -484 m,=-22 =-22 


> b= 


(ii) 


Solving we get a= 20 cm gives d= 76 cm = x=b-a=S6em 


Practice Exercise 


Q.| — Asourceanda screen are fixed in a place a distance "I apart. A thin lens is placed betwen them at a 
position such that the source is focussed on the screen. For what ranges of lens focal lengths are there for 


(a) two (b) one (c) no such positions? 


Q2 — Anobjectisplacedata distance of 75 cm froma screen. Where should a convex lens of focal length 12 


cm be placed so as to obtain a real image of the object 


Answers 


Q1 ()fclA(b)f-VA() V4 Q2 cmor60 cm 


Combination of two thin spherical lenses in contact 


M 


For first lens 


Ld 
vou f 
à d 3 
vv f 
13.1.1 
vu ff 
bit 
f, nf 


+P, 

Note : 

(1) — Iftwothin lenses of equal focal but of opposite nature (i.e. one convergent and other divergent) are put 
in contact, the resultant focal length of the combination will be. 


f= 0 and P, -0 
ie. the system will be have as a pl: 
Q) Iftwole 


The resultant focal length will be lesser than individual. 
(3) — Iftwothin lenses of opposite nature with different focal lengths are put in contact, the resultant focal 


length will be of same nature as that ofthe lens of shorter 
that of shorter focal length 


length but its magnitude will be more than 


(4) Ifa lens of focal length fis divided into two equal parts as shown in figure and each part has a focal length 


f then each part will have focal length 2 times. 


Now if these part are put in contact as in 


re (A) (B) or (C) the resultant focal length ofthe combination 
will be equal to initial value 


D c= 
V CAN 


[7] (e) 


Practice Exercise 


Q.1.— Twoplano-concave lenses of glass of refractive index 1.5 have radii of curvature of 20 and 30 cm. The; 
are placed in contact with the curved surfaces towards each other and the space between them is filled 


with a liquid of refractive index (4/3). Find the focal length of the system. 


Answers 
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Combination of two thin spherical lenses separated by some distance 


Let L, and L, are two thin lenses separated at distance 'd' from each other and focal lengths of the lenses 


are f, 


nd f, respectively. We have to calculate position, focal length, power of the equivalent lens. The 


deviation produced by the Leq is the sum of deviations produced by L, & L, 


Leta ray parallel to principal axis of the lens is coming and it is devia 


ed by the first lens by angle d, and 
gain by angle d, before forming 


would from ima; sence of L, but L, deviates it 


at F, orsay isthea 


image at F, 

Produce AB by a dotted line and also IC. They intersect each other at a point M. Again produce BM 
such that it intersects L, at a point say N. 

Draw BP, MQ and NR perp. 
Let BP =h, & CR =h, 


icular to the principal axis. 


NR 
MQ 
Using d — d, + d,and geometry w 
DEN! 
Tte fe ide P =P, * P,- dP,P, 
and position ofthe equivalent lens 
df, 
p left ofthe second lens. 


Note : 
The above formula is applicable for only parallel incident rays (object is situated at oo). 


Illustration : 
4 convergent lens of 6 diopters is combined with a diverging lens of -2 diopter. Find the power 
and focal length of the combination. 


Sol Here P,=6diopter, P. —-2 diopter 


Power of the combination is given by 


Using the formula P =P, +P, =6-2=4 diopters 


Practice Exercise 


Q.1 — Aconvex lensA of focal length 20 cm and a concave lens B of focal length 5 cm are kept along the same 
axis with a distance d between them. What is the value of d ifa parallel beam of light incident on A leaves 
Basa parallel beam? 
Answers 
QI 15cm 


Lens mirror combination 
Concept of image forming at object itself : 


In some unique situations the image is formed at the same point as the object. Fora lens, if we apply the 


len formula we get 


rail 
vuf 
bad 
or u u f 


which is not possible. 


On the other hand, for the case of refraction across a single curved surface, the formula is 
Ha Hy (5 7A) 
vou R 
which reduces to 
Hy Hy (uu) 
vou R 


The solution for which is u= R. Therefore the object and image coincide when the object is placed at the 


center of curvature (figure.) 


n 
Similarly, in the case of mirrors, the formula is 

i 1 2 

vu R 

uu R 


andthe solution once 


in isu =R. Therefore for mirrors and refraction across a single curved surface, 


we can say that object and image will coincide only when the object is kept at the center of curvatun 
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In problems in optics, we will usually have a train of optical elements with the stipulation that the image is 
formed on the object itself In such cases, the 


will have to be a mirror at the end of the optical train and 
the rays have to be incident normally on the mirror in order to retrace their paths. Three kinds of mirrors 


are possible 


Case-1: 
A plane mirror at the end of the optical train 


Inthis situation, the ray of light emerging from the system just before it impinges on the mirror has to be 


parallel so as to strike the mirror normally. Thus, the image a 


UK 


A concvex mirror of radius of c 


ter the last lens must be formed at infinity 


rvature R 


Here, the bundle of rays must convege on to the centre of curvature which is in front of the concave 


mirror. Ifthe distance of the last lens from the mirror is d, we can say that the image formed from the last 


lens must be at a distance d+ R from the lens (figure). 


A concave mirror of radius of curvature R 
Here the bundle of ray 


s must converge on to the center of curvature of the convex of the convex mirror 
If the distance of the last lens from the mirror isd, we can say that the ima, 


must be ata distance (d — R) from the lens (figure) 


formed from the last lens 


72 


Illustration : 
An object is placed at a distance of 45 cm from a converging lens of focal length 30 cm. A mirror 
of radius of curvature 40 cm is to be placed on the other side of lens so that the object coincides 


with its image. 


Find the position of the mirror if it is 
(a) convex ? 


(b) concave ? 


Sol. — (a) The object and image will coincide only if the light ray retraces its path and it will occur only 
when the ray normally strike at the mirror. In other words, the centre of curvature of the mirror 


and the rays incident on the mirror are collinear 


The rays after refraction from lens must be directed towards the centre of curvature of mirror at 


C. Ifx is the separation, then for the lens 


u — -AScm, v =x & 40,f - 30cm 


"HP EN 
sing lens formula -77 
1. $4 
or x+40 -45 30 
450) 
or x= 200) 49. soe 
35-30 
— 
N 
n G 


(5) 


asem x 
In case of concave mirror, the refracted rays through the lens meets at C, the centre of curvature 


(C) of the mirror 


Using lens formula — 


u--45cm v =x — 40, f = 30cm 


or 


or 


0+40=130cm 


Practice Exercise 


Q.1 A concave lens of focal length 20 cm is placed 15 cm in front of a concave mirror of radius of curvature. 
26cmand further 10 


mirror are coincident and the object is on this axis. Find the position and nature of the image. 


naway from the lens an object is placed . The principal axis of the lens and the 


A point objectis placed at a distance of 12 em on the axis ofa convex lens of focal length 10 cm. On the 
other side of the lens, a convex mirror is placed at a distance of 10 cm from the lens such that the image 
formed by the combination coincides with the object itself. What is the focal length of convex mirror? 


Q3 — Anobject2 
ofthe lensa concave mirror of focal le 
between the object and the mirror is 70 cm, calculate the location, nature and magnification of the image. 


high is placed in front ofa double convex lens of focal length 12.5 cm. On the other side 


h 10 cm is placed at a distance of 45 cm. If the separation 


Answers 


Q.1 Final image will be inverted, real and8 times ofthe object Q 25cm 


Q3  25cm,inverted, real and of same size as object, -1 


Effect of Silvering A surface of a Thin spherical Lens 


Ifa surface of a thin spherical lens is silvered it behaves like a mirror and we can calculate is focal length. 


Leta thin spherical lens is polished at the right face. The radii of curvature of the left and right faces are 
R, and R, 

When a ray of light becomes incident on this silvered lens it will be first refracted by the lens, then 
reflected from mirror and again refracted by the lens 

Hence power of equivalent mirror can be written as 


Pay = Pras + Prime +P, 


4 
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Illustration : 
One face of an equiconvex lens of focal length 60 cm made of glass (u —1.5) is silvered. Does it 


behave like a concave mirror or convex mirror? 


Sol here f= lens) 


f, --15 


The positive sign indicates that the resulting mirror is converging or concave. 


Practice Exercise 


Q.1 — Athinhollowequiconvex lens, silvered at the back, converges a parallel beam of light at a distance of 0.2. 


min frontof it. Where will it converge the same light f filled with water having m 74/32 


Q.2 A plano convex lens of refractive index 1.5 and radius of curvature 30 cm is silvered at the 
curved surface. Now this lens has been used to form the image of an object. At what distance 


from this lens, an object be placed in order to have a real image of the size of the object ? 


Q3 Apin is placed 10 cm infront ofa convex lens of focal length 20 cm, made of material having refractive 


index 1.5. The surface of the lens further away from the pin is silvered and has a radius of curvature 
cm. Determine the position of the final image. Is the image real or virtual? 


Answers 


Q1 -12cm Q2 20cm Q3 -11 cmandreal 


| Copied to clipboard. 


Optical defects of mirrors & lenses 


In the formation of image we have considered : 
(i) Incident rays are paraxial 


(ii) Incident rays are monochromatic 
But practically all these points are not perfectly correct hence image is defected. The defects 


(aberrations) are classified broadly in two parts. 


Aberrations 
f 
M Y 
Chromatic aberration Monochromatic aberration 
When the rays used in the When the rays taken in image 
formation of image having more formation are monochromatic, 
than one wavelength then the then the defect produced is called 


defect in image only due to presence monochromatic aberration, This 


of more than one wavelet defect is also called seidel aberration, 


Spherical aberration 


The defect in image produced in the formation of image of an axial point object (of monochroma 


ic light) 
by a spherical mirror or lens is called spherical aberration. The image of an object in point object formed 
bya spherical mirror or by a spherical lens is usually blurred. This defect of image is called spherical 
aberration 
Methods to reduce spherical aberration 

A. For mirrors : By using a proper surface e.g., paraboloidal surface for parallel incident beam. 


B. For lenses : In lenses spherical aberration cannot be completely vanished. It can be minimized only. 


() — Byusing stops 
G) By using crossed lens. 
Note 


for minimum spherical aberration. 


Rw -u-4 


R, uQuen 


Gi) By using combination of lenses, d — f, — f. 


Chromatic aberration 


The image of an object in white light formed by a lens is usually coloured and blurred. This defect of 
image is called chromatic aberration and arises due to the fact that focal length of a lens is different for 


different colours. Fora single lens, 


1 1 
gp a = 
id bs 
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andan p of lens in maximum for violet while minimum for red, violet is focused nearest to the lens while 


red farthest from itas shown in figure 


Whitg light A 


Asaresultofthis in case of convergent lens, at F, centre of image will be violet and focused while sides 
red and blurred while at F, reverse is the case, i.e., centre will be red and focused while sides violet and 


blurred, The difference between f, and f, is a measure of longitudinal chromatic aberration, i.e., 


L.CA.-f, -f,- - df 
wih df=f,—fy a) 
However, as fora si 

1 0100 

(Dg. R] Q) 

di pod] : 
ies px R] [7] 
So dividing equation 3) by (2) 

ar du so 

f^) [^^ 75] e 


And hence, from equation (1) and (4), 
L.C.A. 7 - df - of (5) 
Now, as for a single lens neither f nor c» can be zero, we cannot zero, we cannot have a single lens free 


from chromatic aberration 


Condition of Achromatism 
In case of two thin lenses in contact 


pod. A dF — df 
[^1 ie. Bg 
The combination will be free from chromatic aberration if dF — 0 
df, df, 
ie, pt 
which in the light of equation (5) reduces to. 
of, ofa 
ie m 


fi 
© 
] 


ie. (6) 
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This condition is called condition of achromatism (for two thin lenses in contact) and the lens combination 


which satisf 


his condition achromatic lens. From this condition, i.e., from equation (6) it is clear that in 
case of achromatic doublet 


a) The two lenses must be of different materials. 
Si fo = 1 -0 
ince, if «y = o. ies y 
ie. combination will not behave as a lens, but asa plane glass plate. 
Q) — Aso, and o, are positive quantities, for eq. (6) to hold, f, and f, must be of opposite nature, i.e. 
ifone of the lenses is convex the other must be concave. 
(3) Ifthe achromatic combination is convergent, 
tx 
f. «f, andas [XT 
f p^ ap? c 
ie. a convergent achromatic doublet, convex lens has lesser focal length and dispersive power than 
divergent one. 
Of tof 
Gi) For lenses separated by a distance: 4 =~) 
Practice Exercise 
Q4 An optical doublet is formed from two lenses A and B made of glass of different refractive indices 
Ha» Hy respectively. Lens A has two convex sides of radius of curvature R and lens B has one flat 
side and one concave side of radius of curvature R. What is the power of the doublet? For red, 
yellow and blue wavelengths, the refractive index p, is 1.50, 1.51 and 1.52 respectively whereas jiy 
is 1.60, 1.62 and 1.64 respectively. What is the difference in power of the doublet for these three 
wavelengths’ 
Q2 Two lenses, one made of crown glass and the other of flint glass, are to be combined so that the 
combination is achromatic for the blue and red light and acts as a convex lens of focal length 35 cm. 
Calculate the focal length of the components if for 
Crown glass uy = 1.5175 and (us — pg) = 0.00856 
Flint glass Hy = 1.6214 and (py — pg) = 0.01722 
Q3 An equiconvex lens of crown glass and an equiconcave lens of flint glass make an achromatic 
system, The radius of curvature of convex lens is 0.54 m and the refractive indices for the crown 
glass are py = 1.53 and uy = 1.55, find the dispersive power of flint glass. 
Q4 A telescope objective of focal length 60 cm is made of two thin lenses, one of crown glass of 


refractive index 1.52 and other of flint glass refractive index 1.66. One surface ofthe flint glass is 
plane. Calculate the radii of curvature of both the lenses which form the achromatic doublet if dispersive 
powers of crown and flint glass are 0.0151 and 0.0302 respectively 


Answers 


8cm Q3 0.055 


2u,-ug-l,0 Q2 f-1417em&f, 


Q4 The radii of curvature of convex lens (of crown glass) are 25.74 cm and 39.6 cm respectively while of 


concave lens (of flint glass) are 39.6 cm and æ respectively 


Solved Example 


Q.1 Two concave mirrors of equal radii of curvature R are fixed on a stand facing opposite directions. The 


whole system has a mass m and is kept on a frictionless horizontal table (figure). 


Two block A and B, each of mass m, are placed on the two sides of the stand, At t 0, the separation 
between A and the mirror is 2R and also the separation between B and the mirror is 2R. The block B 
moves towards the mirror at a speed v. All collisions which take place are elastic. Taking the original 
position of the mirrors standard system to be x = 0 and x-axis along AB, find the position of the images 
of Aand Bat 


R 3R SR 
(tz c.) t (et 
v v 


So (a) Att 


ForblockA, u--2R 


to 2 
v 2R R 
-2R 
oo ve 
R 

For block B : The distance travels by block B in time ~- is R 
Thus u=-R 

01,1 2 

v R R 
oo v-R 


The x-coordinate of the image of the block with respect to the mirror will be +R. 
3R 
v 


(b) At 


Copied to clipboard. 
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2R 
The block B will collide with the stand after time ^ 


After collision block B becomes at est and mirror starts moving with the same velocity v. In the 


remaining time R/v, the distance moved by the mirror is R. 
The position of blocks and mirror are shown in figure. 
A y 8 
3 
RR 


At this time the blocks lie at the centre of curvature of the respective mirrors. Their images will form at 


the centres of cuvature. So their co-ordinates are 
ForblockA, x--R 


ForblockB, x=+R 


SR 
(c) At t 
atime — . Thereafter mirror starts movin 


The block B will collide to the mirror a towards block A 


AR 
with velocity v. Att= ~~ , the mirror will collide with block A and stops after collision, The positions of 


blocks and r 


ror are shown in figure, 


Forblock A: Its image will form on the same place. Therefore the positions of the blocks are 


x,=-3R 


ForblockB: u= 


v -2R -R 
_2R 


‘Two concave mirrors each of radius of curvature 40 cm are placed such that their principal axes are 


parallel to each other and at a distance of lcm to each other, Both the mirrors are at a distance of 100 cm. 
to each other. Consider first reflection at M, and then at M,, find the coordinates of the image thus 
formed. Take locatioin of objectas the origin. 


60cm. 


[] 
M 
Sol Using mirror formula for first reflection 
E! tol 
f v u` -20 v 
01-4 4 > 
> 5 v--30cm 


v 60 20 
Using mirror formula for second reflection. 
1 1,1 1. 1, 1 
+ => 
f vu 20 v 
1 1 1 2-7 


v 70 20 140 


140 
28cm 


Height of I, => m= 


3x28 | 
2x79 127 06cm 


Co-ordinate of I, — (12 0.6) 


Copied to clipboard. 


82 


Q3 — Findthe velocity of image in situation as shown in. 


Sol. 


Velocity of obeject = (91 + 2)m/s 


V,, = Velocity of mirror ms 
f 20 
m 3o» "3 
f-u ^ -20-(-30) 


For velocity component parallel to optical axis. 
(9,4), = (Vom) 
(Vy), 7 C29 Hj 7-441 ms 
For velocity component perpendicular to optical axis 
(Vim) (Vorm). 
(2) 12} = -24j ms 
Vim = Velocity of image w.r.t. mirror 


imdi t Gua) 


(ULM 
= (A4i-24j) m/s 
Abo, V, 


or V, 7 (744i 


= (-46i-24j)m/s 


Copied to clipboard. 
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Q4 — Yousightalongtherimofa 


ass with vertical sides so that the top rim is lined up with the opposite edge 


of the bottom. The glass is a thin-walled, hollow cylinder 16.0 cm high with a top and bottom of the glass 


diameter of 8.0 cm. While you keep your eye in the same position, a friend fills the glass with a transparent 


liquid, and you then see a dime that is lying at the center of the bottom of the glass. What is the index of 


refraction of the liquid ? 


ul the angles of incidence and refraction. Before the liquid is poured in the ray along 


Sol. Use geometry of f 


your line of sight has the path shown in figure 


0,- S08. -0.500 
tan 5 
* 16cm 
0,726.57 


After the liquid is poured in, 0, is the same and the refracted ray passes throught the center of the bottom 


ofthe glassas shown in figure. 


40cm 


=0.250 
16.0cm 
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Sol. 


Q6 


0,7 14.04" 


hs 
Use Snell's law to find n, the refractive index of the liquid: 
n, sind, — n, sin 0, 

n,sinÜ,  (L00)sin26.57*) 


= = = 1.84 
Ps sind, sin 14.04 


A concave mirror is placed inside water with its shining surface upwards and principal axis of concave 


mirror. Find the position of final image. 


R= 40cm 


The ine 


lent rays will pass undeviated through the water surface and strike the mirror parallel to its 


s at 2, Its image A (in figure) will be formed at focus 


n water and air, d= 10 cm. 


principal axis. Therefore for the mirror, obj 


which is 20 cm from the mirror. Now for the interface betwe 


d 10 
d = =7.5 em 
P) (43) 
| (al 
(a,j Lad 


Rays of light fall on the plane surface of a semicylinder of refractive index n= 4/2 ,atangle 45° in the. 


plane normal to the axis of cylinder. Discuss the condition that the rays do not suffer total internal reflec- 


tion, 


First we consider a ray incident at A. From Snell's law, 
1 sin 45°= J2 sin 0. 


1 
sin 0,= 


Copied to clipboard. 


Letthe angle d= Z AOC denote the position of the point C on the curved surface. 
ZCAO = 60° 
‘The critical angle for glass to air interface can be determined from Snell's law 


nsin C= 1 sin 90 


1 1 
sin C 


Iftotal intemal reflection has to take place at the curved surface, angle 0, must be greater than the critical 
angle, C =45 
As0, = 1809 — 9 — 60°, therefore, for no total internal reflection, 

180° — $— 60° <45 
or^ 6575 
When the ray falls at O, the refracted ray will move radially out, without deviation. The normal 
not suffer dev 


ion. Next we considera ray to the right of O. 


Forno total internal reflection, 
ZN'CO «48 

In AOA'C, ZOAA'«Z A'CO + ZCO/ 

120° +0, + (180 + $) = 180 


0, =~ 120° 
Thus, $— 120° «45 
$165 


Hence for rays to transmit through curved surfa 
75° <p < 165 


Copied to clipboard. 
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Sol 


Sol. 


Duetoa vertical temperature gradient in the atmosphere the index of refraction varies. Suppose index of 


refraction variesasn=n, „1+ ay wheren, is the index of refraction at the surface and a—2.0 10 m '.A 


person of height h — 2.0 m stands on a level surface. Beyond what distance he cannot see the runway ? « 


Let O be the distant object just visible to the man. Let P be a point on the trajectory of the ray. From 
figure, 0 90— i 
The slope of tangent at point P is tan 0 = dy/dx = cot i. From Snell's law, n sin i — constant 


Atthe surface n =n, and i=90' 


Trajectory of 
n, sin 90° =n sin i= (n, Jay) sini amy 
1 
sini= Tay 
dy 
coti ay 
dx V 


x 


y 
“Va 


On substituting y 7 2.0 m anda 7 2 x 10^m ', we have. 


z 72000m 
m "y2x10 


A ray of light passes through an equilateral prism such that the angle of incidence and the angle of 


‘emergence are both equal to 3/4" of the angle of prism. Find the angle of minimum deviation 


Gime A= 60° 


23 " 
isi'=—A=45° 
4 


i+ =A48 
o^ 90°= 60° + 8 

8-30 
Note that j =’ is the condition for minimum deviation. 


Hence 6=30°=6, 
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Q9 


Sol 


Q.10 


Sol 


A thin biprism (figure) of obtuse angle a= 178° is placed at a distance 1— 20 cm froma slit. How many 


images are formed and what is the separation between them ? Refractive index of he material p = 1.6. 


E ^ 
E 


3 


—— | 


same distance. The fracting angle of each thin prism — — — = 7 (z-a) where a is the obtuse angle 


in radian, 


Then à (deviation ofa ray) = (p a) 
d 
"AL 
1 
o — d-2lu-1) 5 (x-a) 


ee d 6 20 | 3-178 | 206 0.20 x 
Here d-(16-1)x020|7 10 | = 0:6 * 0.20 


0.004 m= 4 mm 
90 


The faces of prism ABCD made of gl 


iss with a refraction index n form dihedral angle: ZA =90°, 


ZB - 75^. ZC =135° and ZD = 60? (the Abbe prism). A beam of light falls on face AB and after 


complete intemal reflection from face BC escapes through face AD. Fi 


id the angle of incidence a ofthe 


beam onto face AB if'a beam that has passed through the prism is perpendicular to the incident beam. 


B 


According to the initial condition, the incident beam and the beam that has passed through the prism are 


mutually perpendicular. Therefore, Z$ = Za andalso Zy = Z (figure). The sum os the angles of the 


quadrangle AKMN is 360°. Therefore, ZKMN = 90° and beam KM is incident on to face BC at 


n 


angle of 45°. If we know the angles of triangle KBM, it is easy to find that b = 30°. In confomity with the 


sina 
law of refraction, ig =n 


inp. 
Hence, sin a. — 0.5 n andarc sin0.5 n 
Since full intemal reflection at an angle of 45° is observed only when n > 
as 90. 


2 the angle ais within 45° < 
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Qu 


(b) 


Shows a transparent hemisphere of radius 3.0 cm made of ia material of refractie index 2.0 


(a) A narrow beam of parallel rays is incident ofthe hemisphere as shown in figure. Are the 


rays totally reflected at plane surface ? 


formed by refraction at the first surf 


(b) Find the imag 


(c) Find the image formed by the reflection or by refraction at the plane surface. 


(a) The critical angle for material air interface 


C= 30 


The rays are incident normally on the spherical surface, so they pass undeviated and then incident of 


plane face at an angle 45°, As the angle of incidence is greater t 


(30°), so rays gettotally 
reflected, 
For spherical surface 


ro 


or = 


v-2R 
Thus the image will form on diametrically opposite point. 


Some of the rays get totally reflected and so they will form the image at I, 
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Q2 


Sol 


(a) A ray of light suffers an internal reflection inside a water drop. Find the condition for minimum 
deviation, the angle of incidence at minimum deviation and the value of minimum deviajtion. 
(b) A source and a screen are held fixed at a distance | from each other] A thin lens is placed between 


them such that the source is foucused on the screen. For, what values of focal length of the lens there a 


one, two or no positions for the lens ? 


D(deviation) = (i - 0) + (x - 20) + (i -0)- 40 


dD dé 
di 


By Snell's law, p sin 0=sin I 


Differentiating w.rt.'' we get, 


do 


Heos 0 x =cosi 


dD [ cosi ] 
2-4 


di 727^ |ncos0] 


dD 
When D is minimum ^ -0 
4cosi 


ncosü 


4cosi 


ncosü 


H.c0s 0 7 2cos i 


He JI-sin^ 8 72cosi 


ware =2e0si 


> — QP-sim'i- 4 cos'i - A[I- si'i] 


— — gó-4-3sini 


4-7 
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Mm 1 f4-p? 
sin 
V3 nY 3 
Q.13 Alens hasa power of +5 diopter in air. What will be its power if completely immersed in water ? Given L| 
3 4 
n= hw ey 
Sol Let f, and f, be the focal lengths of the lens in air water respectively, then 
P 1 p Hs 
re ado Peg 


f,=0.2m=20cm 


Using lensmaker’s formula 


1 1 1 
P, === (p, -1) i 
f R, R, | ui 
1 (MH 1 1 
f, in, JR, Ra 
p at [a4 4 
> UHR | (i) 


Dividing equation (ii) by equation (i). we get 


P, Qu-u) d 


P, (QD 3 


or P, 


Q.I4. Fortheoptical arrangement shown in the 


Sol According to Cartesian sign convention 
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Sol 


u--4ücm, R--20cm 


u-l p, 7133 


Applying equation for refraction through spherical surface, we 


n -H 


133 10 _ 13-1 


v -40 -20 
After solving, v=- 32 cm. 
; mats AY 
The magnification is ™= = r 
h. 132) 
Taxa) o 06cm 


The positive sign shows that the image is erect. 


A glass slab of thickness 3cm and refractive index 1.5 is placed in front of a concave mirror of focal 
length 20 cm. Where should a point object be placed if it is to image on to itself ? The glass slab and the 
concave mirror are shown in figure. 

Let the distance of the object from the mirror be x. We know that the slab simply shifts the object. The 


shift being equal to 


|= lem 


The direction of shift is towards the concave mirror. 


the apparent distance of the object from the mirror is x — 1 


Ifthe rays are to retrace their paths, the object should appear to be at the center of curvature of the 
mirror. 
x-1-2f-40cm 


or — x-4lem from the mirror 


Slab. 


Copied to clipboard. 
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Sol 


10 cm from a plane mirror, which in turn, is placed with its plane perpendicular to the optic axis of the 


lens, Water (p= 4/3) fills the space between the lens and th 


rror. A parallel beam of light is incident 


on to the lens parallel to the principal axis. 


(a) Find the position of the 


al image wr. the optical centre of the lens. 


(b) If the mirror is rotated by 1°, as shown in the 


gure, find the displacement of the image. 


(a) The focal length of the g 


lasslens is 30 cm 


1) 20-t 
]- 20-5 


u- t- 
BOR, RS R 


The radius of curvature, R — 30 cm 


The object distance, m=% 


Now we apply Gauss's law at surface S, ans S. 


] 
3 [i- 
32 1 51 1 } 
2 a) Ue 
; u 30 
1Ocm—* 
43 
1/6 
3 Q) 
v 30 
v 60cm 


After reflection from the mirror, the light rays appear to converge to a point 40 cm to the right of the 


convex lens. This serves as a virtual object for the lens : u — 40 cm. 


3 4 1 
2.3.6 
vy 40. 30 
3 1 
12 72 


= v= 18 cm to the right of the convex lens. 
(b) Ifthe mirror is rotated by 1°, the reflected ray rotaties by 2°. The virtual object for the ler 


the reflection from the mirror is displaced by 


formed by 


| Copied to clipboard. 
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x— em 
180 


‘The magnification due to the refraction at the two surfaces of the lens is 


vfu] (v /u)_18/ 40 _18 


m=m,m. =. 
(m/m) 1/ (4/3) 30 


E JI 


n/ n 


The displacement of the final image is 
1B ox 2% 


50x ^ em = Žem 
30 180 3 


Q.18 A hollow sphere of glass of inner and outer radii R and 2R respectively has a small mark on its inner 


surface, This mark is observed from a point outside the sphere such that the centre of the sphere lies in 
(u-DR 
between. Prove that the mark will appear nearer than itreally is, by a distance (5. — p) , where R isthe 
radius of the inner surface. 
Sol. Refraction at surface 2, 
nud aci wed 1] ] -Qu-0 
a u-1) 
vV’2R -R A 2] | 2R 
2R 
ov 
i 12-1 
"m, 
* ui zi 
\ Ej 
For surface 1 
EE 
2-1 
+ =H 
v (An-)R -2R 
,uQu-)] 


(4u-) | 
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— 2Rün-1) 
L Gu-1) 
Distance between the final image and object, 
2R(4u- 91-3-8 - 
yp- RN-  j[9u-3-84 -IR 


Gu-) 3-1 | Gu- 


Wave Optics 


Introduction 


In Gesmetrical Optics we studied light rays passing through a lens or reflecting from a miror to describe 
the formation of image In this chapter, we are concerned with wave optics or physical optics, the study 
ofinterferenoe & diffiaction, These phenomena cannot be adequately explained with the ry approximation 
used. We now lear how treating light as waves rather then as rays leads to a satisfying description of 
such phenomena. 

Rainbow shows all the seven colors of visible light, but that is due to dispersion. Whereas, an oil film 
ating on water also shows seven colors, but the color in the oil film is due to interference of light init 
You might have seen the same in case of soap bubble. 

In previous chapter, we considered light to be travelling in a straight line path. However, we know that 
light isan locromagnetie wave. Thus, it should exhibit wave characteristic as welL And howa sop film 
shows seven colors can be explained using this wave phenomenon. 


Diffraction 
Inthe next section we shall discuss the experiment that first proved that light is a wave. To prepare for 
‘that discussion, we must introduce the idea of diffacton of waves, a phenomenon that we explore much 
mre fully in tater stage. s essence is this: fa wave encounters a Darrier har has am opening of 


‘more fully in later stage. Hs essence is this: 7a wave encounters a barrier that has am opening of 
dimensions similar to the wavelength, the part of the wave that passes through the opening will 
are (spread) out -will diffract-into the region beyond the barrier: Diffraction occurs for waves ofall 


| g 
« E 
hee dé d] 
| T 
: 


Alone wave going trough a small opening becomes more like a spherical wave on the other side. 
Thus, the wave bendsat the edges. Ao, ifthe dimensions ofthe obstacle ar the opening is much larger 
than the wavelength the diffraction is neglgibleand he rays go along straight ies 

‘Yu musi have observed the above phenomenon, ifthere isa small hole ona wall ight coming fium it 
spreads inane. 

Inthe case oflight, the wavelength is around 380-780 nm. The obstacles or openings encountered in 
norma stations are generally of the order of nilimeters or even larger. Thus, the wavelengths several 
thousands times smaller than the usual obstacles or openings: The dfaton is almost negligible andthe 
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light waves propagate in straight lines and cast shadows ofthe obstacles. The light can then be teated as 
light rays which are straight ines drawn from the source and which terminate at an opaque surface and 
‘which pass through an opening undeflected This is the Geomrical optics approximation and majority 
‘ofthe phenomena in normal tife may be discussed inthis approximation, 


Principle of Superposition 

We have seen that wave are very different from particles. One of the important differences between 
waves and particles is that we ean explore the possibility to two or more waves combining at one point 
inthe same medium. Particles can be combined to form extended objects, but the particles must beat 
different locations. In contrast, two waves can hoth be present at the same location: 

Jf nwo or more traveling waves are moving through a medium, the resultant value of the wave 
function at any point is the algebraic sum of the values of the wave functions of the individual 
‘Two traveling waves can pass through cach other without being destroyed oreven altered, For instance, 
When two pebbles are thrown into pond and hit the surface at diferent locations the expanding circular 
surface wave from the two locations do not destroy cach other but rather pass through cach other. The 
resulting complex partem can be viewed as two independent sets of expanding circles. 


Pictorial representation ofthe superposition of two pulses is given. The wave function for the pulse 


Pictorial representation ofthe superposition of two pulses is given. The wave function for the pulse 
movingtothe right isy, and the wave function for the pulse moving to the left is y». The pulses havethe 
‘same speed but different shapes, and the displacement ofthe elements ofthe medium is inthe positive y 
directio far both pulses. When the waves begin to overlap, the wave function forthe resulting complex 
wave is given by y, + yy When the crests ofthe pulses coincide, the resulting wave given by y, + ys has 
larger amplitude than that ofthe individual pulses The two pulses finally separate and continue movingin 
thei original directions. Notice thatthe pulse shapes remain unchanged after the interaction, as ifthetwo 
pules had never met! 


‘The combination of separate waves in the same region of space to produce a resultant wave is called 
interference. For the two pulses shown in figure, the displacement ofthe elements ofthe medium is inthe 
positive y direction for both pulses, and the resultant pulse (created when the individual pulses overlap) 
exhibits an amplitude greater than that of either individual pulse. Because the displacements caused by 
‘the two pulses rein the same direction, we refer to their superposition as constructive interference, 


Now consider two pulses traveling in opposite directions on a taut string where one pulse îs inverted 
relative to the other as illustrated in figure. Whenthese pulses begin to overlap, the resultant pulse is given 
byy, + yyy but the values ofthe function y, are negative, Again, the two pulses passthrough direction, 
however, we referto their superposition as destractive interference. 
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‘The superposition principle is the centerpiece ofthe wavesin interference model. In many situations, 
both acoustics and optics, waves combine according to this principle and exhibit interesting phenomena. 
vi racial application. 


LA —X^— 
AA —^— 


Theory of Interference 


Consider a homogeneous medium in which there are two point sources of sinusoidal spherical waves, 
S, and S, with the same period T. Let E, and E, be the optical disturbances arriving from the two 
sources ata point P These disturbances ean be written as 

E, -A sint 

E,7A, sin (ot 4) 


i i5, e esse pex 1 e e, ana ee op 
sources ata point P These disturbances can be written as 
E, -A, sint 
E, 7A, sin (ot 4) 
Lettheamplitudes A, and A, depend on the strengths of the sources and on the distance of he sources 
from P. From principle of superposition the resultant optical disturbance at Pisa sinusoidal function of 
angular frequency ond amplitude A piven by 
P- ACA 2A A, coi (from superposition) E 
We know that Ia A?. Hence, the distribution oflight intensity in the region of space surrounding the 
sourcesis given by: 


iroancesamimg rom we ww 


1-181 82 1]; cosh i) 
m—— 

[d 
"—— 


Where, and I, are the intensities observed when one ar the ther source is present alone and Tis the 
intensity observed when both sources are present simultaneously. We see that the resultant intensity is. 
greater or smaller than the sum of the two separate intensities, I, +, depending on whether the third 
em on the igh side of equation is positive or negative. This term represents the effet o interference. 
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Intensity maxima are found at points where the two waves are in phase; and minima are found at points 
‘where two waves are out of phase. Thus, interference phenomena havea considerable effect on the 
Focal distribution of light intensity in the space surrounding the source. They do not, however, change the 
space average ofthe intensity, which remains equal to the space average of, +1, as is required by the 
principle of conservation of energy. We se immediately that this is true when we note that the average 
‘value over space ofthe third term in equation i) is zero 
Now question arises; how these maxima and minima occur? 

Intensity maxima occurs where amplitudes of two interfering waves add to give the maximum 
value io when maximum positive value, of one wave appears simultaneously withthe maximum positive 
value ofthe other. 


or the negative extreme of ane coincides with negative exterme ofthe other wave. 


: 
| 


or the negative extreme of one coincides with negative exterme ofthe other wave. 


| 


To obtain a maxima at a point continuously fora long time, we must obtain the wave at that pointin same 
phase ie. the crest must always appear with crest, and trough with lengths are same, as shown in figure. 


at point Pa continous maxima will appear if B, and B, reach there simultaneously. also €, , C, and D, 
«D, must follow same. As the velocity oflight depends only on the medium and is therfore same for both 
waves: the above condition can beachieved only if 
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‘Such waves for which frequency is same ate called coherent waves and corresponding sources are 
coherent sources. 


Coherent and Incoherent Sources 


‘Why do we not commonly see interference effects with visible light? With ight froma source suchas the 
‘Sun, an incandescent bulb ora fluorescent bulb, we do not se regions of constructive and destructive 
interference; rather, the tensity at any point is the sum of the intensities dwe to the individual waves. 
Light fom anyone ofthese souroesis, atthe atomie level, by electronic transitions from one energy level 
to another which can not be extemally controlled. Hence eo independent sources identical in all 
respects can not be coherent. 


+1, +27} 606 
Waves fom independent sources are incoherent; they do not maintain a fixed phase relationship with 
‘each other (i.e. 6 varies with time), We cannot accurately predict the phase (for instance, whether the 


Waves from independent sources are incoherent; they do not maintain a fixed phase relationship with 
each other (i.e. varies with time). We cannot accurately predict the phase (for instance, whether the 
Wave isata maximum or at a zero) at one point given the phase at another point. Incoherent waves have 
rapidly flueuating phase relationships Nt means average of hind term of equation (i) is zero. Therefore, 
the result is an averaging out of interference effects, so that the total intensity (or power perunit area) is 
ustbesum ofthe intensities ofthe individual waves. 

‘Only the superposition of coherent waves produces sustained interference. Coherent waves must be 
locked in witha fixed phase relationship. Coherent and incoherent waves are idealized extremes: all 
real waves fall somewhere between the extremes. The light emitted by a laser can be highly coherent- 
two points in the beam can be coherent even if separated by as much as sever kilometers. 


Imports 


ponts about Coherent source + 
‘The sources which produce sustained, ie. observable interference are called coherent sources. In case 
ofinererenceas T= [1, +1, +2 [Ls cos interference will be sustained ifthe phase difference pat 
agivenpoint does nor vary with time. Ifthe interfering wave are- 
YA, Sinot- ks *6) andy, =A, sin (n kax, +43) 

(w) Uk, - kx) 
So wili not vary wi ine if 
(o) — (6,-&,)=6, is constant, i, the initial phase difference between the wave docs not vary with time and 


(f, = f will also means 2, = i ke k, =k, 


(€) (at= O, ie f= f But for a wave as 
[as k= 22/3]. 
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ie the two waveare ofsame frequency and wavelength. So two sources will be coherent fand only if 
they produce wave of sime frequency and hence wavelength) and have a constant initial hase difference. 
So in case oftwo coherent sources. 


= F a9) +4, wii e o) 
‘Nowa in general emission of igh fom atoms is random, rapid and independent of each other $, 


‘cannot remain constant with time and hence two independent light source identical in all respects cannot 
becoherent. 


lustra 


Two coherent monochromatic light beams of intensities Tand 4Tare superposed. Find the maximum 
and minimum possible intensities in the resulting beam. 


7n E] = reda] oot 


QT -LY "(ar vay =" 


Sol, 


Mlusteation + 


In a Young's double slit experiment, the amplitude of intensity variation of the two sources is 
found to be 3% of the average intensity, Find the ratio of intensities of the two interference 
Sok 


im a oun s aoume sur experimen, me ampamuae oj ens varann of me o sources 1s 
found to be 3% of the average intense Find the ratio of intensities of the vo inerference 
E 
Let a, and a, be the amplitudes of vibrations from the two sources, then 


Mtis given that the amplitude of intensity variation of the two sources is found to be 3% of the 
average intensity, It means ifaverage intensity is 100 then maximum intensity is 1031 and minimum. 
m 
1,,=108 and LL 97 
103 
*» 
Substituting in equation 
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[m “4 
V97 a, 0.0148 


(2) 


IFI, and Lore the inertes produced by the two sources, 
Lo4 dpa 
i (rora) 7m 


on 7 
Practice Exercise SSS: 


Q.1Twocoberentmonochroratc beams are superposed: The minimum and maximum intensities inthe resulting 
interference patter are found tobe and 16I respectively: Find the initial inensities of the two sources, 

QJ Two coherent monochromatic light beams of intensities and 16T are superposed, Find the maximum. 
and minimum possible intensities in the resulting beam. 

Q3 Intheabove question ifthe phase difference tween the nwo! 
intensity atthat point. 


ms, ata point is 2/2. Find the resultant 


Answers 


Answers O OoOo SoSo 


QI amdi — Q2 laddi Q3 W 


Young's Double Slit Experiement : 
Thomas Young (1773-1829) performed the fint visible-light interference experiments using a clever 
technique to obtain two coherent light sources from a single source. When a single narrow slitis illumi- 
nated, the light wave that passes through the slit diiiacts or spreads out. The single slit acts asa single 
coherent source w illuminate two other slits. These two other slits then actas sources of coherent light 
forinererence 


Young’ technique for illuminating vo slits with 
coherent light The sigle slit on the lefi serves as 
‘asource of coherent light. 
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In Youn's interference experiment, incident monochromatic lights diate by lit, which then acts 
asa point souroe of ight that emits semicircular wavefronts As that ight reaches sereen 8, itisditatd 
byl and S, which then act as two point sources of ight. The light waves traveling from slis $, and 
S, overapand undergo interference, onning an interference patem of maxima and minima oo viewing 
Seren C. This figure i cross section; the screens, slits, and interference patter extend into and out of 
the page. Between screens Band C, the semicircular wavefront’ centered on S, depict the waves that 
would be there ifonly S, were open. Similarly, those centered on S, depict waves that would be there if 
only S, were open Points of interference maxima form visible bright rows-callod Bight bands, bright 
fringes, or oosely speaking) maxima that extend across the sereen 


SyS, vere open Pens teer mesi m visi eiae cali, right 
(pegs en paling) monn texted et 


Intensity of Two Source Interference : 


We now obtain an expression forthe distribution ofintensity of twa coherent sources that are in phase 
The wave function in this case is the electric fjeld. We assume that the slits are narrow enough for 
<iactionto spread ht from cach slit uniformly over the sereen. Thus te amplitude ofthe fields at any 
point on the sereen will be equal. Ata given point ofthe sereen the fields due toS, and S, are 
E,=Ę,Sin(a); ^ E,=E,sin(at +4) 

Where the phase difference $ depends on the path difference 
Ax r,-r, Since one wavelength corresponds oa phase s; 
change of 2s, a distance 6 comesponds to a phase change} y 


siven by 6/2n=Ax/2. the seren is far from the lits 8d 
8, therefore 
EET 
uU EC 


‘The resultant fields found fromthe principle of superposition: 
HE, 7E, sin (us) E, sin (ot +4) 
‘By using the trigonometrie identity sin A+ sin B -2sin[(A * BY2] cos[(A-- B2], we obtain 


se (o) 


An evaluation version of navaPDE was used to create this PDF fle. 
Purchase a license lo generate PDF files without this notice. 


[I 


The amplitude ofthe resultant wave is 2E, cos (8/2). The intensity of'a wave is proportional to the 
square ofthe amplitude, so fom equation of wave we have 


"o 
a a E rota 


Fig.) shows the waves emitted by sources S, and S,, The waves from the source start in phase and 
arrive in phase, leading to constructive mererenceatthe point. 
‘The distances travelled by waves differ by any integer number of wavelengths. 

Xx TAI Thy orn N. 


Sauren 


Fig. (b) shows two waves starting in phase but arriving in opposite phase 


TM emi YY) 


Fig.(b) shows two waves starting in phase but arriving in opposite phase. 
‘the distance travelled by waves differ by odd integer number of wavelengths. 


amplitudes of waves arriving at point P on the sereen are different then resultant intensity is given by 


++ 2h os 


m (edis). wien coss 


DIEN E 
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d) 


where 


G) Thephenomenon ofinterference is based on conservation of energy. There is no destruction of'energyin 
the interference phenomenon. The energy which apparently disappears at the minima, has actually been 
transferred to the maxima where the intensity is greater than that produced by the two beams acting 
separately 


asthe average value of intensity is qual to the sum of individual intensities, therefore the energy is not 
destroyed but merely redistribute in the interference pattem. 


Joos a5=0 


asthe average value of intensity is equal to the sum of individual intensities, therefore the energy is not 
destroyed but merely redistributed in the interference pattem. 


G) All maxima are equally spaced and equally bright. This is tue for minima as well. Also interference 
maxima and minima are altemate The imensity distribution im interference pattern s shown n figure. 


Co) 
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(i Path difference (Ax)andphasedifierence ($) are related as given below: 
path difference = 2e phase difference 


Maxima and Minima 
‘The experiment setup for Young's double slit experiment is shown in figure. Light after passing through 
a pin hole ‘S"is allowed to fall on thin slits *S, and °S, placed symmetrically wt. ‘S°. A sereen is 
placed ata distance "D" from, and S, p 


Geometric onsrction for describing Young's doubles experiment 


Let'P^be the point at which we want to investigate the intensity. Two rays S Pand S,Pstarting fom S, 
and. reach Pandintefor with each hor. 


Let?P'be the point, at which we want to investigate the intensity. Two rays S Pand S,Pstarting fom S, 
and 5, reach Pand interfere with each other. 
IE Ax is the path difference between two rays, 


——M———M 
ME PETE EE TLA g ef 
E ipsi j Y 


(5) em] 


_ydtyd _2yd_ yd 


m "op p ame 
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Maxima: — Point*P'willbea bright spot ifthe path difference Ax i integral multiple of. 


». 1,23, 
iD 2D 3D 
Thus, bright spots are obtained at distances, 0, ^. “g + sss fom. 
D 
Minima: Point“P* willbe a dark spot ifthe path dierence*Ax' is an odd multiple of 5. 


ieit 


1— T 


Fringe width (B) 


Fringe width (B) 
Itis the distance between two consecutive bright or dark fringes. 


B b 
Lety, andy, , respectively, be the distances ofn* and (n - 1)* bright fringe from O, 
àD qo AD AD 
-p,-,]-43P E fans 
B=by-ydem g - 6-0 =P ant ty 
in 
~ p- 
Similarly it can be proved that distance between two consecutive dark tinges, i given by 
E 
d 
B-p -iD/d 


Hence, the bightand dark fringes are equally spaced. 
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Illustration : 
A beam of light consisting of two wavelengths 6500 4 and 5200 A is used to obtain interference. 
fringes in a Young's double slit experiment 
(i) Find the distance of the third bright fringe on the screen from the central maximum fo the 
wavelength 65004. 

(Gi) What ix the least distance from the central maximum when the bright fringes due to both the 
wavelengths coincide ? 

The distance between the slit is 2 mm and the distance between the plane of the slits and the 
screen is 120 n. 

Sol. 

004 = 6.5 * 10° m 

2004 = 52 * 10° m 

2x0 m 


Given, 


BRA 


( For n bright spot y, 


Here, n=3and à= à, =65 x 107m 
3465x107 x12 d 
», $e TIT 10% m dms. 


Gi) Since A, < A, fringe width for à, is smaller If two bright fringes due to 2, and A, are to 
coincide, then minimum distance from the central spot will be where i order bright spot due to 
À, and (n + 1) bright spot due to à coincide. 

AD _ (n+ 1)A,D 

d^ 4 

n*63*1 -(E1)* $2*107 — orn-4 


MAD _ 4x63«10 
ad 2x107 


(fà 


= 1.56% 107 m Ans. 


Important Points about YDSE 
(whole apparatus immersed in liquid of refractive index p then, 


aD 
B= pud bs fingos width decreases 
GD Sometimes in numerical problems, angular finge width (o) is given which is defined as angular separation 
between two consecutive maxima or minima 
Bid 
Dd 
In medium, other than air or vacuum, 
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valid for larger values of provided d -« D, 


Gv) — Central bright fringe (CBF) isa point on screen where path difference is zero. In above ease CBF is 
formed t ©. But in many situation it may not be located symmetrically wt. sis 


() — Mwhite lightis used instead of monochromatic light then interference pattem consists of white central 
bright finge surounded by few coloured fringes and then uniform illumination due to overlapping of 
interference atem on each wavelength 


(i) Ithe interference experiment is performed with bichromatic light, the bright fringes of two wavelength 
Will be coincident for the first time under following condition. 
Yn)... = (n D Pas OF nhu = (0+ a, 


(i) In many numerical problems we have to calculate number of maxima or minima. We know that far 


m asino 
snost or 5 
A sins 
alil sins 1) 


vL] 


Where n highest — Highest order of maxima on one side. 


‘Suppose in some question works out to be 2.3 so, permissible values of nare 0, + 1,2. Hence, 


x 
{otal 5 maxima will be obtained on screen. 


Hlustration & 
Jn a Young's double slit experiment for interference of light, the slits are 0.2 cm apart and are 
illuminated by yellow light (A = 600 nm). What would be the fringe width on a screen placed 1 m 
‘from the plane of slits ifthe whole system is immersed in water of refractive index 4/3 

Sol. 


Given, à= 600 nm = 6 x 107 m 


25103 m 
As the apparatus is dipped in water (u = 4/3) 
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Mlustration + 
In Young's double sli experiment the slits are 0.5 mm apart and the interference is observed on a 
screen at a distance of 100 cm from the slit. tis found that the 9th bright fringe is at a distance of 
7.5 mm measured from the second dark fringe from the centre o the fringe pattern on same side. 
Find the wavelength of the light used. 


Sok, Given d - 05mm =5 % 104 m 
D- Im 
Distance between 9^ bright fringe and 2 dark fringe is 7.5 mm 
PNE [———| 
EY Y kicia i fige 


2D 
75 =75% 104m 


Wied M x«t " ak tinge 
D po CUPS — 
7 D 1 prone — ——— 
= so00 4 
Mlusration : 


Light of wavelength 520 nm passing through a double slit, produces interference pattern ofrelative 
intensity versus deflection angle as shown in the figure. find the separation d between the slits. 


ca rn 


Sol A-3520» 10% m 


Bat which first minima occurs is 0.75* 


[I 
= 


jsp radians l Fins minima 
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IP ÀD/Id 
10 ^7 D 
arse 
180 
520x10* x180 
En 


d = 1,99 x 10? mm 


Mlustration : 


Sol. 


The distance between two slits in a YDSE apparatus is 3mm. The distance ofthe screen from the 
slits is Im. Microwaves of wavelength 1 mm are incident on the plane of the slits normally. Find 
the distance ofthe first maxima on the screen from the central maxima. Also find the total number 
of maxima on the screen. 


d-3x 109m 
A m 
D= in 


@ Distance between first maxima and central maxima 


sin 8 
md 

sin = S107 3 
seus Path ference sin 0 


sin Dis not very small 
approximation sin 0 — 


1 
tan O= Jy 


= tan 6 can't be used 


(ii) Av=dsin 0; 
5 (AN = 
For calculating number of maxima, compare d = ni 


In is an integer, then nth maxima will not be visible, 
total no. of maxima = (n — 1) (above the central maxima) + 1 (central maxima) + (n — 1) 


(below the central maxima = 2n- 1 
In is not an integer then, [n] + 1 [n] = 25n] + 1 


a 


Here in this question, 3 


~: number ofmaxima =2 * 3—1 = 5 
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Alternative + 
Total number of maxima 
dsin 


for maxima, Ax = ni 


L3 
d 
for sin 8= 1 ; O= 72, such fringe can't be obtained on screen. 


nà 
uu 
mr 
TS 3107 

80 n7h-,012 

Total number of maxima = 5 


E 


Hlustration : 
1n a Young's double slit experiment, the separation between the slits is d, distance between the slit 
‘and sereen is D (D >> d). In the interference pattern, there is a maxima exactly in front of each 
slit. Find the possible wavelength(s) used in the experiment. 


slit. Find the possible wavelength(s) used in the experiment. 
Sol. 
Mlustration : 


is 10.0 m from another similar transmitter B that 


One radio transmitter A operating at 60.0 MHz 
ds 180° out of phase with transmitter A. How far must an observer move from transmitter A 
toward transmitter B along the line connecting A and B to reach the nearest point where the two 


beams are in phase? 
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a 
As the two beams are out of phase, initial 
For two beams to be in phase 


à 


Sok 


(10-9) x 2n 1 


RI NET 
10-28= (2-5 


60 x 10 Hz 


s 
a H- 2x n-1)* 5 


ring 
san) 
EET 


Mlustration = 
Two microwave coherent point sources emitting waves of wavelength A are placed at 52 distance 
apart. The interference is being observed on a flat non-reflecting surface along a line passing 
through one source, in a direction perpendicular to the line joining the two sources (refer figure) 
Considering à as 4 mm, calculate the postions of maxima and draw shape of interference pattern, 

Take initial phase difference between the two sources to be zero. 


E 
seen 


d" 


$, 
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Nay exe này 


reno 1234 


Maxima occur at x= à 


24h 25-4) M25-9) M25-16) 
2 ELE NEN 


EZ 


Putting 2 = 4 ma. 


E PNE T 
xc 21, 0, 90 Omm o 21,3, S Omm 


Pattern will look like this 


Mlustration & 
n a YDSE apparatus, d = Imm, 


600m and D 


Im. The slits individually produce same 


intensity on the screen. Find the minimum distance between two points on the screen having 75% 


of the maximum intensity 
Sol. Given, = 600 nm = 6 * 107 m 
D» Im 


d= 1mm = 10° m 
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Q4 


Qs 


Q6 


Io YDSE experiment the distance between slits sd 0.25 em and the distance of sereen | 
from slits. Ifthe wavelength of ight sedis 6000À and isthe intensity of central maximum, at what 


20cm 


distance from the cenre, the intensity willbe 3 


Ina YDSE experiment, Lis given to be the intensity ofthe central bright fringe and f is the fringe width. 
‘Then, find the intensity ata distance y from Central Bright Fringe. 
Two narrow slits emitting light in phase are separated by a distance of cm, The wavelength ofthe light 


Two narrow slits emitting light in phase are separated by a distance of 1.0 em. The wavelength ofthe light 
is $.0* 107m. The imerference pattern is observed on a screen placed at a distance of 1.0 m (a) Find 
the separation between the consecutive maxima. (b) Find the separation between the sources which will 
givea separation of 1.0 mm between the consecutive maxima. 

IFYDSE is performed with monochromatic light of wavelength the distance between the slits is dand 
distance between slits and screen is D. 

(a) Find the distance between second and fifth maxima. 

(b) Find the distance between second and tenth minima. 

(©) Find the distance between second minima and ith maxima. 

In Young's double slit arrangement, a monochromatic source of wavelength 6000 A is used. The sereen 
is placedat Im from the slits. Fringes formed on the sereen, are observed by a student sitting close tothe 
‘slits, The students eye can distinguish two neighbouring fringes if they subtend an angle more than 1 
minute of ae. Calculate the maximum distance between te slits so that the fringes are clearly visible. 


Inthe above question find the position of 3rd maxima and Sth minima. 


D awers O 


Qu 


Q4 


72x105m —— Q2 dex) — Q3 (9005mm()050 mm 
aD MD DD 648 x z 
(a) d (b) 4 og Qs x Q6 0.036 ™ 024 ™ 
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Shape of Interference Fringes in YDSE 


We discuss the shape of fringes when two pinholes are used instead ofthe two slits in YDSE. 
Fringes are locus of points which move in such a way that its path difference from the two slits remains 
constant. 


-S P= D= constant ay 


€—— tanititia. 


itreprsents central maxima, 

2, itrepresents Ist maxima ec 

Equation (1) represents a hyperbola with its two foci at S, and S, 
‘The interference pattem which we get on sereen îs the section of hypesboloid of revolution when we 
revolve the hyperbola about the axis SS, 

(A) Ifthescreenis tothe X-axis, ie. in the YZ plane, asis generally the case, fringes are hyperbolic with 
asraight central section. 

(8) Mihe sereenis inthe XY plane, again fringes are hyperbolic. 

(C) — Ifscreenis-L to Y-axis (along S,S,) ie. in the XZ plane, fringes are concentric circles with center on the 


axis SS, ithe central fringe is bright iS, S, = n? and dark if'S, 


en 
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Seem 


6©= T. 
seriei 


Concent Circular fringes 


Shape of the pattern when the interference takes place due to 
have produced by va point sources where the line of 


sources is perpendicular to the screen) 


Hyperbolic fringes 


Bright fringe 
Dui finge 


Shape of the pattern when the interference takes place due i 
waves produced by two point sources (where the line of 


sources is parallel to the sereen). 
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YDSE with white light : 


The central maxima will be white because all wavelengths will constructively interfere here. However 
slightly below (or above) the postion of central maxima fringes will be coloured for example if Pisa 
point onthe screen such that 


190mm, 


completely destructive interference will occur fr violet light. Hence we will haved line devoid of violet 
colour that will appear reddish, Andi 


p 
$Y =350nm, 


completely destructive interference for redlight results andthe line atthis position willbe violet. The coloured 
‘ranges disappear at points far away trom the central white Innge ; for these points there are so many 
wavelengths which interfere constructively, that we obtain a uniform white illumination for example i 
-SP- 3000 nm, 


3000 


then constructive interference will occur for wavelengths à ‘am. In he visible region these 


wavelength are 750 nm (red), 600 nm (yellow), $00 nm (greenish-yellow), 430 nm (violet). Clearly 


‘wavelength are 750 nm (red), 600 nm (yellow), 500 nm (greenish-yellow), 430 nm (violet) Clearly 
such alight will appear white to the unaided eye 


‘Thus with white light we geta white central fringe at the point of ero path difference, followed bya few 
coloured fringes on its both sides, the color soon fading off to a uniform white. 


Inthe usual interference pattem with a monochromatic source, large numberof identical interference 
fringes are obtained and itis usually not possible to determine the position of ental maxima, Interference 
‘with white light is used to determine the position of central maxima in such cases. 


Geometrical path and optical path 


‘Actual distance travelled by light in a medium is called geometrical path (Ax), Considera light wave 
given by the equation. 
E=E, sin(ot—kx +4) 


(——————— —————— 
dependant, deed none se speedo Nght depends onthe nedum 
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Consequently. change in phase, 
Aoki 2 ua 

Iris clear that a wave tavellingadstnce Ax ina mediumofrerctve index pi suffers the same phase 

change as when ttnvesadstnce px in vacuum, i.a path length of Ax inmediumof refiactive index 

Hiseqisalentoapablenghof pAs in vacuum. 

‘The quantity Axis called the optical path length of ight, x, Andintemsofoptial path length, phase 

diference wouldbe givenby, 


hy P 


here, wavelength of fightin vacuum. 
Howeverin terms the geometrical path length Ax, 


v m 
ape C Ax) e Fax 


‘where 7 wavelength of fightin the medium 


Equivalent optical path length 


‘When a beam of light raves from one medium to another its speed changes but its frequency does not. 


AMAL 


Designating the wavelength in vacuum by and the wavelength in the material by’, we have 


E Ane 


‘The wavelength is shorter in the medium than in vacuum. Ifthe light beam passes through a thickness tof 
amedium, 


Number of wavelength in sab 


Which shows that a thickness tof the medium hasas many wavelengths as there ae ina length nt of 
‘vacuum. Therefore in terms of wavelengths, a thickness tin a medium of refractive index n is equivalent 
toa path length ntin vacuum. The quantity nti called equivalent optical path length. 
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Optical path length interms of wave lengths 
Tn fig. shown two light rays of identical wavelength and initially in phase in air travel through two different 
media of refractive indices n, ndn, same thickness t. The wavelengths ofthe waves willbe different in 
the two media sothe two waves wil no longer be in phase when they emerge. 


^ic Air 


Number of wavelengths in medium 1, 


Number of wavelength in medium 2, 


Xm. 


To find a new phase difference we subtract the number of wavelengths ofthe waves in the two media; 
assumingn,> nl, we have 


Jo nna anew pnase anterence we suntrac ine numer or wavelengins or me waves in ine two mea 
assuming n,» nl, we have 


t 
N,-0.-n); 


Phase difference corresponding to difference of one wavelength is 2 ; hence phase difference 
corresponding to N, -N, is 


Ab S m-n) 


In other words we can say that the equivalent optical paths of wave in media 1 and 2 are n and nt 
respectively. Thus the path difference, Ax=n,t—n,t 


Mlustration + 
Light of wavelength À in air enters a medium of refracth 


index p. Two points in this medium, 
ding along the path of this light, are at a distance x apart. Find the phase difference between 
these pots. 


à 


Sol Phase difference = ^7. x path difference 
à 
Nowàte T 


ES 
Meta 
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Changes observed in the Interference Pattern 
Case -1 
Ifthe space betweenthe main slit and double slit is completely filled with two uniform medium of efisctive 
index p, and u, (asshown in figure). 
[the mediums above and below the perpendicular line bisecting the two slits are different, then the fringe 


[T 


pattem sits towards the side of denser medium by y = 02735. pun the finge width does not 


change. 
Let p and pa betherefracive indices ofthe two media with p, > p At the position of central maxima he 
optical path differene between the wo interfering waves is zero, soif O is the new position of central 
maxima, then, 

SS, n i) + S,O (in air) = SS, (in p) +8,0'Gin air) 


=> ades ins 
= 8,0'-5,0°=(1,-14)1 

(Where and pare the optical path lengths) 

] o 

Ba so-so i 
So, wehave, 

E | | 

IR * 


Hence the central maxima (fringe patter) shifts towards the side of denser medium by a distance, 


(n -n,ID 
a 
fon maxima 


ISS, Gn pa) + S;Pin ain] -[SS, inis) + S,P (inair) ] =n: 
Inal +S. ln ^ Sb] «n 
S,P-SP- Gi i) e 


uu 


[E 


Fie ae 


[E 
a d 
This means, all inges are shifted by same distance. 
= ND 
Td 
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CASE-II 


If hemain ditismoved upward or downward parallel tothe doublesiits. 

then the fringe wicth doesnot change but thefringepattem shifsin thedirection oppositeto that of the 

movement of themainsit 

Fortheposition of centra maxima. 
Ax=0 

= SS sO- sS so 

= S0-S,0'= SS,- SS, 


Seren 


ss.-ss) 


Ss, -ss)p 
à 
Similarly, for n maxima, we can prove the shift is same. 


(ss; -Ss)D 


So the fringe pattern shifts bya distance in the direction opposite to the direction of 


‘motion ose main li 
CASE- 
CASE II 


Ifthe light waves from infinity reach the two slits as shown in the figure. 
Letthe final position of central maxima be O'. 


SS,*SO- SO (Here S', and S, are in same phase) 
8,0 ,0'= SS, 
Screen 
TE 
Ba so-so 
eu 
p 
yd o 
5-58 


1 the parallel wave make an angle 9 with perpendicular bisector ofS, S; then trom the figure, 
(dsin®)D 


SS, 7 dsinüso.y ony=Dsind 


a 
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CASE-IV 
Ia transparent film of refractive index p and thickness Y is introduced in front ofany ofthe sis 
The central maxima shifts he side ofthe slitin which the slab is introduced, to compensate the path length 
Forthe position of central maxima, 
(S, O D inair- tin p) =S, O' inair 
S, O't it^ S, O (optical path length) 
o $O-sO-(-Dr 


yd (i-i 
b --Dtoy- 


Allie finges shift bythe same distance 
Notice that this shift sin the direction of the sit before which the glass slab is placed. Ifthe glass slab is 
placed before the upper slit, the fringe pattem gets shifted upwards and ifthe glass slab is placed before 
the lowerslithe finge patter gets shifted downwards. 


Note: Interference with white light is used to determine the position of central maxima in such cases. 


Mlustration + 
One slit ofa double slit experiment is covered by a thin glass plate of refractive index 1.4 and the 
other by a thin glass plate of refractive index 1.7. The point on the screen, where central bright 
fringe was formed before the introduction of the glass sheets. is now occupied by the 5* bright 


other by a thin glass plate of refractive index 1.7. The point on the screen, where central bright 
fringe was formed before the introduction of the glass sheets, is now occupied by the 5^ bright 
“fringe, Assuming that both the glass plates have same thickness and wavelength of light used is 
4800 A, find their thickness. 

Sol A-48* 107m 
Optical path difference at the centre of the screen, 


per 
a= [D-eett]- or nn] 
si-nn 


Sh _ S448107 


Pa SI 8 < 108m 


Mlustration: 
Py, Pyare transparent plates having equal thickness 20um and refractive indices 1, 1.6. i 
1,5. P, transmits 75% whereas P. transmits 50% of energy incident. Without P, and P; intensity 
at O, I, = 41. Find intensity at O after placing P, and P, S, S, are identical slits, 
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Sol SP-SP = (uj- I~ (s- It 
01172» I5 m 


Ea gg 
4000 107" 1m 


osi 


Mlustration : 
The Young's double slit experiment is done in a medium of refractive 
index 4/3. A light of 600 nm wavelength is falling on the slits having 
0.45 mm separation. The lower slit S, is covered by a thin glass sheet 
ofthickness 104 um and refractive index 1,5. The interference pattern 
is observed on a sereen placed 1.5 m from the slits as shown 


(a) — Find the location ofthe central maximum (bright fringe with zero path difference) on the y-axis. 


(B) — Find the light intensity at point O relative to the maximum fringe intensity. 


fe) Now: if 600mm light is replaced by white light of range 400 to 700 nm. find the wavelengths ofthe 


light that form maxima exactly at point O. 


Fe ovo yy rm gn is repiace ny enne gn rame sunto (o nm, jina ine wavenengins oy ne 


light that form maxima exactly at point O. 


[Ali wavelengths in this problem are far the given medium of refractive index 4/3, Ignore dispersion. 


Sol (e) For central maxima, optical path difference, Ax = 0 
d= 045 mm, D= 15m 

[uS.0* i + ni] - u50" = 0 

= ('- uh- ni0- 50) 


w = 13/3 mm (below the centre) 
(b) — Optical path difference ar he cenire of the screen. 


ami n (D-)* L8 5 D) 
470-0 L8- 5 D) 


L3 
EN 
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(c) — Path difference in water medium atthe centre of screen 


we cu aig 4 


T 
Jor masa, oni, I gn 

wer now have to calculate the wavelengths for which, centre of the screen is a maxima. 

Jor gy we BE n,, and for Bg, we EF My 

values ofn will give the required 2. 


a fhe integral values of n that lie between these two 


wanit ag 
700410" 
10410" 


= is 
Tm 


an T 8400210 


NT 
[p 


= 433.33 nm 


Practice Exercise 


QU AYoung's double sit apparatus has slits separated by 0,28 mm and a sereen 48 em away from the slits. 
The whole apparatus is immersed in water and the slits are illuminated by the red light (I= 700 nm in. 
vacuum). Find the finge-width of the pattem formed on the screen. 


QJ Inthe figure shown ifa parallel beam of white light is incident on the 
plane ofthe slits then the find distance ofthe white spot on the sereen 
from O, [Assume d <= D, 3. << d] 


Q3. Intheabove question ifthe light incident is monochromatic and point © is a maxima, then the wavelength 
‘ofthe light incident cannot be 


[S (8)d'/sp. 


(© d*/i20 (D) d/isp. 
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Qs InYDSE,thmain sources displaced bya distance d= 2mm from the initial symmetrie position, (parallel 
tothe plane ofthe its) as shown in figure. Given the distance of source rom slits, DI =2m. d= 6mm, 
D=3m. Find the displacement of fringe pattem. 


ru 


QS Aplateof thickness tmade oa material of refractive index p is placed in front f one ofthe slis ina 
double slit experiment. What should be the minimum thickness t which will make the intensity at the 
centre ofthe fringe pattem zero ? Wavelength ofthe light used is. Neglectany absorption of ight inthe 
pha. 

Q6  Ayonjsdoutledit experiment isconducdin water (4, )as shown inthe - 


figure, anda glass plate of thickness tand refractive index pu, isplacedin — qas |» 
the path ofS,. Wavelength of light in water is 3. Find the magnitude ofthe“ sto 


phase difference between waves coming from S, and S, at O " 
newer 
Swers 
Qi Q4 3mm 
Qs 


‘The phase change on reflection 
‘A ray oflightis incident on ar-water interface; et the amplitude reflection and transmission coefficients 
ber, andt, respectively The amplitudes of reflected and transmitted waves are ar, and at, respectively. 
From the principle of reversibility of tight, the system retraces its whole previous motion. The wave of 
amplitude ar, givesa reflected wave of amplitudear t. The wave of amplitude at, 


Incident 
ampitudo 
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gives a reflected wave ofamplitude ar. and transmitted wave amplitude at t, 


So an? att, 


ut, w 


Further, the waves of amplitudes at, r, and ar; t, must cancel cach other. 


E] 
‘equation shows. difference of phase of s between tbe two cases reversal of sign means displacement 


inthe opposite sense. I'there is no change of phase on reflection from above, there must be a phase 
change of x from below and vice-versa, 

When light gets reflected from a denser medium there isan abrupt phase change of; no phase change 
occurs when reflection takes place from rarer medium 


Atthe postion of central maxima he path differen between the two interfering waves is zero, so ifO' is 
the new position ofcentral maxima, then, 


‘The Lloyd's mirror experiment 
Inthisarrangement the light reflected from along mirror and the light coming directly from the source 


The Lloyd's mirror experiment 
Inthis arrangement the light reflected froma long mirror and the light coming directly from the source 
without reflection produced interference on a screen. An important feature ofthis experiment lies in the 
fact that when the screen is placed in contact with the end of the mirror the edge O of the reflecting 
surface comes atthe centre ofa dark fringe instead ofa bright fringe, The direct beam does not suffer 
any phase change. This means that the reflected beam undergoes a phase change of radian. Hence at 


point P on the screen the conditions for minima and maxima are 


S,P- SP ^ni, n= 0, 1,2,3- [minima] 


(3 (nasi 
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Mustration + 
A Llosa’ mirror of length 5 cm is illuminated with monochromatic light of wavelength à = 6000 
A from a narrow slin 1 mm from its place and $ cm in its plane from its near edge. Find the fringe 
wide om a screen 120 cm from the slit and width of interference on the screen 


Sere 


Sol. In plane mirror object and image distances are equal, 


So, d= 2mm= 02am; = 6000 Å = 6000 x 10° cm; D 
6x10 120 
+ Fringe width P r 0036 om 


The width of the fringe pattern is AB. From the figure 


I 

——— 
tan 9, M 9, n 

dn right angled triangle AM,O and BM 


o OA= 1S * 


Du 
LEE 
oa 
or OB- 10% Ty m 
5x o 
Til of finge pattern = 04 - 0p = 55 M = 120m 
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Billet's Split-lens 


This device consists of two halves ofa convex lens placed close together to from two real or virtual 
images S, and S, ofthe narrow slit S illuminated by a monochromatic source oflight.S, and S, now act 
in the same way as the double slit in Young's experiment. The distance between S, and S, ean be 
charged by adjusting the space between the two halves ofthe convex lens, a number of interference. 
bands of varying widths can be obtained and observed in the overlapping region. 


Mustration = 
In figure showsn, S is a monochromatic point source emitting light of wavelength 2 500 nm. A 
thin tens of circular shape and focal length 0.10 m is cut into eo identical halves L, and L, bya 
plane passing through a diameter: The o halves are placed symmetrically about the central axis 
‘SO with a gap ofü 5 nm. The distance along the axis from S to L and Lis 0.15 m, while that from 
Land L to is 130 m. the screen at O is normal to SO. 

SO with a gap of0.5 nm The distance along the axis from S to L, and Lis 0.15 m, while that from 
L, and L to O is 1.30 m. the sereen at O is normal to SO. 

(He third intensity maximum occurs at the point P on the sereen. find distance OP. 
(Ifthe gap between L, and L, is reduced from is original value of 5 mm. will the distance. 
OP increase, decrease or remain the same ? 


aim 150m 
Sok, (i) As shown infigure each part ofthe lens will farm image ofS which will act as coherent sources. 
From lens equation, we can write. 


i did 
v5 10 
(ro v= 300m 


Also, d= 3% 0.5 mm 
D= 130-030 
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Now, from the theory of interference the distance y of a point P on the screen is given by. 


D 
ve qan 
and as point is third maximum. 
PI 
D 
So, T 
S igs 
or snot m= 1mm 


"€ = ™™ Sa a 


d 
therefore OP will increase. 


Hlestration + 
A convex lens of focal length 50 cm is cur along the diameter into two identical halves A and B 
and in the process a layer C of the lens thickness 1 mm is last. Then the two halves A and B are put 
together o form a composite lens. Now infront of this composite lens a source of light emitting 
wavelength à = 6000 À is placed at a distance of 25 cm as shown tn the figure. Behind the lens 
there is a screen at a distance 50 em from it. Find the fringe width of the interference pattern 


obtained on the screen. 


Decio] pem 
AL 
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Fresnel's Mirrors 


Figure shows Fresnel's bimirors apparatus to produce interference by division of the wavefront. Light 
froma slit is reflected by two plane mirrors slightly inclined to each other. 


The mirrors produce two virtual images S, and S, ofthe slit, the interference fringes are observed inthe 
region BC. where the reflected beams overlap. IFO is the angle between the planes of the mirrors. then 
S, and S, subtendangle 20 at the point of intersection M between the mirrors: 
Iis the distance between the slit and the mirrors intersection and L is the distance between the sereen 
andthe mirrors intersection, then the separation between the images $, and S, is 
a-igoy-2m 
and D=i+L 


and D-leL 
Thus the fringe width sven by 
E 
Ba 
UHL) 
ii E 
al 
E b= 35 


Fresnel's Biprism 
Figure shows the Fresnel biprism experiment schematically. The thin prism Prefat light fom the slit 
source Sinto two beans. Whena sereen is placed as shown in the 
figure, the interference rings ane observed only in the region shown. 
IA is theangle ofrefaction ofthe thin prism and u is the reftactive index ofits medium, then the angle 
of deviation produced by the prism is 
ö=A(p-1) 
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G) In numerical problems +d is calculated as given below : 


E 
$catmó sab-a(- a 
doma 
can also be calculated using lens displacement method andit is given by 
a ad; 


where d and d, are the distances between images ofS and, in two positions ofa convex ens placed 
between the biprism andthe sereen, 
(The expresion for finge widths same asin YDSE 


and interference pattem consists ofaltemate bright and dark fringes. 


Di Geb 
-Da 


and interference pattem consists ofaltemate bright and dark fringes- 


Msourccisatinfiniyic „athen B= 36 a 
(Gi) Let Length of overlapping region fom figure we have 


Alo, 


Length of inerference pattem 
= Fringe width F 


Mtustration + 
Interference bands ane produced bya Fresnel’ biprism in the focal plane ofa reading microscope. 
The focal planes 100 em distant from the sli. A lens is inserted benseen the bipriem and microscope 
and gives vo images of the slit for two positon of lens. In one, separation between them is 4.05 
nm and in order 2.90 mm. If sodium tight is used. find the distance between interreene bands 'à* 
for sodium light 5886. 10^ em. 

Sol. Hoe à= 5886 x 10° em : D= 100 em : d, = 405 mm = 0405 em 
d,=290mm = 0200 cm. 


d= Jie, = (04051020 


AD _ s886x10* x 100 


P d 0.405 x 0.290 


0017 Ans 
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Mlustration + 
In à biprism experiment with sodium light, bands of width 0.0195 em are observed at 100 cm 
from the slit. On introducing a convex lens 30cm away from the slit. vo images of the slit are 
seen 0.7 em apart, at 100 cm distance from the slt Calculate the wavelength of sodium light. 


AD gg UM 
su D de" 
e 
Feecienrins 1-5 vea on 
“iene ED gui 
se in sed Iouis 


06 $850» 10% em or A= $850.4 

‘Thin itm interference 
‘When it passes the boundary between two transparent media, some light is reflected at the boundary. 
As shown in the figure some light is reflected from first interface and some from second interface. Iwe 
consider a monochromatic incidem ight the two reflected waves are also monochromatic and coherent 
because they arise frorn the same monochromatic incident light wave vi amplitude division. These 
waves interfere, since they are superposed along the same normal line. 
The phase difference between two interfering waves is ducto: 


As shown inthe figure some light is reflected from fist interface and some from second interface. Ife 
considera monochromatic incident light the two reflected waves are also monochromatic and coherent 
because they arise from the same monochromatic incident light wave via amplitude division. These 
waves interfere, since they are superposed along the same normal line. 

The phase difference between two interfering waves is due to- 

(1) Optical path diference (due to distances travelled), 

(Reflection ftom a denser medium. 


“The second factor is irrelevant for reflection at rarer medium. 
“Three situations may arise 

(I) Neither wave experiences a phase change upon reflection- 

(2) Both the waves suffer a phase change upon reflection. 

In either ofthese two cases the phase change due to reflection is irrelevant ; no difference in phase results 
duetoreflecion 


In either ofthese cases phase change is determined solely from optical path difference, 
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Condition for constructive interference 
um 
Condition foe destructive interference 


uoa epu 


(6) One of ihe reflected waves experiences a phase change of x radian upon reflection and the other 


waves doesnot 
Jis material which wave suffers a phase change the conclusions în the previous ease are first reversed 
Condition for destructive interference 
um. 
Condition for consiractive interference 


a(t) 


wherem: 


Mustration + 


Many people's glasses appear to be a blue-green colour when viewed under reflected light A thin 
Dim of index of refraction n = 13$ ts applied to the outside surface of the lass so that the film 


wherem=0, 1.2, 
Mlustration + 


Many people's glasses appear to he a blue-green colour when viewed under reflected light. A thin 
film of index of refraction 
glass interface does not reflect any rd tight incident near normal of wavelength 
What thickness must the film layer be in order to achieve this? Take the index of refractions of air 
and glass to be 1.0 and 1.6 respectively. 


1.35 is applied to the outside surface of the glass so that the film/ 
80 nm. 


(LISTS (B) 31S Dom. (C) 2333 0m (D) 116.7 nm 
D 
Se n 
AX, inci 
_ (63010) 


1 p= 


4135 
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Mlustration + 


A light ray is incident normal 1o a thin layer of glass. Given the 


figure, what is the minimum thickness of the glass that gives the ie 


reflected ight an orangish color (hu, = 600mm)? | leat 
m mm (O I0 "m 
(20m (E 300mm — ee 
Sol. For reflected light to have orangisk color: rays from A, C, E must be out of phase for 1= 600 nm 
» 3-04 De 
i — 
* wasn 
x 
is "n k 
* tan = 100 
Interference due to reflected light : 


Considera transparent flm of thickness and refractive index p. A ray SA incident onthe upper surface 
ofthe film is partly reflected along AR, and partly refracted along AB, AtB par ofit is reflected along 
BC and finally emerges out along CR, The difference in path between the two mays. AR, and CR, is 


Interference due to reflected light: 
Considera transparent flm of thickness and refractive index p. A ray SA incident on the upper surface 
ofthe film is partly reflected along AR, and partly refracted along AB. At B part ofit is reflected along 
BC and finally emerges out along CR, The difference in path between the two rays. AR, and CR, is 
calles given below: 
Let CN and BM be perpendicularto AR, and AC. As the paths ofthe rays AR, and CR, beyond CN 
sc equal. The path difference between them is 


‘Ax =Path ABC in film- 
MAB + BC) —AN- 
AB 
Now, AB=BC= fig c BM - BM sec 
AN 
and AN- AG -ac=acsini=2AM sini 


AC 
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Thea, A~2UAB-AN™ 2ytseer—2 utsee rsin? r 
= 2 utsecr(l -sin t) 2 yeast 
The ray AR, having suffered a reflection at the surface of denser modium undergoes a phase change xor. 


rathditof Z. 


ALB thereflection takes place when the ray is going froen a denserto rarer medium and there is no phase 
change 
Hence, the effective path difference between AR, and CR, is given by 


Path Dif (Ax) 


(tthe path diference Ax - b where n=0,1,2,3,4ete constructive interference takes place 
and ihe film appears bright. 
x 
Apeosr- $ on 


© be path difference Ax - ni where n: 
andthe film appears bright. 


12/34 onde hero bee 
dien Sn, 


ecd 
“hawari 


e— wh 
nip np 
AER 
——— 
par E E AE 


ill reduce to E Thus two rays will 


be neglected, then the total path difference between AR, and CH 


merere destructively and darkness will result. 


G) should be remembered thut the interference pattem will not be perfect because the intensities ofthe ray 
AR, and CR, will not bethe same. 
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Mlustration + 
A glass plate of refractive index 1S is coated with a thin layer of thickness tand refractive index 
1. Light of wavelength à travelling in air is incident normally on the layer. tis partly reflected 
at the upper and the lower surfaces of the layer and the two reflected rays interfere, Write the 
condition for their constructive interference. f= 648 nm, obtain the least value oft for which 
the rays interfere constructively. 

Sol. The ray reflected from upper surface suffer a phase change of x due to reflection, at denser 
media, so the condition of sonsiructive interference for normal incidence is given by 


í 2m-1)À. 
353 rni wo dy UR 
‘Gla RIIS) 
For minimum value oft, n=1 
tax = Ž = 900 
tu 
Mtustration + 


White ight may be considered 1 have from 400 04 to 7500 À. Ifan oil film has thickness 10* 


- 2-900 
su 


Mustration + 


Whine light may be considered to have À from 400 04 to 7500 A. Ifan oil film has thickness 10* 
cem, deduce the wavelength in the visible region for which the reflectian along the normal direc- 
tion will be (i) weak (i) strong. Take of il as 14. 

So Hee r=0iu=lA;t 


2 104 » 104 = 280004. 
O Condition for weak reflection (destructive interference) is given by 


amuak 
20 
The vue of'n should be selected such that A Her between 4000 and 7500 This wili be 
possi 
DEEN] pena 
28000 gn dorn-s) 
mm 
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mond orn 7) 


The other values of n are not allowed as for those value of n. À does not le within the given 
wavelength range of 4000 À to 7500 A. Hence, all above values of & cause weak reflection. 
Gi) For sirang reflection (constructive interference), we have 


1o v(i) 


000 _ 56000 
n+l Rnet met 


The possible values of in this case are given by 


forni) 
s6000 

Ru form) 
56000 

aM ismod orn - 6) 


Hence, only the above of n will cause strong reflection because the range vill not be within 
desired wavelengths, ifm is different. 


menirea wuvesengins, y is uerem. 


Fringes of equal thickness 
Soap bubbles and oil films on a read do not have uniform thickness of the filmat any given point 
determines whether the reflected light has a maximum or minimum intensity. When white light is used, 
each wavelength has its own finge pater. Ata piven point of the fim, one wavelength maybe enhanced 
and/or another wavelength suppressed. This is the source ofthe colors in soap bubbles an oil filmsan 
theroad, 

‘A wedge-shaped film of air may be produced by placing a sheetof = 
paperora hair between the ends of wo glass plates, asin fig. With at "| 
plates, one sees series of bright and dark bands, each characteristic of 
apaticulariickness Ifthe plates are mot flat, the finge are not straight 

each is locus of points with he same thickness, one plate is known 

tobe flat, the fringes display the irregularities ofthe other, as shown in = 
figure. The pattern shows where the plate needs to be polished forit to 

be made“optically fa.” i 


An evaluation version of novaPDF was used to create this PDF fle 
Purchase a license lo generate PDF files without this notice. 


m 


Mtustration + 
A wedge-shaped im of air is produced by placing a fine wire of diameter D between the ends of 
yo flat glass plates of length L = 20 cm. as in ig, When the air fln i illuminated with light of 
wavelength À = 550 nm, there are 12 dark fringes per centimeter: Find D. 

Sot, A indicated in fig. only one of the reflected ray suffers a phase inversion. At the thin end of the 
wedge, where the thickness is less than 4/4, the vo rays interfere destructively: This regian is 
dark în the reflected light. The condition for destructive interference în the reflected light is 

ame — m=0.1,2, 
the change in thickness between adjacent dark fringes is At = 2./ 2, The horizontal spacing 
between fringes d ^ I/12 em = 83 < 10 m. From figure we see that D/ L= 31/8 so 
ALO (In mO 
AT T 166x17m 
This D- 66 ^m 


Newton's Rings 
Whena Jens with a large radius of curvature is placed on a flat plate, as to fig. a thin film of air is formed. 
When im isillainedwihmoeehromatligh cur inges alle neon sins canbe wid 
thous or wih alow power microscope (iur) An important feature of News rings 
dark cent spot. Newton polishing the surfaces to get rid afit, The dak pot was al mili 
eating Yung ini ate ih vei phe inven sena di with 
a higher refractive index. Young tested this idea by placing oil of sassafras between a lens of crown glass 


When the film is illuminated with monochromatic ligh, circular inges, called newton’s rings, can be with 
‘the unaided eye or with a low power microscope (figure). An important feature of Newton's rings is the. 
dark central spot. Newton tried polishing the surfaces to get rid o it, The dark spot was also initially 
puzzling to Young implied thatthe light wave suffers a phase inversion on reflection at a medium with 
higher reffactiveinde Young tested this idea by placing oof sassafras between a lens oferown glass 
anda plate of flint glass. The refractive index ofthe oil is between the values for these two glasses Since 
‘both reflections oocurat a medium witha higher refractive inde, they should both suffra phase inversion 
and therefore be in phase be in phase. This is precisely what happened: The central spot became bright 
and undoubtedly gave Young much satisfaction 
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Huygen's Principle 

Huygens, the Dutch physicist and astronomer ofthe seventeenth century gave a beautiful geometrical 
description of wave propagation, We can guess that he must have seen water waves many times in the 
‘canals ofis native place Holland A stick placed in water and oscillated yp and down becomes a source 
‘of waves. Since the surface of water is two dimensional the resulting wavefronts would be circles 
instead of spheres. At each point on such a cirele, the water level moves up and down 

Huygens, considered Tight to be a mechanical wave movingin hypothetical modium which was named 
ascther If we consider a surface a enclosing a light source S, the optical disturbance at any point 
beyond amust reach afier crossing o. The particles ofthe surface o vibrate as the wave from S reaches 
‘re and these vibrations cause the layer beyond to vibrate. We can thus assume thatthe particleson 
actas new sources oflight waves emitting spherical waves and the disturbance at a point 4 (figure 17.1) 
beyond asis caused bythe superposition afal! these spherical waves coming from different points of. 
Huygens called the particles spreading the vibration beyond them as secondary sources and the sper 
‘cal wavefronts emitted from these secondary sources asthe secondary wavelets 


Huygens” principle may be stated in its most general forin as follows 
Various points ofan arbitrary surface, when reached bya wavefront, become secondary sources of 


Huygens” principle may be stated in its most general form as follows 
‘Various points ofan arbitrary surface, when reached by a wavefront, become secondary sources of 
ligt emitingsocondary wavelets. The disturbance beyond the surface results from the superposition of 
these secondary wavelets. 
Considera spherical surface a with its centre ata point source Semitting a pulse of light The optical 
disturbance reaches the particles on cat time t=0 and lasts fora short interval in which the positive and 
negative disturbances are produced. These particles on then send spherical wavelets which spread 
beyond aAttimet, each ofthese wavelets has radius vt In figure the solid lines represent positive 
‘optical disturbance and the dashed lines represent negative optical disturbance. The sphere E is the 
geometrical envelope ofall the secondary wavelet which were emitted at time t= 0 from the primary. 
wavefiomto. 
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Itis clear that atthe points just inside $, only the positive disturbances of various secondary wavelets are 
meeting The wavelets, therefore, interfere constructively at these points and produce finite disturbance. 
Forpoints well inside E, some ofthe wavelets contribute positive disturbance and some others, centred 
ata nearby point ofa produce negative disturbance. Thus, the resultant disturbance is zero at these 
points. The disturbance which was situated at sat time t=O is, therefore, confined toa surface X at time 
Hence, the secondary wavelets from o superpose in such a way that they produce a new wavefront at 
the geometrical envelope ofthe secondary wavelets 

“This allows us to state the method of Huygens construction as follows: 


Huygens construction 


Various points ofan arbitrary surface, as they are reached by a wavefront, become the sources of 
secondary wavelets. The geometrical envelope of these wavelets at any given later" ustant 
represents the new position of the wavefront at that instant 

“The method is quite general and although it was developed on the notion of mechanical waves iis valid 
foclih waves. The surface usein the Huygens construction may have any arbitrary shape not necessarily 
a wavefrontitself, Ifthe medium is homogeneous, (i. the optical properties ofthe medium are same 


everywhere) light moves forward and does not reflect back. We assume, therefore, that the secondary 
‘wavelets are emitted only inthe forward direction and the geometrical envelope ofthe wavelets isto be 
taken in the direction of advancement ofthe wave. Ifthere is a change of medium, the wave may be 
relectd from the discontinuity justas a wave ona string is reflected from a fixed end or a free end. In 


that case, secondary wavelets on the backward side should also be considered. 


Reflection of Light 
Lotus suppose thata parallel light beam is incident upon a reflecting plane surface a such as a plane 
mirror. The wavefronts ofthe incident wave will be planes perpendicular to the direction of incidence. 
After reflection, the light retums in the same medium. Considera particular wavefront 48 ofthe incident 


gteat r= O (igro, Westcott postion fitis Venter 
AN 
dw v 


Le Ye 
Tosprly Huygens constuction, we use the reflecting surface a for the sources of secondary wavelets. 
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As the various points of J are reached by the wavefront AB, hey become sources of secondary wavelets. 
‘Because ofthe change of medium, the wavelets are emitted both in forward and backward directions. 
‘To study reflection, the wavelets emitted in the backward directions are to be considered. 

Suppose the point A of «is reached by the wavefront AB at time t= O. This point then emits a 
secondary wavelet At timet, this wavelet becomes a hemispherical surface of radius bt centred at A. 
Here vis isthe speed of light Let C be the point which isjust reached by the wavefront at time tand 
hence the wavelet isa point at C itself, Draw the tangent plane CD from C to the hemispherical wavelet 
originated from A. Consider an arbitrary point P on the surface and let AP/AC =x, Let PQ be the 
Perpendicular from Po AB and let PR be the perpendicular from Pto CD. By the figure, 


PR PC AC-AP 


-Œ ia 
AD^AC^ AC 
[3 PR-AD(I-x)7vt(1-x) =i) 
Qr Ar 
" BCAG 


or — QP=xBC=xut 
‘The time taken by the wavefront to reach the point P is, therefore, 


The point P becomes a source of secondary wavelets at time t. The radius of the wavelet at time 
‘originated from Pis therefore, 
(-4,)=u (tx = ut». E 
By (i) and (i), we sce that PR is the radius of the secondary wavelet at time teoming ftum P. As CD is 
Perpendiculario PR, CD touchesthis wavelet AsPisamabirurypointoncral the wavelets originated iom 
different poins of touch CD at timet. Thus; CD istheenvelope ofall these waveletsattimet. tiss therefore, 
the new position ofthe wavefront AB. The reflected mys are perpendicular to this wavefront CD. 
Intriangles ABC and ADC 

AD=BC=vt, 
ACiscommon. 
and ZADC- ZABC=90° 
“Thus, the tangles are congruent and 

ZBAC- ZDCA E 
"Now, the incident ray is perpendicular to AB and the normalis perpendicular to AC. The angle between 
the incident ray and the normal is, therefore, equal toe angle between AB and AC. Thus, ZBAC is 
equal tothe angle of incidence. 
Similarly, ZDCArepresentstheangleofeflectionand we have proved in (ii) that the angle of incidence 
‘equals the angle afreflection. From the geometry, itis clear that the incident ray, the reflected rayand the 
normal to the surface AC tie in the plane of drawing and bence, are coplanar. 
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Refraction of Light 


‘Suppose 6 represents the surface separating two transparent media, medium 1 and medium 2 in which 


thespeeds oflightare v, and u respectively. A parallel beam of ight moving in medium 1 is incident 


sini o 
which is called the Snell's law. The atio v, / w, is called the reftactive index of medium 2 with respect to 


which is called the Snell's law. The ratio v, /o, is called the refractive index of medium 2 with respect to 
medium 1 and is denoted by i. Ifthe medium 1 is vacuum, i, is simply the refractive index of he. 
‘medium 2 and is denoted by p. 


From the figure, itis clear that the incident ray, the refracted ray and the normal othe surface aare allin 
the plane ofthe drawing, i. they are coplanar. 

‘Suppose light from air is incident on water. It bends towards the nomal giving i> r From Snell's law 
proved above, v >v Thus, according to the wave theory the speedo light should be greater in airthan 
in water, This is opposite to the prediction of Newton's corpuscle theory. If light bends due to the 
attraction of the particles of a medium then speed of light should be greater in the medium. Later, 
experiments on measurement of speedo light confirmed wave theory: 

‘Thus, the basic rules of geometrical opties could be understood in terms ofthe wave theory oflight using 
Huygens principle. 
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Mlustration + 
Ya plane wavefront is incident on a convex lens as shown in figure, how will transmitted wavefront 
appear. 


rand c lie an a wavefront ie. they are in phase 


We have shown in figure that a reaches a', b reaches b' and c reaches c 
a'and c'are ahead of because b has to travel more in denser medium in which velocity of light 
is less in comparison to air. 


"Practice Exercise. 


QE. Ifaplane wavefrontis incident on an optical device as shown in figure, how will transmitted wavefront 
appear, 


[y [] e 


Answers 


Ans. (A) (B) © 
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‘Why is interference observed only in thin films 


Interference effects can be ignored witha thick ilm because it thickness is large. In this case the alteate 
bright and dark regions will be so close to each other that these will appear to merge into one another 
andinterference panem will notbe visible 
Further, when we see such a film in white light, the various complementary colors will be so close to each 
‘other that these menge into one another and make the appearance ofthe thick film white. To understand 
this let us consider film of water (refractive index, n = 4/3) lem thick on top ofa glass surface 
(RI=3/2). 
Assume that itis illuminated from above (fig). Then 

Ax path difference between 1 and 2= 24,1 
For constructive interference in the reflected waves 

2m,t=nh. 
Because t= 1 em is very large in comparison to the wavelength of 
visible light, the values of'n in this equation wil! be large. For instance, if 
wavelength corresponding to orange-red light (A = 667am) is to be 
strongly reflected then 


Water 


For constructive interference in the reflected waves 7 
2m t= 

Because t= 1 em is very large in comparison to the wavelength of 

visible light, the values of'n in this equation will be large, For instance, if 

wavelength corresponding to orange-red light (= 667am) is to be 

strongly reflected then 


ug _(2)(1.33) (1x10 
667107 


0000 


We may feel that this thick film would appear strongly orange red; however, there will also be strong 
reflection ofa slightly longer wavelength corresponding to n 39,999 and of slightly shorter wavelength 
‘corresponding ton = 40,001. There wavelengths differ from each other by only one part in 40,000 oF 
{667 nm40,000 = 0.17nm. This isa much smaller wavelength difference than the eye can detect. Hence, 
noone wavelength appears to be reinforced more than any other in the light which i reflected froma 
thick film. the film is illuminated by a white light, the reflected light appears white. For thin films, the 
integer n will be small, the difference between adjacent strongly reflected wavelengths will be substantial, 
andthe preferential reflection of certain wavelengths will be easily observed by the eye. 
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SOLVED EXAMPLES 


Q.1 In Young’sdoublestitexperiment using monochromatic light the fringe pattem shifts by a certain distance 
‘on the sereen when a mica sheet of refractive index 1,6 and thickness 1.964 micron is introduced in the 
path of one of interfering waves. The mica sheet is then removed and the distance between the slits and 
the sereen is doubled. Itis found that the distance between successive maxima (or minima) now isthe 
same asthe observed fringe shift on the introduction of mica sheet. Calculate the wavelength of the 
monochromatic light used in the experiment. 


Sol — Shift'Ay inthe fringe systems 


when distance between slits and screen is doubled, 
p-p 

Be eee 
B. =y 
a 0- t= 2B 


-w 


Here, 1964x 10m 


(1.6—1)x1.965%10 


3 1964 x 10% m 
n= S892A Am. 


Q2 Ina modified Young's double slit experiment, monochromatic uniform and parallel beam of light of 


evel 6000 A and intensity ( "2 Win incident nomllyon two crear operons A and Bot 
radii .001 mand 0.002 m respectively. A perfectly transparent film of thickness 2000 A and refractive 
index 1.5 forthe wavelengths 6000 À is placed in front of aperture A (figure). Calculate the powertin 
watt) received all the focal spot F of the lens, The lens is symmetrically placed with respect to the 
aperture Assume that 10% ofthe power received by each observer goes in the ori 
brought tothe Focal spot 


ul direction and is 
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Sob Let and1 be the intensities at A and B 


‘Area of cross-section of aperture A. A, (0001 =a x 10^ m? 
Area of cross-section of aperture B, A, = a= (0001) = * 4x 10% mè 
Let P, and P, be the powers of incident radiations at A and B respectively. 


10 
=g get 108 W 


—-—— 
Induction of tnsparent medium none ofthe beams prodnoes same path ifeence Ax. 
Hes. p 1 Sandi = 7000 
Ax (15 1) * 2000 A=0.5 » 2000 A 


or DM 
let $m phase difference between the two beams 
n 
Ew *107= Ind 
© aooo "1077 grdin 


Ifa, anda, are the amplitudes of light from apertures A and B, net amplitude R at Fis, 


abedém, 


tensity x Area of cross-section = I= A? 


and g 
Multiply equation by K'troughout 

RR! K'a? + K'a} e2/Ka V Ku, cond 
wo P=P,+P,+2 BP, end 


‘Substituting for P,, P. and à, we get 


2-00) £4 107 2 i i c (1) 


oro P=108(1 6442) 
xIW Ans 
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Q3 — Asourceof ight of wavelength 5000 A is placed at one end ofa table 200 cm long and 5 mm above its 
‘at well polished top. Find the finge-widih of the interference bands located on a screen at the end of 


the table. š 
Sol — DistanceofsourceS from the table =5 mm =0.5 em ls 
Distance of! from table= 0,5 em 
If is the distance between S and S* 


d= 05+ 0.5% 1 em 
100 em. 
5000 A = 5000 = 10-8 cm — 5 10-5 cm 


iD 
Since, B= ^T 
5x10 200 


Q4 Inthe usual layout for interference fringes, two identical slits, each of width a are kept apart by d from 
centre of entre. find: 
(a) the difference of path differences between rays from the bottom and top of sitsi e, 8A — A, - A, 
Cb) the maximum value ofa at which interference fringes continue to be sharp. Take D-distance between 


the sereen and the slits. 


Sol — (a) The rays from the top of the slits may be assumed to come from ideal sources with thier pole 
(equidistant point on the screen) atO. Then 
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Q5 Acoherent parallel beam of microwaves of wavelength A =0.5 mm fils ona Young's double slit apparatus. 
The separation between the slits 0 mm. The intensity of microwaves is measured on a sereen placed 
parallel tothe plane ofthe slits ata distance of 1.0m from it as shown in the figure. 
(a) Ifthe incident beam falls normally on the double slit apparatus, find the y-coordinates ofall the 
interference minima onthe sereen. 


(b) Ifthe incident beam makes an angle of 30° with the x-axis (as in the dotted arrow shown in fig), find 
the y-coordinates ofthe first minima on either side ofthe central maximum. 
Sol. (a) As shown in fig the path difference berween the rwo interfering waves reaching the point P ofthe 
screen willbe Ax = dsin O and so the point P will beam interference minima if 
Qni. 


sno,- 1 
B 
ELS 
Now the position ofa poit Pon the sereen which sata distance D fom the plane oF sits willbe given 
ty 
y7Dunü-tnü (e D= Im 


So, the position of minima willbe 
1 

yeuna,- Tis «0258 

3 d 

26 


Bm 


and y,=tan 0, 


x 
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Andas minima can be on either side of principal maxima, in the situation given here will be 4 minima at 
positions «2.258 mand + 1.13 mon the screen. 
(5) Inthissituation as shown in fig the path difference between the interfering waves will be 


Ax 


sin -dsindl 


A 
For first minima, d [sin 0.- sing] 7 


oro tan : 


qr 


dis 
So, the position f frst minima on either side of central maxima in this situation will be 


y=Dtan0=tan0 


D= Im), 


So, the position of first minima on either side of central maxima in this situation willbe 
x D= 1m), 


Q6 
13/3 -(b) Show thatthe intensity at P, 
E $ 
— $ 
+—»— 
Sol 
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or (Forsmall angletan 0 = sin 8 s0) 


(5) Axa = path difference between waves coming from Aand B= 


a phase difference 


3 [" rud 

Now phase diagram ofthe waves arriving at P, is as shown below: Z 

Anplitdeofresilant waveis ero 

As intensity (I)a A? 

uem P 

Intensity at, willbe zero. 

QU — Consider the situation shown in figure. The two slits, and, placed symmetrically around the central 
Nine areiluminated by amonochromarie ligh of wavelength A. The separation between the sss The 
Tigh transmitted by the slits falls ona sereen $, placed atadistance D from the slits. The sit, isat the 


central line andthe slits S, is at a distance z from $, Another screen £, is placed a farther distance D. 
away from, Find the ratio ofthe maximum to minimum intensity observed on £, if zis equal to 


[E P" 
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sr 


Sol. (a) Letlisintensity due to slits S, and S, on screen S, Further, intensity at any point on screen, is 


gienby 
Audits, 
p mx 
iiis, z.l 
te deo 


Nowon screen, 


[7] E 


[7 


Arslits, 


mi) 


Inn ts, i = (Vai + mj 
Er 


Si Uy, s - i = (Vat - van) =1 0 - us 
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Photo Electric Effect 


Photon theory 


According to Planck's quantum theory, light consists of photons as energy packets having following 
properties 
E-hv =he/A 


() Each photon is of ene: 


Where h is Planck's constant. Where h = 6.63 * 10% J-sec= 4.14 x 10° eV -sec 


(i) All photons travel in stright Ii 


e with the speed of light in vacuum, 


Gü) ^ Photons are electrically netural. 
(iv) Photons have zero rest mass, 


(v) Photons are not defleci 


ed by electric and magnetic fields 


(V) The equivalent mas of a photon while moving is given by 


m 


(vi) — Momentum of the photon 
p= Elc=hvic= h/4 
(vii) Numbeof photons of wavelength J emitted in t second from a lamp of power P is. 
PU. 


n 
hc 


Illustration : 


Sol. 


Violet light (2 74000 A) of intensity 4 watt/m falls normally on a surface of area 10 cm * 20 cm. 
Find. 

(a) the energy recived by the surface per second. 

(b) the number of photons hitting the surface per second. 

(c) If surface is tilted such that plane of the surface makes an angle 30° with light beam, find the 


number of photons hitting the surface per second. 


(a) Energy received per second per unit area 
E = IA cos 0=4 x 0.02 J * cos 0° = 0.08 J. 
(b) nh(c/À) = E 

0.08 4000% 10 


Do "7 63x10 x3x 10 
32x10 
- = 1.609 x 10 
19.89 
LAcost ^ 
k) n= 
m m hc 
1 32x10 


= = 0.805 x 10) 
2° 1989 


2 


Pratice Exercise 


Q.1 Visible light has wavelengths in the range of 400 nm to 780 nm. Calculate the range of energy of the 
photons of visible light. 


Q.2 Calculate the number of photons emitted per second by a 10 W sodium vapour lamp. Assume that 60% 
of the consumed energy is converted into light. Wavelength of sodium light = 590 nm. 
Answers 
QJ]. 256*10J to500x 10] Q2 17*10* 


Radiation Pressure 


The electromagnetic wave transports not only energy but also momentum, and hence can exert a radiation 


pressure on a surface due to the absorption and reflection of the momentum. 


Mlustration : 


4 photon of wavelength 6630 À is incident on a totally reflecting surface.Find the momentum 
delivered by the photon 


h 


Sol. The momentum of the incident radiation is given as P 


When the light is totally reflected normal to the surface the direction of the ray is reversed. That 
‘means it reverses the direction of its momentum without changing its magnitude. 


= Change in momentum has a magnitude 


2h 
AP = 2P == 
2(2.63x 10" J - sec) 
> AP = 2x10” kgm/s 


(6630x 10 m) 


Illustration : 


A parallel beam of monochromatic light of wavelength A is incident normally on a surface. The 
intensity of the beam is I. Find the force exerted by the light beam on the surface if surface is 
(i) perfectly reflecting 
(ii) perfectly absorbing 

Sol. Energy incident per unit time = IA 


IA 


Momentum incident per unit time = 
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2A 
(i) momentum transported to the wall per unit time — 
2A 
F- 
1 
pressure = 
IA 


(ii) momentum transported to the wall per unit time 


IA 


1 
pressure 


Pratice Exercise 


Q.1 A100W light bulb is placed at the centre of a spherical chamber of radius 20 cm. Assume that 60% of 


the energy supplied to the bulb is converted into light and that the surface of the chamber is perfectly 


absorbing. Find the pressure exerted by the light on the surface of the chamber 


Q.2 Atoally reflecting, small plane mirror placed horizontally faces 
igure. The mass of the L : 


a parallel beam of light as shown in the 


mirror is 20 g. Assume that there is no absorption in the lens 
and that 30% of the light emitted by the source goes through the 
lens. Find the power of the source needed to support the weight 


ofthe mirror, Take g= 10 m/s 


Answers 


Q1 40x 107 Pa Q2  100MW 


" 


Photoelectric Effect 


The photoelectric effect is process where electrons are ejected from a surface by the action of light 
(elect etic radiation). The process was discovered by Heinrich Hertz in 1887. Attempts to explain 
the effect by classical electromagnetic failed. In 1905, Albert Einstein presented an explanation based on 


the quantum concept of Max Planck. 


Observation of the experiments on Photo-Electric Effect: 
(i) The emission of photoel 
(ii) the number of photoelectrons emitted per second is proportional to the intensity of the 
(iii) The maximum velocity with which electrons emerge is dependent only on the frequency and not on. 


xctrons is instantaneous. 


the intensity of the incident light. 
(iv) There is always a lower limit of frequency called threshold frequency below which no emission takes 
place, however high the intensity of the incident radiation may be. 
Explanation 


Einstein suggested t 
absorb the entire energy of an incident photon duri 


ht beam is incident on a metal surface the free electrons of the metal 


whena li 


s collision with it. Ifthis electron gets sufficient 


ainst the surface adhesion of the given metallic surface and escape 


energy in this manner to do work a 
then it leaves the metal and a photoelectron is found. 


For an electron to escape from a metallic surface by doing work against its attractive force and get out 


of the for 
electrons. This minimum energy required for an electron to escape from a metallie sur 
work function of the given metal which is characteristic of the material and is hence different for different 
metals. Work function ofa given metal is generally represented by the symbol 6. 


ld of the metallic surface, a minimum amount of energy is required to be supplied to 


ice is called the 


The minimum frequency of light corresponding to which the energy of a photon is equal to the work 
function ofa given metal is called the Threshold frequency of that metal and the corresponding wavelength 
iscalled Threshold wavelength. 


hy, 7 $orv, 7 $/h 


Where v, is called threshold frequency 


he he 
S. 3 76 or ain 


Where 2, is called threshold wavelength. 


Clearly, when a light beam of frequency less than v, or wavelength greater than A, is incident then no 


photoelectrons can be emitted, no matter how high is the intensity of the incident beam. 
Suppose, a photon transfers energy more than the work function of the given metal then the photoelectron 
may be ejected with a kinetic energy 

Kun = (hv-4) 
or less than that because a part or all of the extra energy may be lossed during several collisions that the 
electron makes before emission. 
Ifthe frequency of the photon is v and threshold frequency for the metal is v, , then 

Kua =h (v-v) 


Ifthe wavelength of the photon is à and threshold wavelength for the metal is 4, then 


Kaa net i | 


Stopping Potential 


If the polarity of the battery is reversed and the applied potential is gradually increased, the photo- 
This is be 


current starts decreasis ause the electrons are retarded, and most of the elecrons are unable 


to reach the opposite electrode. It is observed that when the applied retarding potential is increased, the 


photocurrent eventually becomes zero. This potential is known as the stopping potential and depends 
only on the material of the photocathode and the frequency of light. 
If V, be the stopping potential, then 

eV, =hv- > 
The stopping potential V, depends only on the metal and does not depend on the intensity of incident 
b, 


light different intensites. 


Illustration : 


Sol. 


When a metallic surface is illuminated with monochromatic light of wavelength A. the stopping 
potential for photoelectric current is 3 V,,. When the same metallic surface is illuminated with a 
light of wavelength 22, 


she stopping potential is V,, Find the threshold wavelength for the surface. 


Einstein's photoelectric equation. 


he 
-eGV)*W ü 


Here W = work function 


hic " 
and 5 =e (V,) +W (ii) 


Solving these equations 


3hc he 
X +W-3W > Wa 
2i 2 

he he 

DÀ 4 


>4,=44 When A, = threshold wavelength 


Pratice Exercise 


Q4 


e 


The work function ofa metal is 2.5 10" J. (a) Find the threshold frequency fro photoelectric emission. 
(b) If the metal is exposed to a light beam of frequency 6.0 * 10 «Hz, what will be the stopping 
potential? 


The electric field associated with a light wave is given by 

E=E, sin [(1.57 * 10m ')(x-ct)] 
Find the stopping potential when this light is used in an experiment on photoelectric effect with the emitter 
having work function 1.9 eV. 


A monochromatic light source of intensity 5 mW emits 8 = 10" photons per second. This light ejected 
photoelectrons from a metal surface. The stopping potential for this setup is 2.0 V. Calculate the work 
function of the metal 


A photographic film is coated with a silver bromide layer. When light falls on this films, silver bromide 
molecules dissociate and the field records the light there. A minimum of 0.6 eV is needed to dissociate a 
silver bromide molecule. Find the maximum wavelength of light that can be recorded by the film. 


A small metal plate (work function à) is kept at a distance d from a singly ionized, fixed ion. A 
monochromatic light beam is incident on the metal plate and photoelectrons ar 
wavelength of the light beam so that some of the photoelectrons may go round the ion along a circle. 


itted. Find the maximum 


Answers 
QI. (a)3.8 x 10 Hz; (b) 0.91 V Q2 12V Q3  19eV 
7 __8xe,dhe 
Q4  2070nm Q5 Zane 


Wave Particle Duality 


Electromagnetic radiation is an emission with a dual nature, i.e. it has both wave and particle aspects. In 
particular, the energy conveyed by an electromagnetic wave is always carried in packets whose magnitude. 
is proportional to frequency of the wave. These packets of energy are called photons. 
Energy of photon is E — h.f, where h is Planck's constant, and fis frequency of wave. 


de-Broglie idea 


As wave behaves like material particles, similarly matter also behaves like waves. According to him, a 


h h 

wavelength ofthe matter wave associated with a particle is given by = = zy + Where mis the mass 
and vis velocity of the particle 

If an electron id accelerated through a potential diference of V volt, 

1 | [eV 
hen 5 m,v'=eV wo Ve Vin 

h h 
a 


mv 2e 
(Itis assumed that the voltage V is not more than several tens of Kilovolt) 


Mustration : 
Find the ratio of de-Broglie wavelength of molecules of hydrogen and helium in two gas jars kept 
separately at temperature 27°C and 127°C respectively 

Sol.  de-Broglie wavelength À = h/mv 


where the speed (rm.s) of a gas particle at the given temperature (T) is given as 


1 3 
zm’ = > KT 
BKT 
=v = Ac where K = Boltzmann's constant, m = mass ofthe gas particle and T= temperature 


of gas in K 
= mv = V3mKT 
h h À Ml 


SURE my = v3mKT 


(amu) (273 + 1. 


7 Y Qamuy7. 


)K 
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Illustration : 
If the sationary proton and a- particle are accelerated through same potential difference. Find 
the ratio of de-Broglie wavelength. 

Sol. The gain in K.E. of a change particle after moving through a potential difference of V is given as 


1 
qV, that is also equal to ^, mv", where v is the velocity of the charged particle 


1 ET 


my = ang 


h h 
> de-Broglie wavelength = 2 ; 
mv \2mq¥ 


à ma, 


PEST 


À 2) 
À VOW) 


Putting V, = V 
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Atomic Structure 


Struct 


re of matter always been an interesting area of research for physicists. Till 20^ century it was 
assumed that matter consists of indivisible small tiny particles called "atoms" But with the study and 
research it was found that the atom is divisible and made of other small particles called electron, proton 
and Neutron. So may physicists tried to explain the structure of atom but fir 
explanation about the structure was well accepted. For s 


lly it was Neils Bohr whose 


nplicity they have taken hydrogen atom and 


then it can be extended to other H-like atoms too, Some of the historical models are also explained and 


them drawbacks 


Thomson's Atomic Model 


J.J. thomson found the charge to mass ratio of electron for atomic structure, He describes the atom as a 


region in which positive charge is spread out in space with electrons embedded throughout the region, 


much like the sceds in a water - melon. The atom as a whole then be electrically neutral. 
Rutherford's Model 


In 1911 Earnest, Rutherford and his students performed a critical experiment which showed that 


Thompson Mod not be correct. They bon 


rded highly energetic a -Particles be correct. 


(He* Nucleus) onto a thin Gold foil. Following observation were there 


(i) Most of the Practices were passed through the foil as if it were an empty space 


(ii) Very few particles were even deflected backward completely reversing their direction. 


Gold foil 


(iii) Rest ones were deflected from 0° to 180° to their original direction of motion. 


Rutherford concluded that most of the part of atom is empty and all the +ve charg 
center ina very small volume he named it nucleus. Electrons are moving around sun, Hence this model 


was also referred as planetary model of the atom. 


There were two basic difficulties with the model reason of characterist 


radiation coming from atom 


The second was according to maxwell theory of electromagnetic Radiation an orbiting electron i an 


accelerating 


harge hence it should emit EM radiations resulting in decrease of radius of orbit and finally 


it should fall on nucleus. But atom is an stable entity 


10 


Bohr's Model of hydrogen Atom 


@ 


(i) 


ii) 


(iv) 


The firs 
of EM radiations coming out from H, - gas. Although model is now considered obsolete a 


successful picture of atom was given by Bohr. His model was successful in explaining the lines 
id has been 


completely replaced by Quantum - Mechanica 
of Quantum mechanics. 

To explain his model Bohr made some postulates: 

Electrons revolve around the nucleus in stationary circular orbits where centripetal acceleration is provided 


I Theory but it was historically important to the development 


by the coulombic attraction of protons on electrons as 


| 1 jene mv SE 
(dne r r / @: n z= atomic number 


m=mass of electron 


r=radius of an orbit, 


ze 
or aer Ai) 


Instead of the infinity of orbits which would be possible in classical mechanics, itis only possible foran 


h 
electron to move in an orbit for which its orbital angular momentum L is an integral multiple of 5 
n 


nh 
L=mvr= 5 (ii) 


h=Plank’s constant 


n= 12, .. (Quantized Penissible orbits) 


The electron revolving 


n any one of these allowed orbits does not radiate, These non-radiating orbits are. 


called stationary orbits, 


sition from higher orbit to lower or from lower to 


Energy of electron cl 


higher. 


anges only when then isa 


‘hy is emitted when when there is a transition from higher to lower. 
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Calculating radius (r,) and speed (v,) of n'^ orbit 


from eq' (i) and (ii) 


we have 


and 
$ 2.18 z 
Vae, ~ (2-18 * 10 m/sec) 7 


for H-atom, 
Radius of Ist ordit ,r, =0.5. 
speed ofe in Istorbit, v 8 x 10* m/sec 


Kinetic energy of electron in n* orbit, 


1 1f ze 
KE- jmv7 i nh 

I mze* |. z 
KE," 5l aei wi |^ n 


Potential energy of electron, 


Inthe electric field of nucleus the PE of electron in n orbit is given by 


PSCS 
U= lane r 


| mze* x E 
U=- [aevi |^ n 


ve sign indicates that electron is bound to the nucleus and some work in required to sperate it from the 
nucleus. 
Expression for total energy of electron in n® orbit, 


I| mzet | z 
2|4ei wh | n 


KE, + U,= 


Ifwe observe the relations carefully 


Putting values of all the constants, 


12 


z 
(13.6 ev) ^ and U, (27.2 ev) 
n n 


eneral expression of total energy 


ex) 


me* 


T gh? is called Rydberg cosntan 


z 
oro B,=—(Rhe) Where R 
n 


R= 1.097 x 10 m° 


'Rhe'is called 1 Rydberg energy= 13.6 ev. 
Energy levels of hydrogen atom (z = 1) 

E,-0 

n-5 E,--054 

n-4 E,--085ev 
2 nd excited state or 3rd energ n-3 E,--l.5l ev 
Ist excited state or 2nd energy level n-2 E,--34ev 
3round state or Ist energy level n-1 E,--13.6cv 


(Gi) 


Students are adviced to remember these rules for H-atom. 


Binding Energy of a state : Energy require to remove electron from a particular quantum state is 
called BE ofa that Particular state 
eg. BEofe of H-atom inn -4 level is 0.85 ev 

BE of Ist excited state of H-atom is 34ev 

BE of Ist excited state of He'-atomis 13.6 ev 
lonisation energy 
The energy required to remove an electron from ground state of the atom is called its ionisation energy. 
eg. lonisation energy of H-atom = 13.6 ev 


lonisation energy of He - 54.4 ev 
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Ionisation energy of H-like atom = 
Ionisation Potential 


6) Z ev 


The Potential difference through which an e must be accelerated to acquire this much energy (i.e. 


onisation energy) is called lonisation Potential 
eg lonisation Potential of H-atom = 13.6 vol 


lonisation energy 
Ionisation Potential = 


ion energy : The ener; tom so that it may go to a higher 


energy level is called excitation energy of that particular excited state. 


which must be provided to the e- ofa 


for equation for H-atom, 


Excitation energy of Ist excited state AE, - E, - E 
(-3.4) - (13.6) 
102 ev 


Excitation energy of 2nd excited state AE, = E, - E 
(-1.51)-(13.6) 


2.09 ev 


Excitation energy of 3st excited state AE, = E,- E 
(7 0.85) - (-13.6) 
12.75 ev 
and so on. 
(v) Excitation Potential : 


The Potential dif e must bea 


nce through which a elerated to acquire this much energy (i.e. 


exci 


ion energy) is called excitation Potential 


Excitation energy 
Excitation Potential 


Illustration : 


Find dependency of following physical quantities related with electron revolving in an orbit on 
Quantum number ‘n’ and on Atomic Number Z'. 
(a) Equivalent current in n* orbit 


(b) Time period in n* orbit 


(c) Angular sp. 
(d) Magnetic field at center due to revolving e 
(e) Magnetic moment due to equivalent current. 


Sol Equivalent current is charge crossing a point in unit time 


hence i= = = © 
Teen 


Time period (T) = ~~" x 
v z 
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v 
Angular speed (o) = 
r 


B at center of coil (5) = 


Magnetic moment (ji) = iA = i (ar) iP c n. 


Illustration : 


Which level of the doubly ionized lithium has the same energy as the ground state energy of the 
hydrogen atom. Find the ratio of the two radii of corresponding orbits 


Sol. When excited atom makes transition from n = n to n = 2 


jpg E AET 
(13.62 us] = 10.2 + 17 = 27.2ev 


When excited atom makes transition from n = n to n = 3 


ia 


Bg? | 7425 + 5.95 = 10.2 ev 


13.67 | 


lving the above expression : z = 3,n=6 


Illustration : 


Difference between n" and (n + 1^ Bohr's radius of H-atom is equal to its (n-1)" Bohr's Bohr's 
radius, find the value of n. 


Sol. Given 


n 
0.53) 0.53 0.53) 
(n+1} -m = (n- Ip 
Solving we getn =4 


Illustration : 
A single electron orbits a stationary nucleus of charge Ze where Z is a constant and e is the 
electronic charge. It requires 47. 


'eV to excite the electron from the 2nd Bohr orbit to 3rd Bohr 
orbit. Find 

() the value of Z, 

Gi) energy required to excite the electron from the third to the fourth orbit 

(iii) — the wavelength of radiation required to remove the electron from the first orbit to infinity 

(iv) — the kinetic energy, potential energy and angular momentum in the first Bohr orbit 

(v) the radius of the first Bohr orbit. 
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2 andn = 3 as E, 


Sol. We can find difference of energy of n 


[a 
(13.6) 2 | 4~9| 7 472 


Energy required to excite from n = 3 to n = 4, AE = E,- E, = 13.6 


loniztion energy = 13.6 (P = 13.6 (5) = 340 ev 


corresponding wandengih of photon = 12499 A, = 36.5.4 
‘ E 30^ 7 
In first Bohr orbit : (n 1) 
KE, = 340 ev 
PE, =~ 680 ev 
E 340 ev 
Radius of 1" Bohr orbit, r, = 599 93. q ig 


z 5 


Illustration : 


Imagine a hypothetical atom in which mass of electron is 'm' but charge of € becomes ~3e. 
Assuming all other Parameters to be same compare the radius of Ist orbit this hypothetical atom 


an H-atom, Also find ratio of speed of this e in n-orbit with that of e- of H-atom. 
1 
Sol — Radius (r,) 2 — for H-atom hence radius of Ist orbit of this hypothetical atom will be one-third of 


that found for H-atom 
v, x e for H-atom 


v, x Je for Given atom 


hence ^ = 3 


Pratice Exercise 


Q.1 Find the maximum Coulomb force that can act on the electron due to the nucleus in a hydrogen atom, 


Q.2 A hydrogen atom emits ultraviolet radiation of wavelength 102.5 nm. What are the quantum numbers of 
the states involved in the transition? 


(a) Find the first excitation potential of He* ion. (b) Find the ionization potential of Li ion. 


Q4 — Average lifetime ofa hydrogen atom excited to n — 2 state is 10 * s, Find the number of revolutions made 


by the electron on the average before it jumps to the ground state. 


Q.5 Radiation coming 


rom transitions n — 2 to n= 1 of hydrogen atoms falls on helium ions in n = 1 and 


n=2 states, What are the possible transitions of helium ions as they absorb energy from the radiation? 
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Q.6 — A beam of monochromatic light of wavelength 2. z ejects photoelectrons from a cesium surface 
(67 1.9 eV). These photoelectron: 
maximum value of. for which (a) hydrogen atoms may be ionized, (b) hydrog 


from the ground state to the first excited state and (c) the excited hydrogen atoms may emit visible light. 


re made to collide with hydrogen atoms in ground state. Find the. 


atoms may get excited 


Answers 
QI 82x10*N Q2 land3 Q3 (9408V — (b)I224V 
Q4 82x10 Q5 n-2tn-3andn-2ton-4 
Q6 (a)S0nm — (b)lO2nm — (c)89nm 


Ifwe provide energy to the electron of atom then there i a possibility that is it is excited to higher energy 
level 

This process can be done in two ways 

* By Absorption of photons 

* By collision with othe 


atoms and electrons 


By Absorption of photons 
Ifan electron is to absorb a photon the ener; 


hy of photon must be equal to the energy difference AE 


between the initial energy level of the electron 


nda higher level. 


It means if we consider the case of H-atom then this atom can absorb only certain specific energy 


photons which are 10.2 ev, 12.75 ev etc. 


The electron of H-atom can not absorb photon of energy 11 ev but this electron can absorb any photon 
of energy greater then 13.6 eV or more specificall 
more than 13.6 eV, rest of the energy may appearas kinetic energy of the free electron. 


nization energy of atom, After absorbing energy 


Absorption spectrum : 
When an atom absorb a photon whose energy is exactly equal to the difference of ground state and any 
of the excited states, this wavelength corresponds line of absorption spectrum. 


photon of Absorption 
spectrum 


wavelength 2. 


. Anatom will absorb energy from its ground state only. 
. Wavelengths of absorption spectrum can be determined as 
Taf ot 
RZ| | n=23,4, 
à Pon 
. Number of lines in abortion spectrum between n= 1 and n - n level will be (n= 
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By collision with other atoms and electrons 


The electron of an atom may also absorb energy during collisions, and may be excited to a higher energy 


state. During collisions of atoms and electrons the loss of energy must be used to excite the atoms as at 


atomic level then is no significance of Thermal energy and rise of temperature. We can not estimate that 


what type of collision must occur but we can always analyze the possibilities during a collision. 
(i) floss of KE during collision is not sufficient to excite the atom then collision must be perfectly elastic 
(i 


excitation energy of the atom. 


The collision may be inelastic or perfectly inelastic only if loss of KE is exactly equal to any of the 


During a collision maximum loss of KE can be calculated using center of frame. i.e. KE with respect to 


COM can be lost. 


lv 
KE ;uV Where i — Reduced Mass of system 


V, relative velocity of the atoms 


Consider an H-atom at rest and a neutron with KE = 25 eV is going to collide with the H-atom. Mass of 


neutron and H-atom can consider as same. 
KE 725 eV = 
1 
KE EIS v 


1f mm 


2| mm 


Tg. 
= [KE of neutron] 
12.5 ev 
1“ Possibility : Pertectly elastic collision and no excitation 
* This is a possible case in every collision if no loss takes place, no excitation to will be there. 
2" Possibility : Inelastic collision, H-atom excited to n —2 for this AE = 10.2 ev is required and itis less 


than KE „, „hence a possible 
3" Possibility: In elastic collision, H -atom excited to n —3 for this AE= 12,09 ev KE, „„ also passible 
4° Possibility : In elestic collision, H-atom excited to n =4 for this AE= KE, „ -+ - not Possible 

5* Possibility : Perte 


ly in eleastic collision. 


In this case AE = KE, „„ = 12.Sev..... not Possible as 12.5 ev is not an excitation energy 


vtron. Which can be 


Note : Inall the possibilites, apart from loss rest of the KE will shared by H-atom and ne: 


cal 


ted using momentum - consevation case. 


Illustration : 
Consider an He'-atom at rest, a newtron collision with be atom such that He* - atom may be 


excited to I” excited state, Find min KE of newtron required. 
KE 
Q-— 1 
Sol. i © KE a m= 5H 
LI n 2 


1| mm 
zl 
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= T [KE of neutron] 
for min KE, KE, = AE (excitation energy) 


4 
S (KE of newtron) = 40.8 ev 


KE of newtron = 51 ev 


Note: The 
particles as compared to those hence it penetrates into the atom and can collide with ¢ of atom in 


ollision ofe is slightly different from that between atoms and neutrons because ¢ is very tiny 
ground state. The collision ofe with thee: of atom will be perfectly elastic hence it may transfer any 


fraction of its KE to the e of atom 


For example an e moving 


10.2 ev KE to the e of H-atom. 


with KE = 12 ev can excite the H-atom to 1* excited state by transferring 


Similarly An e moving with KE= 15 ev may ionize an H-atom. 


Pratice Exercise 


Q.1 State whether following statements are true/False 


(a) A neutron moving with KE = 20 ev collides with an H-atom at rest. The collision must be perfectly 
elastic. 
(b) A neutron moving with KE =30 ev collides with an H-atom at rest. The collision may be perfectly in 
elastic. 
(c) An H-atom moving with KE = 25.5 ev collides with another H-atom at rest. The collision may be 


perfectly inelastic 


ect the differen: 


A neutron having kinetic energy 12.5 eV collides with a hydro 


atom at rest. Neg 


mass between the neutron and the hydrogen atom and assume that the neutron does not leave its line of 


motion. Find the possible kinetic energies of the neutron after the event. 


Q3 A neutron moving with a speed v strikes a hydrogen atom in ground state moving towards it with the 


same speed. Find the minimum speed of the neutron for which inelastic (completely or partially) collision 


may take place. The mass of neutron = mass of hydrogen = 1.67 =? kg. 
Answers 
QI (aT (bT ()T Q2 zro Q3 3.3» 10* m/s 


Copied to clipboard. 
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de-excitation of atom 


Electrons excited to higher energy stay their only for 10s then they make transition to any lower state 


by emitting photons and finally come toa ground state, Energy of photons emitted is equal to the difference 


of energy of the levels. While coming down they may emit photons of various wavelengths which 


corresponds to several spectral series. 
Emission spectrum : 


When an electron in excited state makes a transition to a lower state, a photon is emitted. Collection of 


these photon wavelengths in called emission spectrum. 


Hydrogen atom (or hydrogen like hydrogen atoms) consists of only one electron but we get a number of 
spectral lines in its spectrum (emission), 


1, Lyman series : The spectral lines of this series correspond to the transition of an electron from some 


ound state), 


higher energy state to the inner most orbit (n= i.e. 
For Lyman series, n, = 1, n, 72,34, 


1 Li 1 
s =r z(}-1) 
Pon 


2. — Balmerseries: The spectral lines of this series correspeond to the trasition of an electron from higher 


energy state to an oribit having n=2. 


For Balmer serise n, 7 2, n, 7 34,5, 

The wave numbers and the wavelengths of spe 
N 11) 
: R| r | 
P n 


al lines constituting the Balmer series are given by, 


3 Paschen series : The spectral lines of this series correspand to the transition of an electron from some 
higher energy state to an orbit having n — 3. 
For Paschen series, n, 7 3, n, =4,5,6, 


schen series are 


The wave numbers and the wavelengths of spectral lines constituting the ven by, 


n 
Paschen series is so named b 
first predicted by Bohr. 

4. — Barcketseries: The spectral line of this series correspond to the transition of an electron from a higher 


sause it was discovered by paschen. Just like other series, this eries was 


energy state to the orbit having n=4. 
For this serie, n, 74, n, 5.6.7. 


20 


6. 


Note : 


Pfund sei 


The spectral line of this series correspond to the transition of an electron from a higher 
energy state to the orbit having n — 
For the series, n, = 5 and n, = 6,7,8, 


The wave number and the wavelength of the spectral lines constituting the Pfund series are given by. « ) 


Humphery series : For this series, n, =6 and n, 7,89, 
For this series, n, = 6 and n, — 7,89, 
The wave number and the wave le 


ths of the spectral lines constiting the Humphery series are 


n= = E-0 
azg [III] 


ven by, 


Series 
limit 
n=l 
Tynan Balmer chen Bracket 
Spectral lines o sitions between energy levels 


Shown are the spectral series of hydrogen. When n = æ 


the electron is free 


* While coming down to ground state a single atom in n=n state may emit a maximum (n — 1) photons. 
+ First line of a series corresponds to lowest ener 


corresponds to transition from n=3 ton -2. 


photon emitted e.g. first line of blamer series 


* Series limit corresponds to maximum energy photon emitted c.g. series limit of blamer series corresponds. 
to transition from n=co to n=2 
* Maximum number of lines in emission spectrum of a gas which is excited to a level n=n will be"C, i.e. 
n(n—1)2. 
* Foran atom in quantum state n =n 

Max energy photon will be emitted for a transition fromn=nton=1 
Min energy photon will be emitted for a transition from n^ nton ^ n- 1 


21 


Mass of the nucleus is comparable to mass of electron 


If mass of the nucleus is comparable to mass of electron, then the electron and nucleus revolve in 


coplanar concentric circular paths of radii r, and r, about their common centre of mass. The electrostatic 
force of attraction provides them necessary centripetal force. They revolve with the same angular velocity 
and their sense of rotation is also same. 

from the figure, 

n o 

and Mvr,=nwv 


o TM (i) 


from equation (i) and (ii), 


m ) (m) 
"(mem)"? 5T me MJ 


Let their angular velocities be o and o, and electrostatic force of attraction between them be F, then, 


F= Mojr (forM) 
and F= mojr (form) 
So, —Moyr, = mar, but Mr, mr, [from equation (ii) 
So, ej = oj oro, = o, = oXsay) 


So they revolve with s 


e angular velocity about their common centre of mass. 


Now let us see why 'm' is replaced by the reduced mss ji when motion of nucleus is also to be considered. 


Centripetal force to the electron is provided by the electrastic force, so, 


1 Ze (. Mm IE Ze 
mio" i. orl Mem} - 
" Ze 
or mo e a (ii) 
1,1. Mm 
where, w= += 


m M M+m 


Now, moment of inertia about the common centre of mass, 


I= M? «mg = M| —™ M_) 
m+M) 


i | Mr? + me +m 
m+M 


According to Boh's theory of equation of angular momentum, 


lo- 


ugo= 5- (iv) 


22 


From equations (iii) and (iv), we get, 


(9) 


Comparing this value with the value of r, when nucleus was assumed be massive, we see that 


been replaced by p. Futher electrical potential energy of the system. 


1 1 
K,- Plot Surio 


and kinetic energy 


Explanation of bohr quantisation rule from de-Broglie's Concept 


Einstein suggested that light behaves both as a material particle as well as wave. de-Brogle extended 


Einstein's view and said that all forms of matter like electrons, protons, neutrons etc. also dual character. 


He futher said that wavelength (X) associated with a particle of mass'm' moving with velo 


by, 


^is given 


h h 


(where } is called de-Broglie's wavelengt 
WeI (where 2 is called de-Broglie's wavelength) 


Futher : Ifthe K.E. ofthe moving particle is K, then, 3.7 h/ /3mK 


Ifa charged particle 'q'is accelerated through a potential difference AV then, 2. 7h /2mq(AV) 


An electron behaves as standing or stationary wave, which extends round the nucleuses in a 


circular orbit. Ifthe two ends of the electron wave meet to given a regular series of crests and troughs, 


the electron wave is said to be in phase. i.e. there is constructive interference of electron waves and the 
electron motion has a character of standing wave or non-energy radiation motion. 
itisancces: 


Wateverbe the path of the electron wave round the nucleu ry condition to get an electron 


wave in phase so that the circumference of the Bohr's orbit (= 22r) is equal to the whole number multiple 


to wavelength à of electron wave i.e. 


Circumference ence Circumference 
2 wavelengths 4 wavelengths 8 wavele 


Figure show some modes of vibration of a wire loop. In each case a whole number 


of wavelengths fit into the circumference of the loop. 


: T 
2mr=nà or k= (i) 
n 


Copied to clipboard. 
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Where'n' is a whole number which denotes the number of wavelengths 
associated with an electron wave extending round the nucleus. 


Now according to de - Brog 


h 

a [I 

mv 
From equation (i) and (ii) we g Figure shows fcn 
number of wavelengths 
Qnr A nh cannot persist because 
= — ormvr= destructive interference 
n my p will occur 


Anelectron revolving in a permitted orbit does not radiate energy, through it is accelerating, so the total 
energy of the electron remains constant. That is why the permitted orbits are also called stationary or 
non-radiating orbits, 


Energy of a trapped electron 


The energy of a trapped particle is quantized. 


The simplest case is that of a particle that bounces back and forth 


between the walls of a box. We shall assume that walls of the box are 


infinitely hard, so the particle does not lose energy each time it strikes a 


wall and that ts velocity is sufficiently small so that we can ignore relativistic 
conditions 


From a wave points of view, a particle trapped in a box is like a standing wave in a string 


stretched between the box's walls, The possible de-Broglie wavelengths of the particle in the box therefore 


are determined by the width Lof the box. The general formula for the permitted wavelength is given by 


de Broglie wavelengths of trapped partic 


Further for a matter wave de-Broglie wavelength, A^ a 
h h L—— I 


= inv, ~ (2mK, (Where k, is the kinetic energy of the particle) | m 
Comparing the two expressions, we have, Derwin 


Since the particle has no potential energy in this model, the only energies it can have, are, 


24 


Particle in a box, E, = -123, 
article ina box, E,- s.n 


Each permitted energy is called an ene! 


level and the integer 'n' that specifies an energy level E, is 
called its quantum number. 

We can draw three general conclusions from the energy expression of a trapped electron. These 
conclusions apply to any particle confined to a certain re atomic electron 
held captive by the attraction of the positively c 
A trapped part 
A trapped particle can not have zero ene; 
Because Planck's constant is so small (h — 6.63 * 10™ J sec), quantiz: 


only when 'm' and L are also small. That is why we are not aware of energy quantization in our own 


jon of space for instanc 


c nucleus. 


le can not have an arbitrary ener 


y 


as free particle can have. 


ion of energy is conspicuous 


experience. 
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X-RAY 


Historical background 
On Noy, 1895, Wilhelm Conrad Röntgen (accidentally) discovered an image cast from his cathode ray 
generator, projected far beyond the possible range of the cathode rays (now known as an electron 
tof the cathode 


beam). Further investigation showed that the rays were generated at the point of co 


ray beam on the interior of the vacuum tube, that they were not deflected by magnetic fields, and they 
penetrated many kinds of matter. Róntgen named the new form of radiation X-radiation (X standing for 
"Unknown"). 


What are X-Rays 


X-rays are electromagnetic radiation of very short wavelength (0. 1À and 100A) and high energy which 


are emitted when fast moving electrons or cathode rays strike a target of high atomic mass. 


The X-Rays extends from the ultraviolet band to gamma rays band. Although their is very thin line 


ys but they are distinguished by the source of their generation. In the 


between the X-ray and gamma 
older days the X-Rays were distin 


but with 


ished from g; 


ima rays by the wavelength and frequen. 


time it has been observed that their exists X-Rays and gamma rays overlapping band and hence it is th 


n 


understood that the distinction between them is source of generation. 


Coolidge tube 


William Coolidge invented the X-ray tube popularly called the Coolidge tube. His invention revolutionized 


the generation of X-rays and is the model upon which all X-ray tubes for medical applications are based. 


The characteristic features of the Coolidge tube are its high vacuum and its use of a heated filamentas the 


source of electrons. There is so little gas inside the tube that itis not involved in the production of x- 


unlike the situation with cathode gas discharge tubes. 


as follows, Due to filament current the cathode filament is heated, 


The operation of the Coolidge tube 


itemits electrons, The hotter the filament gets, the greater the emission of electrons. A constant potential 


difference of several kilovolts is maintained between the filament and the 
the 
anode with a very high speed and when the electrons strike the anode and emit x-rays. These X-rays are 
brought out of the tube through a window W n 


arget usi 


a DC power supply 


ilament. These electrons are accelerated towards the 


so that the target is at a higher potential tha 


ade of thin mica or mylar or some such material which 


does not absorb X-rays appreciably. In the process, large amount of heat is developed, and thus an 


arrangement is provided to cool down the tube continuously by running water. 


hood 
W C 


m 


filament 
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Note 


(i) An increase in the filament current increase the number of electrons it emits. Larger number of electrons. 
ys is produced. This way we can control the quantity of X-rays i.e. 


means an intense beam of X 
Intensity of X-rays. 


(ii) An increase in the voltage of the tube increase the kinetic energy of electrons (eV — 1 2mv?). When 
such highly energetic beam of electrons are suddenly stooped by the target, an energetic be 
is produced. This way we can control the quality of X-rays ie. penetration power of X. 


am of 


-rays 


rays, 


(iii) Based on penetrating power, 
The first one having hi 
with low energy and h 


sified into two types. HARD-rays and SOFT-x-rays. 
ice high penetration power are HARD- 
se low penetration power are SOFT-X-rays. 


rays and another one 


Continuous X-rays 
When electron strikes target an electron loses a part of its kinetic energy and continues to move with the 


remaining energy until ithits another atom of the target. Part or whole of the energy lost by the electron 
ing radiation)-as it leads to 


is converted into a photon. This process is known as bremsstrahlung (b 


the electron gett 1. There is existence of a minimum wavelength (or maximum 


decelerated by the tang 


frequency) in x-ray spectrum. This is called the cutoff wavelength or the threshold wavelength. 


Ifthe potential difference between the filament and the target is V, then the kinetic energy of the electron 
just before it hits the target is 
K.E.=eV 


he 
Energy of the X-ray photon, AE 


AE is the fraction of K.E. of electron that gets converted into photon. Lis the wavelength of the photon. 


Wavelength of the X. 


y's photon 


he 
AE 
as 
AE <eV he 
<e > REY 
he 
ev 


This minimum wavelength does not depend on the target material and depend on the potential difference 


between the filament and the target 


Characteristic x-ray 


When the high energy lectrons "knock off" the innermost electrons of the atoms of the target material 
causing a vacancy. This vacancy is filled by a electron that jump’ from one of the outer shells. If the 
vacancy is 
K 


ated in K shell and electron from the L shell fills the vacancy then the emitted photon is a 


ray. Ifa vacancy is creasted in the K-shell and an electron from the M shell fills this vacancy then 


the x-ray emitted is known asa K, X-ray 


he 
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he 
wa Ey 

Where E, E,, E, are the electron energy level 

These X-ray are known as characteristic X-ray as they depend on the target material (character of P 


material), not on the applied vol 


The adjoining graph shows the variation of the intensity of X-ray coming out of the tube with wavelengths. 


Atsomesharply defined wavelengths (K,, K,) the intensity of the 


mitted radiation is very large. 


K 


Moseley's Law 


By measuring the wavelength associated with a particular line (now designated K ), from the spectrum 


of each element, Moseley established that the lines from a lange number of elements obeyed the relation. 


vv =a(Z~b) 
wh 


s with 


a and b are constai 


BR 


" 
as ddberg consta 
a= 474. (R=Rydberg constant) 


and 


Approximate explanation from Bohr's theory 
Consider an atom from which an electron from the K shell been knocked out. Consider an electron from 
the L shell which is about to make a transition to the vacant site. If finds the nucleus of charge Ze 
screened by the spherical cloud of the remaining one electron in the K shell. If we neglect the effect of the 
outer electrons and the other L electrons, the electron making the transition finds a charge (Z — 1) eat the 
centre. One, therefore, may expect Bohr's model to given reasonable results if Z is replaced by Z—b 


(1 1) 
AE = hv = Rhe (Z~by | =- | 
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Properties of X-Ray 


1. These are highly penetrating rays and can pass through several materials which are opaque to ordinary 


through which they pass. While passing through a gas, they knock out electrons from 


several of the neutral atoms, leaving these atoms with +ve charge 
3. They cause fluorescence in several materials. A plate coated with barium platinocyanide, ZnS ( zinc 
sulphide) ete becomes luminous when exposed to X-ray 


4. They affect photog 


iphic plates especially designed for the purpose. 


5. They are not deflected by electric and magneti 


fields, showing that they not charge particles. 


Illustration : 


To decrease the cut-off wavelength of contimuous X-ray by 25%, find the % change potential 


difference across the X-ray tube 


: hc Àj Y 
Soh à- uy 
v-fy M, 
H y % increases 


Illustration : 


The wavelength of K, X-rays produced by an X-ray tube is 0.76 À. Find the atomic number of 
anticathode materials. 
Sol. For K X-ray line. 
1 E 


RZ-I| R(Z-1} |1 


3 
FRZ- (0) 


With reference to given data, 
1,7 0.76 A = 0.76 x 10m; R = 1.097 * 10 m 
Putting these values in equation (1) 


1 
3^ 076x107 «1.097 x 10 


(Z-1P = 1600 


>Z-1=40>Z=41 
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Pratice Exercise 


Q.1 Ifthe operating potential in an X-ray tube is increased by 1%, by what percentage does the cutoff 


wavelength decrease? 


Q.2 When4OkV is applied across an X-r. 


tube, X-ray is obtained with a maximum frequency of 9.7 
10" Hz. Calculate the value of Planck constant from these data. 


h of 0.36 nm. The minimum energy needed to ionize an argon 


The, 
atom is 16 eV. Find the ene: 


ay of argon has a waveleng 


y needed to knock out an electron from the K shell of an argon atom. 


QA A free atom of iron emits K, X-raysofene 
Mass of an iron atom = 9.3 * 10* kg. 


6A keV. Calculate the recoil kinetic energy of the atom. 


Answers 


Q.1 approximately 1% Q2 412*10"eV-s Q3 347kV 
QA 3.9 * I0 *eV 


Nuclear Physics 


Itexists at the centre of an atom, containi rge and almost whole of mass. The 
electron revolve around the nucleus to form an atom. The nucleus consists of protons (+ve charge) L| 
and neutrons. A proton has positive charge equal in magnitude to that of an electron (+ 1.6 x 10-19 

C)anda mass equal to 1840 C) and a mass equal to 1840 times that of an electron. A neutron has no 

charge and mass is approximately equal to that of proton. 


entire positive c 


Properties of a nucleus 


[u] 


Q 


6) 


e 


Nuclear Mass : 


As we know that every nucleus contains protons and neutrons and so every nucleus has a definite 


mass. However, since the mass of electron is negligible so atomic mass is roughly equal to nuclea 


mass, 
Atomic masses are measured in atomic mass unit (a.m.u.) defined as 

1 amu = 1.6604 x 10 7 kg 

1u - 931.478 MeV/c 

and its energy equivalent is 931.48 MeV 
The number of protons in a nucleus of an atom is called as the atomic number (Z) of that atom. The 
number of protons plus neutrons (called as Nucleus) ina nucleus of an atom is called as mass number 
(A) of that atom. 
A particular set of nucleons forming 


atom is called as nuclide. It is represented as , X^. The nuclides 
having same number of protons (Z), but different number of nucleons (A) are called as isotopes. The 
nuclide having same number of nucleons (A), but different number of protons (Z) are called as 
isobars, The nuclide having same number of neutrons (A-Z) are called as isotones. 


Nuclear charge 


contain +vely charged protons (charge = 1.6 x 10°!” C ) and neutrons (neutral) so 


has a net +ve charge 


ius 


A rough estimate of nuclear size suggests us that the radius of the nucleus of an atom having 


mass number *A'is given by 
R=R,A 


Where R, is a constant found to be equal to 


R,-1.4x105 m= 1.4 fm. 


juclear Density 


In spite of the fact that nuclear radius depends on mass number of the atom but nuclear 
density is independent of mass number because if neutrons are supposed to be of almost the same 
mass as that of protons then the total mass of a nucleus is proportional to A. If each nucleon are 
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6) 


supposed to have a mass m then nuclear density is given by 


mA 3m 


E uA UR (Which is independent of A) 


Nuclear spin and magnetic moment 
Like orbital electrons in an atom, nucleons inside nucleus have well defined quantum states, 

Correspondingly they have angular momentum and hence a magnetic moment. Like electrons 

nucleons also have intrinsic angular momentum and ‘magnetic’ moment corresponding to their spin. 


Nuclear Forces 


Ifonly the 
have stabl 


lectrostatic and gravitational forces existed in the nucleus, then it would be impossible to 


hold the nu 


atoms of neutrons and protons do exist, ther 


nucleus, This force is called the nuclear force. 


Properties of nuclear forci 


(I) — They are charge independent. The nuclear force between two proton is same as that between two 
neutrons or between a neutron and proton. This is known as charge independent character of nuclear 
forces. 

(2) They may be repulsive may be attractive (Repulsive at exceedingly small separation between two 
nucleons appreciably smaller than 10 em i.e. 10 5m 

Q3) — Itisashortrange force. Its radius of action is of the order of 10. cm. 

(4) — Thenuclear force is of saturation character. Each nucleon in nucleus interacts with a limited number of 
nucleons. 

(5) — Nuclear force are much stronger than electromagnetic force or gravitational attractive forces.{tis the 
strongest of all the forces. This is why itis called strong interaction. 

(6) — Nuclear force is spin dependent. If two interacting nucleons are having parallel spins then nuclear 
force operative between them is comparatively stronger and if their spins are antiparallel, nuclear 
interaction is comparatively weaker. 

(7) — Nuclear force is a non-central force. They can not be represented as directed along the st. line 
connecting the centres of the interacting nucleons. Its non central nature is due to the fact that it 
depends also on the orientation of the nucleon spins. 

Mass defect 


Itis observed that the mass ofa nucleus is slightly less than the sum of the masses of constituent nucleons. 
Suppose a nucleus consists of *Z' protons and "N^ neutrons. Mass of a proton, a neutron and the 


resulting nucleus are respectively m, m, and M then mass defect of the nucleus is given by 


Am = Zm, «Nm, -M 
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IA is the mass number of the nu. 


Am - [Zm, - (A  Z)m, - M] 


leus 


In terms of atomic masses we may also write mass defect as 


Am-[ Zm(}H)+Nm, - m( X)] 
Where m( H) = mass of one hydrogen atom. 


m(^X) = mass of atom having atomic no. Z and mass no. A 


mass of |H = 1.00784 u 
mass of neutron = 1.00 874 u 
Expected mass of deuterium 2.01654 u. 
but measured mass - 2.0141 u. 
mass defect, 

Am = 0.00244 u. 


Nuclear Stability 


Figure shows pot of N vs. Z for known nuclides. The stable nuclides are indicated by the black dots. 
Non-stable nuclides decay by emission of particles, or electromagnetic radiation, in a process called 


radioactivity 


ig energy 
‘To break a nuc 


called Binding Energy ofthe given nucleus or the energy equivalent of the missing mass of a nucleus is 


eus into its constituent nuclei some energy is required to be supplied. This energy is 


called the binding energy of the nucleus. 


Copied to clipboard. 
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BE- (Am)c? = [Zm, + (A-Z)m, ~ M]e*, 
BE = Am(in amu)931 MeV Where Am =mass defect 


Binding energy per nucleon is a measure of the stability of the nucleus. If there be n nucleons which is 


equal & 


Binding Energy _ B.E. 


ee 
Ut 
i 
200 


From the plot of B.E. / nucleons Vs mass number (A), we observe that : 


qd) 


2) 
6) 


(4) 


Binding energy per nucleon has low value for both heavy and light nuclei i.e. Heavy as well as light 
nuclei, both are unstable, B.E. /nucleons inc: 


'ases ot 


average and reaches a maximum of about 
8.7 MeV for A = 50—80. For more heavy nuclei, B.E. / nucleons decreases slowly as A increases. 
For the heaviest natural element U? it drops to about 7.5 MeV. From above observation, if follows 


that nuclei in the region of atomic masses 50 — 80 are most stable. 


The intermediate nuclei have large value of binding energy per nucleon so they are more stable 
Binding energy per nucleon increases rapidly upto mass number 20 but there are peaks corresponding 
to He, C, "SO which indicates that these nuclei are more stable than neighbours. The reason is 
that they may be considered to posses magic numbers i.e. their mass number is divisible by 4 and 

He as their constituents. 


these nuclei may have 


The minimum value of the BE/Nucleon is in the case of deuteron that is 1.11 Mev 


The maximum value of the BE/Nucleon is 8.79 Mev for the nuclide 5^ Fe which is therefore the most 


stable nucleus. 
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Illustration : 


Using the following plot of BE/nucleon vs mass number, mention the condition for which the 
energy is absorbed or released for the reaction 


$4 Q5, P^ 


Sol. Binding energy for reactant is (xE, + yE,) and that for product is zE, 


Case-l 
if (AE, + AE) > AE, 
Energy is absorbe 
Case-Il 
if (AE, + AE) < AE 
Energy is released. 
G)  Ifwesplita heavy nucleus into two medium sized nuclei and total binding energy of new nuclei is 


greater then parent nuclei, then energy is released (Nuclear fission) 


(i) — Iftwo nuclei of small mass number combine to form a single medium size nucleus for which bindi 


energy is greater than the constituent nuclei, then energy is released (Nuclear fusion) 


Nuclear Fission 
The breaking of a heavy nucleus into two or more fragments of comparable mass, with the release of 
tremendous energy is called as nuclear fission. 


The most typical fission reaction occurs when slow movi The following 
nuclear reaction takes place. 


If more than one of the neutrons produced in the above fission 
fission reaction (provided U 


action are capable of inducing a 


is available 


j, then the number of fission taking place at successive 
stages goes increasing at a very brisk rate and this generates a series of fission. This is known as chain 
reaction. The chain reaction takes place only if the size of the fissionable material (U?) is greater 


than a certain size called the critical size. 
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Ifthe number of 


ssion ina given interval of time goes on increasing continuously, then a condition of 


explosion is created. In such cases, the chain reaction is known as uncontrolled chain reaction. This 


forms the basis of atomic bomb. 


'es known as 


Ina chain reaction, the fast moving neutrons are absorbed by certain subst 
moderators (like heavy water), then the number of fissions can be controlled and the chain reaction is 


such cases is known as controlled chain reaction. This forms the basis of a nuclear reactor. 


Nuclear Fusion 


The process in which two or more l 


nuclei are combined into a single nucleus with the release of 
tremendous amount of energy is called as nuclear fusion. Like a fission reaction, the sum of masses 
before the fusion (ie. of bigger nucleus) and this difference appears as the fusion energy. The most 
typical fusion reaction is the fusion of two deuterium nuclei into helium. 

HUS HP — Het + 21.6 MeV 
For the fusion reaction to occur, the li 
10- m). This is possible or 


ht nuclei are brought closer to each other (with a distance of 


high temperature to counter the repulsive force between nuclei, 


Due to this reason, the fusion reaction is very difficult to perform. The inner cor 
temperature, 
fusion reaction 


eof sun is at very high 


ind is suitable for fusion. In fact the source of sun's and oth: uclear 


star's energy is the 


Conservation laws in nuclear reaction 


0) 


(i) 


(iv) 


Nuclear reaction processes have led to the formulation of useful conservation principles. The four 
principles of most interest in this module are discussed below. 


Conservation of electric charge implies that charges are neither created nor destroyed. Single positive 


and negative changes may, however, neutralize each other. It is also possible for a neutral particle to 
produce one charge of each sign. 


Conservation of mass number does not allow 


netcl 


ge in the number of nucleons i.e. total number. 
of protons and neutrons should also remain same on both sides ofa nuclear reaction.. However, the 


conversion of a proton to a neutron and vice versa is allowed 


Conservation of mass and energy implies that the total of the kinetic energy and the energy equivalent 
of the mass ina system must be conserved in all decays and reactions, Mass can be converted to 


energ, 


and energy can be converted to mass, but the sum of mass and energy must be constant. In 
nuclear reactions, sum of masses before reaction is greater than the sum of masses after the reaction. 
‘The difference in masses appears in form of energy following the Law of inter-conversion of mass & 


and is given as 


energy. The energy released in a nuclear reaction is called as Q Value of a reaction 


follows. 
If difference in mass before and after the reaction is Am amu (Am = mass of reactants minus mass of 
products) then 


Q value= Am (931) MeV 


Conservation of momentum is responsible for the distribution of the a 


ailable kinetic energy among 


product nuclei, particles, and/or radiation. The total amount is the same before and after the reaction 
even though it may be distributed differently among entirely different nuclides and/or particles. 
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Illustration : 


Sol. 


In the sun about 4 billion kg of matter is converted to energy each second. Find the power output 
of the sun in watt 


m 

= 4x10 kgs 
E=me 
E (m) 
tt 
E 
040910 
E 

3.6%10" Js 
t 

3.6%10" W 
t 


Illustration : 


Sol. 


Illustration : 


Sol. 


4 neutron breaks into a proton and electron. Calculate the energy produced in this reaction in 
MeV. Mass of an electron = 9 * 10?! kg, Mass of Proton 
1.6747 x 1077 kg. 


uH 


Speed of light = 3 * 10* m/sec 


1.6725 x 1077 kg, Mass of neutron 


Am= [Mass of neutron — (mass of proton + mass of electron)] 


[1.6747 » 1027 ~ (16725 * 1027 + 9 x 10” 
0.0013 x 


1077 kg 


Energy released 


E= Ame? = (0.0013 * 10?) x (3 * 108 = 117 


117x10 
16x10 


iy eV = 073 * 10 eV = 0.73 MeV 


The nuclei involved in the nuclear reaction A, + A >A; 


E, and E, Find the energy released (Q value) of this reaction. 


Suppose M,, My, M, 


reaction 


Now 


Here 


M, are the rest masses of the nuclei A 


" 


x 107? joule 


A, have the binding energies E 


4, A, and A, perticipating in the 


A, +A, — A,* A,*Q 
Here Q is the energy released. Then by conservation of energy 
Q - (M, * M,- M,- Mjc 
Myc? = c (Em, + (A, - Z) m) — E, etc. and 
, + Z, (conservation of charge) 
A, + A, = A, + A, (conservation of mass number) 
O-(E,+E)-(E, +E) 
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Pratice Exercise 


Q.1 Calculate the electric potential energy due to the electric repulsion between two nuclei of C when 


they ‘touch’ cach other at the surface. 


Q2  Findthebinding energy of 


Fe“ . Atomic mass of 9349 u and that of 'H is 1-00783 u. 


Mass of neutron is 1-00867u. 


Calculate the Q-value in the following decay 


Mg+e' ev 
QA — Findth 


maximum energy that a beta particle can have in the following decay 


Lu HE ee V 


Atomic mass of "y is 175.942694 u and that of gr is 175.941420 u 


Answers 


QJ 102MeV. Q2 492MeV. Q3 3254MeV Q4 — 02806 MeV 


Radioactivity 


Among about 2500 known nuclides, fewer than 300 are stable. The others are unstable structures. 
that decay to form other nuclides by spontaneously emitting particles and electromagnetic radiation 


process called radioactivity. The time scale of these decay processes ranges from a small fraction of a 


microsecond to billions of years. The substances which emit these radiations are called as radioactive 


substances. It was discovered by Henry Becquerel for atoms of Uranium. Later it was discovered 
that many naturally occurring compounds of heavy elements like radium, thorium etc also emit 


radiations, 


At present, it is known that all the naturally occurring elements having atomic number greater than 82 
are radioactive. For example some of them are ; radium, polonium, thorium, actinium, uranium, radon 
etc. Later on Rutherford found that emission of radiation always accompanied by transformation of 
one element (transmutation) into another. In actual radioactivity is the result of disintegration of an 
unable nucleus. Rutherford studied the nature of these radiations and found that these mainly consist of 
a, B, y particles (rays). 


a-Particle 


:GHe*) 
‘These carry a charge of + 


ind mass equal to 4m,. These are nuclei of helium atoms. The energies 
5 MeV to9 MeV ; their velocities vary from 0.01 — 0.1 times of c (velocity 
of light). They can be deflected by electric and magnetic field and have lower penetrating power but 
high ionising power. 


of a-particles very from 
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B-Particle 


These are fast moving electrons having charge equal to e and mass m, =9.1 x 10 kg, Their 


velocities very from 1% to 99% of the velocity of light (c). They can also be deflected by electric and 


magnetic fields, They have low ionising power but high penetrating power. 


y-Radiations : (j^) 


These are electro-magnetic waves of nuclear o 


n and of very short wavelength. They have no mass. 


They have maximum per ng power. Thee 


etrating power and minimum ionis 


ed ina nuclear 


reaction is mainly emitted in from these y-radiations 


Radioactive decays 
a-decay 


Note 
® 
(Gi) 
(i) 
(iv) 


Nuclides decay 


is by emitting a-particles, a-particles are gene 


emitted by very he 


y nuclei containing 
to many nucleons to remain stable. The emission of such a nucleon cluster as a whole rather than the 

ngl 
energy of alpha-particles. The parent nucleus (Z,A) is t 


emission of 


ucleon is energetically more advantageous be 


use of the particularly high binding 
nsformed as 


X^ —2 He +, Y^ 


m= vine] ov ]- ML x4 


Nuclear mass is different from atomic mass because nucleus is without electrons, 


Released energy converts into kinetic energy 
In nucleus, Atomic energy is 13.6 eV small atomic binding energy has been neglected. 


Released energy is shared as kinetic energy by products and outgoing particles 


Calculation of Kinetic Energy 


He’ 
recoil 


Momentum of o... + momentum of daughter nuclei - 0 
(m, 9) (Gp) 
assuming parent nuclei to be at rest initially 
PatPp =0 


Pal = [Po 
IFQ is released energy or Q value of reaction. 
K,*K,-Q 
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but 
1 Ma | 
K.m] 72 
mpxQ 
K, 7 mpm, 
(A-4)m Q 
4m*(A-4)m 
A-4 
K= a mg 


B decay 


Another way in which nuclides decay radioactively is by the emission of f particles. When neutron- 
proton ratio inside a nucleus is not suitable for it to be stable (either less or more) then -decay takes 
place, Due toa special type of intera 


called weak interaction a neutron gets converted into a proton 


ts converted into a neutron and a positron. Electrons or positrons are emitted from the 


anda proton g 


nucleus just after their creation. This emission of electron or positron from nucleus is called -decay 
Emission of positron (of the order of MeV) is called fl--decar 
Me 


id emission of electron (of the order of 


) is called f--decay 


(i) Negative B decay(B- decay) 


Neutron inside nucleus is transformed into proton. 


n — 2 p*e y (Antineutrino) 


X^ —— Y^ «ey +energy released. 


Equation corresponding to nuclear mass 
am= M|,x4]- ML. v^]» we] 
Equation corresponding to atomic mass 
am= w'[x^]-w'Li v^] 
energy released 
E= Ame? 
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(ii) Positive p decay(B* decay) 
Proton inside nucleus is transformed into neutron 
p——+ n e (Positron)+ v (neutrino) 


Positron is anti-particle of electron. Itis highly 


^ 


,X^ —PÓua Y^ +e" v *energy released. 


Equation corresponding to nuclear mass 
Am= ML a*l, v^ ]- Me] 
Equation corresponding 
Am= wA] 
energy released 
E=A 
Experiments show that fI-particles are emitted with continuous rar 


to atomic mass 


{M‘,1¥4 -2Me} 


of kinetic energy. 


Intensity of 
f) particles 


KE 
(iii) Electron capture 


Nuclei having an excess of protons may capture an electron from one of the inner orbits which 


immediately combines with a proton in the nucleus to form a neutron. This process is called electron 
capture (EC). The electron is normally captured from the innermost orbit (the K-shell), and, 


consequently, this process is sometimes called K-capture. 


The process is observed from the emission of the characteristic X-rays produced, when an orbiting, 


electron from an outer shell makes a downward transition into a K shell vacancy. The X-rays are. 


K-capture" 


characteristic of daughter nuclei not of the parent because x-ray emission taken plac 


nucutu 
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Neutrino and anti-neutrino 


1 It has zero electric charge, hence shows no electromagnetic interaction. 


" 
3 
Ed 
z 
E 
$ 


3 Ittravles with speed of li 


4, — Tthas spin quantum number 1/2. A spin of 1/2 satisfies the law of conservation of angular momentum 


when applied to B-decay. 


Itshows very weak interactions with matter. 


y - Decay 


As we know t 


like the discrete energy orbits of electrons in an atom. Nucleons in an atom inside the 
nucleus also have well defined energy state or discrete quantum state, After every a or B emission a 
nucleus is in the excited state correspondingly subsequent to every a-or B-emission a nucleus emits 


electromagnetic radiation (of the order of MeV) to come to ground state. The frequency or the wavelength 


ofthe emitted radiations lie in y-region and is called y-emission. 
B 
13.4 Mev 
s 44Mev 
Group-Displacement Law 
6) ^ When a nuclide emits one a-particle (, He), its mass number (A) decreases by 4 units and atomic 


number (Z) decreases by two units, 
X^ —> nY + He* + Energy 


mits a [Y partici 


6) — Whenanuclide , its mass number remains unchanged but atomic number increases by 


‘one unit 


X^— QQY^ + e+ 7 + Energy (%7 isantineutrino) 


Gü) When a nuctide emits a f particle, its mass number remains unchanged but atomic number decreases by 
one unit 

x 

GV) — When a particle is produced, both atomic and mass number remain constant 


m (vis neutrino) 


Rutherford-Soddy Law (Statistical Law) 


The disintegration of a radioactive substance is random and spontaneous. 


Radioactive decay is purely a nuclear phenomenon and is independent of any physical and chemical 
conditions. 
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The rad 
number of 


tive decay follows first order kine 


. Le., the rate of decay is proportional to then 
indecayed atoms in a radioactive substance at any time t If dN be the number of atoms 


(nuclei) disintegrating in time dt, the rate of decay is given as dN/dt. From first order kinetic rate law 


NN 
a 77AN 
where À is called as decay or disintegration constant. 
Let N, be the number of nuclei at time t = 0 and N, be the number of nuclei after time t, then 
according to integrated first order rate law, we have 


The half life (t, .) period of a radioacitve substance is defined as the time in which one-half of the 


radioactive substance is disintegrated. IFN, be the number of nuclei at t= 0, then in ha half life T, the 
number of nuclei decayed will be Ny/2 


N, = Ne“ ) 
Nen à) 
from (i) & (ii) 
N (n y 
N72) ^l3) n: number of half lives 


The half life (T) and decay constant (A) are related as 
0.693 
rg 


The mean life (T „) ofa radioactive substance is equal to the sum of life times of all atoms divided by 


the number of all atoms and is given follows 


fran foe"à 
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Activity of a Radioactive Isotope 
The activ 
number of nuclei disintegrating per second. Itis generally denoted by A. 


ofa radioactive substance (or radioisotope) means the rate of decay per second or the 


je time t= t sec, activity be A, then 


Unit of activity 
The activity is measured in terms of curie (Ci). 1 curie is the activity of 1gm of freshly prepared 
sample of radium Ra? (t, = 1602 yrs.) 

1 curie 1Ci 7 3.7 x 1079 dps (disintegration per second) 
1 dps is also known as 1 bq (Becquerel) => 1Ci 3.7 x 10'? bq 

Note 


All the equations discussed above is valid only when the number of nucli are very large 


Survival probability and decay probability for a finite time interval 


The probability of suravival (i.e. not decaying) in time tis. 


Nye ™ 


Hence the probability of decay is 


Successive disintegration and secular equilibrium 


Suppose ABC Ge., radioactive nucleus A decays to B and B decays to C) 


Let number of radioactive nucleus A (Parent nucleus) at time t= 0 be N, and that of B — 0. 


ForA 
dN, 
dt 

> N, =N, 
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44 


ForB 
Ma haNu 
dt 
=> can AaNg 
dt 


Multiplying both sides of this equation by e^* qr , we get 


e" dN, +AgNge™™dt =2,Noe! dt 


WhereC is constant of integration. 


att-0, N,-0 


c. Da 
Te-a) 
Hence, 
Nye o fe 1] 
XN " 
Nees le 
= ww. 


Suppose the parent nucleus A is long lived i.e. the half life of the parent nucleus A is much larger in 
comparison to the half life of the daughter nucleus B 


45 


i.e., after a time much longer in comparison to the half life of the daughter nucleus B but much shorter in 


comparison to the half life of parent nucleus A, we have N 3. , =Nyhy This state 


called secular 


equilibrium 


Illustration : 
The mean lives of an radio active substance are 1620 and 405 years for a-emission and p- 
emission respectively. Find out the time during which three fourth of a sample will decay if it is 


decaying both by a-emission and B-emission simultaneously 


Sol When a substance decarys by a and f emission simultaneously, the equivalent rate of 
disintegration À,, is given by 


Jog = hat Ay 
where À, = disintegration constant for a-emission only 
Ay = disintegration constant for f-emission only 
1 
Mean life is given by : T,, = 3, 
1 rod 1 1 
i n+ ; + 308 x 10° 
day = hat 7 T. 7 T, * Ty 7 1620 * 405 T 


2.303 log 


100 
> — (3.08 x 10°) t = 2.303 log 


> 2.303 log 4 = 449.24 years 
a 3.08x10 Fg 449.24 


Mlustration = 
Two radioctive materials A, and A, have have decay constants of 10 2, and 2, . If initially they 
have same number of nuclei, find the time after which the ratio of number their undecayed nuclei 
will be (I/e) 


N, ee 1 
Sow Wy =e = =e 
EXPE 
1 
res 
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Illustration : 
The weight based ratio fo U™ and Pb? in a sample of rock is 4 : 3. If the half life of U^" is 
4,5*10* year, then find the age of rock. 


Sol. Let initial no. of U-atoms = N 


After time t, (age of rock), let no. of atoms remaining undecayed = N 


238N 4 
26(N,-N) 3 


1.79 


TlogN,/N 


4,5x10" x log1.79 
0,301 


Illustration : 


4 count rate-meter is used to measure the activity of a given sample. At one instant the meter 
shows 4750 counts per minutes. Five minutes later it shows 2700 counts per minutes. Find 


(a) decay constant (b) the half lift of the sample. 


A, = dN/dt at t = 0 


dN/dt at t =t 


Sol. Initial activity 


Final activity 


aN} _, dN 
XN and aN 
dt hao and gy 
470 N 
2700 
No 
Using 12.303 log Ņ 
TENE) 
M5)-2303 log 5759 
š 4750 _ 9 1190 min! 
li >E 2700 dn 
0.693 _ 
"a7 apos 7 $4 min 
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Illustration : 


Sol. 


A small amount of solution containing Na* radionuclide with activity A = 2.0. x 10° 


disintegrations per second was injected in the bloodstream of a man. The activity of 1 cm of 


blood sample taken 1= 5.0 hours later turned out to be A' = 16 disintegrations per minute per 


cm’. The half-life of the radionuclide is T = 15 hours. Find the volume of the man's blood. 


Let V = volume of blood in the body of the human being. Then the total activity of the blood is 
A'V. Assuming all this activity is due to the injected Na’ and taking account of the decay of this 


radionuclide, we get 


VA’ = Ae? 
I2 
Now = per hour, t= 5hour 
15 
A 2.0 x 10° 
Thus gha e See = 5.95 litre 
Thu ve oera 95 litre 


Pratice Exercise 


Qi 


e 


e 


Q6 


The half-life of * Au is 2.7 days, Calculate 
(a) the decay constant, 

(b) the average-life and 

(c) the activity of 1.00 mg of Au, 

Take atomic weight of Au to be 198 g/mol. 


A radioactive sample has 6 x 10!* active nuclei at a certain instant. How many of these nuclei will still 


be in the same active state after two half-lives 
The activity ofa radioactive sample falls from 600 sto 500 s? in 40 minutes. Calculate its half-life. 


The number of ?®SU atoms in an ancient rock equals the number of °Pb atoms. The half-life of 
decay of ?U is 4.5 x 10” y. Estimate the age of the rock assuming that all the Pb atoms are 


formed from the decay of L 


A radioactive nucleus can decay by two different processes. The half-life for the first process is t, and 
that for the second process is t» Find the effective half-life t of the nucleus. 


A radioactive sample decays with an average-life of 20 ms. A capacitor of capacitance 100 pF is 
charged to some potential and then the plates are connected through a resistance R. What should be 
the value of R so that the ratio of the charge on the capacitor to the activity of the radioactive sample 


remains constant in time? 
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Q.7 — Suppose, the daughter nucleus in a nuclear decay is itself radioactive. Let à, and 2. be the decay 
constants of the parent and the daughter nuclei. Also, let N, and N, be the number of parent and 


daughter nuclei at time t. Find the condition for which the number of daughter nuclei becomes 


constant 
Answers 
Q1 (229x105,  (b)9days —(c)240Ci. 
Q2 15x10" Q3  IS2min. Q4 45x10" y 
11 1 
Qs + Q6 2002 Q7 ANAN, 
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Solved Examples 


Q.1 Apointsource ofli 


ht is placed at the centre of curvature ofa hemispherical surface. The radius of 
curvature is rand the inner surface is completely reflecting. Find the force on the hemisphere due to the 
light falling on it if the source emits a power W. 

Sol, The energy emitted by the source per unit time, i.e. W fall on a area 4nr ata distance rin unit time, Thus, 


w 


the energy falling per unit area per Consider a small area dA at the point P of the 


hemisphere (figure). 
The energy falling per unit time on it, is ee? 
p- WA "^ 
Anr 


The corresponding momentum incident on this area per unit time is 


WdA 
Anr'c 


Suppose the radius OP through the area dA makes an angle 0 with the symmetry axis OX. The force on 


dA is along this radius 
2WdA 
Anr'c 


By symmetry, the resultant force on the hemisphere is along OX. The component of dF along OX is 
JF e 2WdA "y 
AF cos = ^57 cos 
2W 


g the rim) 
dnr 


dA on the plane containi 


(projection the are 
c 


2v A on the pl h 
4 IA on the plane containing the 
r= on the plane containing the rim) 
2w w 
~ Gare OT 


Q2  Findthemaximum kinetic energy of photo-electron liberated from the surface of lithium (à =2.39 eV ) 


by electromagnetic radiation whose electric component varies with time as E =a (1 + cos wt) cos 
where ‘a’ is a constant. to — 6 10" rad/sec and o, ~ 3.60 x 10' rad/s. 
Sol E=a(1 + cos at) cos à, t= a cos à, t= cos o, t +a cos wt cos o, t 
1 1 
=E=acoso,t+ 5 acos(@+,)t+ > acos (0+ wt 


This isa complex vibration consisting of harmonic components of frequencies @,, (9+ y) and (9-0). 
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Sol 


Sol 


The highest angular frequen. 
Now, hv=$+k,., 


is(o ey. 


So, k= 5- (+0) —> 


6.6x10™ 
= (6% 10" 3.6 x 105) ~2,39 x 1,6 x 10 
2r 


7441 x 109 — 3,82 x 10 = 0,59 x 10* J = 0.37 eV 


Find the ratio of de-Broglie wavelength of an a-particle to that of a proton being subjected to the same 
magnetic field so that the radii of their paths are equal to each othe 


assuming that the field induction 
vector B is perpendicular to the velocity vectors of the a-particle and the proton. 


When a charged particle of charge q, mass m enters perpendicularly to the magnetic induction B oí 


magnetic field, it will experience a magnetic force 


v 
F-q(v* Ë )=qvB sin90*- qvB that will provide a centripetal acceleration 


my 
> qvB 
>mv=qBr 
h h 
> The de-Broglie wavelength i. 
x E mv qBr 


3 5 kr? 
A particle of mass m moves along a circular orbit in a centrosymmetric potential field U= ~~. Using 


Bohr's quantization condition. Find (a) radius of n^ orbit (b) Energy of n'^ orbit 


au 
Fe =k 
my? 
so k= (i) 
r 


and (ii) 
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hin? | 
4zmk | 


nh wh'K 
=k jo. 
\4x'mk — \ 4x°mK 


nhK 
mK 


Compare the radii and e 


of ground state of H-atom and p-atom considering the motion of nucleus. 
Ifwe consider the motion of nucleus mass of e in all the expressions will be replaced by p. Where 


mM 
Hi" aM M= Mass of Proton or neutron. 
m= mass of electron, 
and " m(2M) 
^" m+2M 
hence Hp? Hy 


orbit, 5 sor 


radius of n 5 


Energy of n orbit E, a p so E, < Epy 
What lines of atomic hydrogen absorbing spectrum fall with in the ware length range from 94.5 nm to 
130nm 

Absorbtion lines are always corresponding to lyman series. 


i [iod 
Wave length oflyman series = =R | 


forn=2,2,=121 nm 
forn-3,A,- 1022nm 
forn =4 , à, = 96.9 nm 
forn- 5, 94.64 nm 


forn 6,4, 93.45 


m 
hence 121.1 nm 102.2 nm 96.9 nm and 94.64 nm. 
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Q7 


Sol 


Sol 


A stationary | 
the atom acquire ? (My, — 1.67*10- kg) 


Rest 


atom emits a photon corresponding to the friest line of lyman series. What velocity does 


Applying momentum and energy conservation, 


hv AES mte 
mv= an ;mvihv 


when AE = 10.2 1.6 = 10"! Joule 


1 
we get AE= mv? +mvC 


DV — 10.2x1.6x10"" 
nC 1.6x10 7 x3x10* 


3.25 m/sec 


The BE of an electron in ground state of the atom is equal to E, 7 24.6 ev. Find the energy required to 
remove both electron from the atom. 

onisation energy of He* atom = 54.4 ev 

hence to remove both electrons from He-atom 

we require = 24.6 + $4.4 = 79 ev 

An X-ray tube with a copper target is found the emit lines other than those due to copper. The k, line of 
copper is known to have a wavelength 1.5405 A and the other two K, lines observed have wavelengths 


0.7092 A and 1.6578 A. (Identify) the impurities (find the value of Z, atomic number). 


According to Moseley's equation for K, radiation 


RZ-W |7 


| where à= wavelength of copper 


Let. and A, be the two other unknown wavelengths, then 
A, (Z- — 0.7092 

(Z,-1y ~ 1.5405 

Solving we get Z, -42 

Similarly 


a Q8) 1.6578 
X ((L-M 1.5405 


Solving we get Z, 


53 


Q.10 


Sol 


QI 


Sol 


the electrons from the k shell are observed to move in a circle of 
of K-shell electrons ? 


When 0.50 A X-rays strike a materia 
radius 23 mm in a magnetic field of 2«10T. What is the binding ener 


The velocity of the photoelectrons is found the F — ma: 


v e 
soB-m y or v-u BR 
The kinet 


energy of the photoelctrons is then 


eBR 


1 
2 m 


1 (1.6510 "CY (2x10? T (23x10 ^m) 


72 (9.1x10 7 kg) 2310019553 
K= 91x10) — V — = 18.36 eV 

SET BOT EI gygy 716360 

7 T T E abe _ 124keV A 248eV 
he energy of the incident photon is E,=5~ =p <4 248€ 


The binding energy is the difference between these two value: 
BE=Ev~K=24 keV - 18.6 keV = 6.2 keV 
Calculate the wavelength of the emitted c 


aracteristic X-ray from a tungsten (Z= 74) target when 


electron drops from an M shall to a vacancy in the K shell 


Tungsten is a multiel atom. Due to the shielding of the nuclear charge by the negative charge of the inner 


core electrons, each electron is subject to an effective nuclaer charge Z which is different for different 
shells 


Thus, the energy of an electron in the n* level of a multielectron atom is given by 
13.62; 
a 
For an electron in the K shell (n= 1), Z „= (Z - 1). 
Thus, the of the electron in the K shell is 


(14-1) «13.6 
F 


72500 eV 


Foran electron in the M shell (n=3), the nucleus is shielded by one electron of the n= | state and eight 


electrons of the n —2 state. 
inthe M shell is 


a total of nine electrons, so that Z „=Z —9. Thus the energy of an electron 


(74-9) x13.6 
- ~~ 6380 eV 


Therefore, the emitted X-ray photon has an energy given by 
ho = E, — E, =- 6380 eV — (- 72500 eV) = 66100 eV 
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Q13 


Sol. 


he 
or j 766100 x L6x 10] 
hc 


^7 66100xL6x10 * ™ 


(6.63107) 310) 


66100x16x10 7 ™ 


7 0.0188 x 10° m. 
Ifthe short series limit of the Balmer series for hydrogen is 3646A, calculate the atomic no. of the 
h down to 1.0A. Identify the element 
en by 


element which g 


es X-ray wavele 


The short limit of the Balmer series is g 


R4. 
Futher the wavel 


(4/3646) x 10^ m 


wths of the k, series are given by the relation 


1 
DU R(Z-1y 
p 


1 3646x10 


o 1 Te 
oP uy 7 axo 

(Z-1)= Vous 

= 30.2 
or Z-3223 


Thus the atomic number of the element concerned is 31 


The element having atomic number Z= 31 is Gallium. 


In a nuclear reactor, fission is produced in 1 gm for U5 (235.043: 


neutron (1.0087 a.m.u.). Assuming that , Kr? (91.8973 a-m.u.) and ,,Ba!^! (140.9139 a.m.u.) are 


m.u.) in 24 hours by a slow 


produced in all reactions and no energy is lost, write the complete reaction and calculate the total 


ener 


gy produced in kilowatt hour. Given 1 a.m.u. «931 MeV 


The nuclear fission reaction is 


UBS e a 


The sum of the masses before re: 
= 235.0439 + 1.0087 = 236.0526 a.m.u. 
The sum of the masses after reaction. 


= 140.9139 + amu 


y 


26-2 
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Q.14 


energy released in the fission of U5 nucleus 
E= 0.2153 x 931 = 200 Mev 
Number of atoms in 1 gm 


6.0210" 


Energy released in fission of lgm of U 


E=200 5.12 x 103 MeV 
(5.12 x 102) x (1.6 1075) = 8.2 x 10" joule 
82x10 
1s kWh = 2.28 x 10* kWh 
36x10 


A neutron collides elastically with an initially stationary deuteron. Find the fraction of the kinetic energy 


lost by the neutron (a) ina head-on collisio 


: (b) in scattering at right angles. 


(a) — Inaheatoncollision J Pa 
K- Pi, Ps 
2M 2m 


where p, and p, are the momenta of deuteron and neutron after the collision. Squaring 


pi+p?+2p,p, aK 
pi PU 2mK 


oncollision 


1(, m) 
1- d 
s-- 1-2) 


Going back to energy conservation 


Pa |i mj j= 
2M MJ] 
4mM 
So — E 
? (m+M) 


This is the energy lost by neutron. So the fraction of energy lost is 


END 


n= (miM) ^9 


(b) — Inthiscase neutron is scattered by 90°. Then we have from the diagram 


56 ACC- PH-MODERN PHYSICS 


Then by energy conservation 


E 
fa 


or 


m) 


or MJ 


K|! 


2m M+m 

or fraction of energy lost is 
2m 2 

n A 


M+m 


Q.15 Astationary Pb?? nucleus emits an a-particle with K.E., K = 5.77 MeV. Find the r 
liber 


coil velocity of 


daughter nucleus. What fraction of the total energ 


ted in this decay is accounted for the recoil 


energy of the daughter nucleus ? 


Sol The momentum of the a-particle is given by, 


m,K i) 


Let the recoiled momentum of the dauhter nucleus be P, = m, v.,, where m, and v, are the mass and 


velocity of daughter nucles. Using the priciple of conservation of momentum we get, 
P,=P, = 2m,K 


y2m,K 


> v (ii) 
Um, 


| [2x4xK — 2 [2K 


= Vaio m, ~ 196) m, 


Where 


| is the mass of the proton. 
> V, = 3.39 x 10° m/s 
Let the K.E. of the daughter nucleus be K' then, 


K' m, 


K m, 


As the momenta are same 


Copied to clipboard. 


57 


Q.16 


Sol 


Kom 
K, m,«m, 
m, 4 
; E - 
> R= +m, 19674 % 
K'-002 K 
E ou 
g 700 
A P? radionuclide with half-life T= 14.3 days is produced in a reactor at a constant rate q 72.7 
10° nuclei per second. How soon after the beginning of production of that radionuclide will its activity 


be equal to A= 1.0 x 10° dps ? 


Production of the nucleus is governed by the equation 


aN 


we sce that N will approach a This can also be proved directly. Multiply by c and 


write 
ge^ 
Th d Nen- ge 
hen PLLULS 
or Ne! = É ei const 
x 
Att=0 when the production is starteed, N=0 


g 
+ constant 


Hence 


Now the activity is 
^ 
From the problem 


This gives At = 0.463 
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e 


Sol. 


0.463 0463x T 


sc t= = =9.5 days. 
P A 0.693 ay 


Algebraically t= 


A dose of SmCi of P’? (t, „= 14 days) is a administered intravenously to a patient whose blood 


rmly distributed. 


volume is 3.5 /ts. At the end of | hour, 


is assumed that the phosphorous is u 


What would be the count rate/m/ of the withdrawn blood if the counter measuring the activity ha 
efficiency of 10%: 
(a) I hour after injection 


(b) 28 day 


fier injection 


Let A, initial activity A, = activity at time t 


According to question 


5x10 
Ay= Arr 0.143 x 105 Cim 
35x10 
and 
0.693 1 
2.06 x 10? 
A= Tar 24 7206 x 107 tr 
Nowusing 
: Ao 
A-2308 log A 
() — After LO Hr 
2.06x107 x1 | 0.310 
2.303 me A 
A= 142 10° Cim! 
— Count rate = (10/100) » (142 » 10) = 3.7 x 10! dps = 5280 dps 


14 days); 


28 days, i.e., after two half lives (t, .=of P 


4= 1.42% 105/4 


> —— Count rate = (10/100) = (1.42 x 10° /4) x 3.7 x 10" dps = 1322.75 dps 
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Qs 


Sol. 


Q.19 


In the chemi 


al analysis ofa roc 


the mass ratio of two radioactive isotopes is found to be 100: 1. The 
mean lives of the two isotopes are 4 x 10° and 2 = 10" years respectively. If it is assumed that at the time 
of formation the atoms of both the two isotopes were in equal proportion, calculate the age of the roc 


Ratio of the atomic weights of two isotopes is 1.02 : 1 
Let two isotopes are A and B 


ma Aa _ 1.02 


mg 1 Ay a 1 


T * 109 years [Also}=1/T] 
Let ratio of nuclei of two isotops be 


474 * 10 years Tg 


N Nav 


Np, att =Oand gp atte 


For isotope A 


Na 
At =2.308 log x 


Si 


nilarly for isotope B 


Ns 
Agt= 2.303 log x 


On subtracting. 


QA M) = 2308 log NN 


initial ratio 
2.303 log “> 
Oc ag) 2:303 log Final ratio 


(a 1 
| 


| 
; ; | t- 2.303 log 
4x10” 2x10 /' log 


100/1.02 


age = t= 1.83 10 years 


A given sample contains two types of atoms A and B in the ratio 3 : 1. Atoms of type A undergo a-decay 
with a half life of 30 days to form 'B' while ‘atoms of type B' undergo a-decay with a half life of 45 days 


to from'C', which is stable. Calculate the time after which the activities of A 
9 


nd that of B are in the ratio 


a Lucida, g TonsSdays, c 


The radiactive decay series is given 
T,=30days T,= 45days 
——— 


Initially N, (0) : N, (0) 3:1 


Copied to clipboard. 


60 


and N, (t) Ny 


now, MALO 
ow, t= A 
1 
o = [5] 2 
or, t=90 days 


